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PREFACE 


In this monograph we have undertaken a survey of the present status of the 
problem of interpreting the line spectra due to atoms. This interpretation 
seems to us to he in a fairly closed and highly satisfactory state. All known 
features of atomic spectra are now at least semi-quantitatively explained 
in terms of the quantum-mechanical treatment of the nuclear-atom model. 

This does not mean that the period of fruitful research in atomic spectra 
is at an end. Fundamental questions are still outstanding in regard to the 
relativistic theory of the many-electron problem and also in regard to the 
theory of the interaction of radiation and matter. In addition every reader 
will see many places where more experimental information and better or 
more detailed theoretical calculations are desirable. It is our hope that the 
book will be useful in stimulating progress along these lines. With this end 
in view we have aimed to give exphcitly an example of the use of each of 
the general types of calculation involved and an adequate survey of the 
literature of the more specialized calculations. The literature is covered 
approximately to the summer of 1934 although a few later references 
have been incorporated. 

There exists confusion in the original literature about two matters which 
we have made every eflEort to clear up in this book : 

In the first place it has been too little recognized that a matrix is not 
fully useful in the transformation theory unless the relative phases of the 
states to which the components refer are in some way specified, since two 
matrices cannot be added or multipUed unless these phases are the same in 
both. The phase choice is arbitrary, just like the troublesome sign conven- 
tions in geometrical optics, but one choice does have to be made and adhered 
to throughout a given set of calculations. To facilitate the use of the formulas 
and tables of the book in other calculations, we have attempted in every case 
to make exphcit the specification of the phase choice employed. 

In the second place there occurs, particularly in the theoretical literature, 
a great diversity of spectroscopic terminology. We have attempted to 
adhere as closely as possible to the original meanings of the nouns which 
denote energy levels and spectral lines, and find that this gives a nomen- 
clature that is convenient and unambiguous. Briefly, our usage is the 
following I a coYnjpoTi&nt (of a hne) results from a radiative transition between 
two states of an atom ; a line results from the totality of transitions between 
two levels \ in Russell-Saunders couphng, a multijplet is the totality of lines 
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connecting the levels of two terms, and a supermultiplet is the totality of 
multiplets connecting the terms of two polyads; a transition array is the 
totality of lines connecting the levels of two configurations. 

We have defined in §7^ a quantity, called the strength of a line, which we 
find to give a more convenient theoretical specification of the radiation 
intensity than either of the Einstein transition probabilities. We hope that 
this new usage will find favour among speotroscopists. 

We take pleasure in making acknowledgment here of the valued help of 
many friends with whom we have discussed various parts of the theory, and 
who have criticized portions of the manuscript. In particular we are in- 
debted to Prof. H. P. Eobertson of Princeton for most of the elegant new 
treatment of spherical harmonics given in §4®; to Dr P. Seitz of Princeton 
and to Prof. 0. W. Ufiord of Allegheny College for special calculations; and 
to Mr B. Napier for assistance in preparing the figures. Completion of the 
work was greatly facilitated by generous arrangements by the senior 
author’s colleagues at Princeton to relieve him of most of his teaching duties 
for a term. The junior author is appreciative of courtesies shown by the 
physics faculties of the University of Minnesota, where he spent the summer 
of 1933, and of the Massachusetts Institute of Technology, where he spent 
the year 1933-1934 as a National Research FeUow. The greater part of his 
work on the book was done while he was a Fellow in Princeton University 
in the years 1931-1933. 

Finally we wish to record our great enthusiasm for the beautiful typo- 
graphical work of the Cambridge University Press as exemplified once more 
in the following pages. 

E. U. 0. 

G. H. S. 

March 1935 



CHAPTER I 
INTRODUCTION 


“And so the true Cause of the Length of that Image was detected to be no other, 
than that Light is not similar or Homogenial, but consists of Difiorm Rays, some 
of which are more Refrangible than others.” Newton. 

Spectroscopy is that branch of physics which is the direct outgrowth of a 
classic experiment of Newton’s which led him to the conclusion which we 
have placed at the head of this chapter. Newton’s experimental arrangement 
is shown in Pig. 1^, which is taken from Voltaire’s Eliinens de la, JPhilo- 
sopTiie de Newton (Amsterdam, 1738, p. 116). The beam of sunlight enters 
a hole in the window shutters and traverses the prism, falling on the 
screen P . The image is not round like the hole in the shutter, but long in 
the direction perpendicular to the axis of the prism and coloured. 



Fig, 1^. Newton’s discovery of dispersion. 


This arrangement is the proto-type of the modern spectroscope. As we are 
here interested in the theory of spectra we shall not concern ourselves with 
the technique of spectroscopy as it has developed from Newton’s time to the 
present. Our principal interest will be the information concerning the nature 
of the atom which is obtained from a study of the characteristic radiations 
emitted by monatomic vapours. 

After the discovery of sharp dark lines in the solar spectrum and sharp 
emission lines in spectra of flames, arcs, and sparks, the physicists of the 
nineteenth century seized upon spectroscopy as a valuable tool for qualita- 
tive cJremical analysis. At that stage the experimental problem consisted in 
correlating the various lines and bands seen in the spectroscope with the 
chemical nature of the emitting substance. This task in itself was by no 
means simple, for the spectroscope is extraordinarily sensitive to small 
impurities and it Avas difficult to deal with sources pure enough to make 
certain the correlation of the observed lines to the substances in the source. 
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Anotlier tiling which made for difficulty is the fact that the spectra do not 
depend simply on the chemical elements present but on their state of 
chemical combination, which in turn is usually altered by the conditions 
which render the substance luminescent. To this period also belongs the 
beginning of the great task of setting up accurate standards of wave-length. 

It early became clear that the observed spectra are of three general types. 
Continuous, that is, having no Une structure in the spectroscopes of greatest 
resolving power. These are emitted by incandescent solids, but also under 
some circmnstances by molecules and even by single atoms. Banded, having 
a special form of line structure in which close groups of many lines occur 
so densely packed that in smaller instruments they appear continuous. 
These are characteristic of the spectra of molecules and arise from the 
many possible changes in the rotational state of the molecule during the 
radiation process. Line, where the lines are well separated and generally 
show no obvious simple arrangement although in many cases they are 
grouped into small related groups of a few lines. Such spectra are due to 
individual atoms. 

The line spectrum due to a single chemical element in the form of a mon- 
atomic vapour shows still another complication. It was early learned that 
quite different spectra are obtained from the same element according to the 
energetic violence with which it is excited to luminescence. In the electric 
spark more energy is put into the emitting atoms than in the electric arc and 
generally quite different lines result from the same element for these two 
modes of excitation. These differences are now known to arise from different 
degrees of ionization of the same element. 

Evidently the next step is that of trying to understand the structural 
nature of an atom which enables it to emit its characteristic radiations. Tor 
the purposes of the classical kinetic theory of gases it is not necessary to 
assume anything more about atoms than that they behave something like 
hard elastic balls. As a consequence the range of phenomena which that 
theory embraces is not in a position to tell us more about the structure of 
atoms than an estimate of their size. In the spectrum of one element we are 
given a vast amount of data which is measurable with great precision. 
Evidently it is somehow determined by the structure of the atom, so 
spectroscopy stood out clearly in the minds of physicists as an important 
means for studying that structure. 

In the latter part of the nineteenth century Maxwell developed his electro- 
magnetic wave theory which received experimental confirmation in the 
experiments of Hertz and Oliver Lodge. Because the velocity of light agreed 
with the velocity of electric waves, the theory of electric waves was early 
applied as a theory of light. The wave theory of light, hitherto developed as 
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a theory of elastic vibrations in the universal medium, the ether, was re- 
written in terms of the theory of electromagnetic waves. A httle later the 
electron was discovered through researches on cathode rays and the chemical 
theory of ions was developed in connection with the electrolytic dissociation 
hypothesis. The view became current that atoms are structures built out of 
electrons and positive ions. A branch of physics called ‘the electron theory 
of matter ’ came into being whose programme called for the explanation of 
the properties of matter in terms of this picture with the aid of the laws of 
the electromagnetic field. 

During this period empirical regularities in line spectra were being found. 
The best known of these was Balmer’s simple formula (1886) for the wave- 
lengths of the visible lines of the hydrogen spectrum. 

Although experimentalists still prefer to express their measurements in 
terms of wave-lengths, Hartley showed (1883) that there are regularities 
in the spacing of related doublet or triplet lines which are more simply 
expressed in terms of the reciprocal of the wave-length, that is, the wave- 
number or number of waves in unit length. This discovery is of the greatest 
theoretical importance. There is no logical reason to-day for dealing with 
wave-lengths at all, and they are seldom mentioned in this book. But the 
custom of thinking in terms of them in the laboratory is probably too firmly 
entrenched to be shaken ofi for a long time. After the work of Balmer comes 
the important researches of Rydberg and of Kayser and Rimge, who dis- 
covered that many spectral lines in various atomic spectra, ohiefiy those of 
alkah and alkaline-earth metals, can be organized into series obeying 
formulas similar to the formula of Balmer. 

These empirical discoveries of spectral regularities reach their culmination 
in the clear establishment of the Ritz combination principle. This came in 
1908 after two decades of important work on the study of spectral series. 
According to this result each atom may be characterized by a set of numbers 
called terms, dimensionally like wave-numbers, such that the actual wave- 
numbers of the spectral lines are given by diflierences between these terms. 
Ritz thought that lines were associated with all possible differences between 
these terms, and this is in accord with modern theoretical views, except that 
the hnes associated with some differences are millions of times weaker than 
others so that practically there are important selection rules needed to tell 
which differences give strong lines. 

The principle received striking confirmation in the same year through 
Paschen’s discovery of an infra-red series in hydrogen. The wave -numbers 
of the Balmer series are represented by the formula 


— 3 , 4 , 6 , • • • ) 
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where R — 109677 cm“^, an empirical coefficient called the Rydberg con- 
stant. In Ritz’s language this means that this particular set of lines arises as 
differences of the terms cr^ = R/w.^ and the particular term = The 
combination principle suggests the existence of hues given more generally by 



Tor ms=3 and n=4, 5, 6, the lines fall in the infra-red. Paschen found 
them at the predicted places. Lyman also found in the ultra-violet three lines 
corresponding to m = 1 and n = 2, 3,4. The principle was quickly assimilated 
as an important rule in the analysis of spectra. It holds in all cases, even 
when the individual terms cannot be represented by a simple formula as is 
the case with hydrogen. Its applicability is of great generality, holding for 
molecular as well as atomic spectra. 

The first decade of the twentieth century was important as showing, 
through the work of Planck on black-body radiation and Einstein on the 
photo-electric effect, that there is much more to the laws of interaction of 
matter and radiation than is given by the nineteenth century electromagnetic 
theory. These developments mark the birth of quantum theory. The electron 
theory programme had led to some simple assumptions concerning atomic 
structure and had had some notable successes, particularly in Lorentz’s cal- 
culation of the effect of a magnetic field on the spectral lines, as observed by 
Zeeman. Spectral lines were associated with the electromagnetic radiation 
coming from motion of the electrons in an atom, generally regarded simply 
as harmonic oscillations about an equilibrium position. Great difficulty 
attached to the interpretation of the enormous number of spectral lines 
without the introduction of unreasonable complications in the model. On 
the experimental side a most important step was the recognition, through 
experiments on scattering of alpha particles made by Rutherford, that the 
positive electricity in an atom is confined to a small particle which is now 
called the nucleus of the atom. Its linear dimensions are not greater than 
about 10“^ those of the whole atom. 

The stage is now set for the great theoretical developments made by Bohr 
from 1913 onward. Rutherford’s experiments had given a general picture 
of a nuclear atom — a positively charged massive nucleus surrounded by 
the negatively charged and much less massive electrons. The theoretical 
developments had given imperfect and unclear indications of the need of 
fundamental changes in the electron theory for the process of emission and 
absorption of radiation. Empirical spectroscopy was organized by means 
of the Ritz combination principle and the extensive study of spectral series. 
In 1913 Bohr’s first work on atomic structure gave a theory of the spectrum 
of hydrogen which involved several important advances. 
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Most general was the idea of stationary states and the interpretation of 
the Eiitz combination principle. It is postulated that the possible states of 
atoms and molecules are restricted to certain values of the total energy. 
These values are determined by the structure of the atom or molecule and 
may be continuous in some ranges, as in the classical theory, or may be 
restricted to a set of discrete values. Then the postulate is made that the 
emission or absorption of radiation is connected with a process in which 
the atom passes from one energy level to another. This is rendered precise by 
the statement that the frequency of the radiation emitted is given by the 
equation 

where h is Planck’s constant, v the frequency of the radiation, E-^ the energy 
of the atom before the radiative process and E^ its energy afterwards. If 
jE ^2 > frequencies come out formally negative — ^their numerical values 

are the frequencies of light which can be absorbed by atoms in the state of 
energy E^. This expresses the frequencies as differences of numbers cha- 
racteristic of the atom and establishes a coordination between the energy 
levels, E, and the terms, cr, through the relation 

E — — hccr. 

The minus sign arises since the conventional way of measuring term values 
was by counting them as positive when measured from the series limit. 
There is no reason to adhere to this convention, so that we shall always write 

E = “1“ h/Cor 

and regard cr simply as a measure of the energy in the auxiliary unit, cm”^. 

The hypothesis suggests its own means of experimental verification. If 
atoms are excited to radiate by single electron impacts in which the electrons 
have known kinetic energy E, then the only spectral lines appearing should 
be those for which the energy of the initial state E^ is less than E. (This 
assumes that the zero of energy is the energy of the lowest state and that 
before impact the atoms are all in this lowest state.) This is the idea under- 
lying the experiments of Franck and Hertz and many others on ‘critical 
potentials. ’ Such experiments have fully confirmed the energy level inter- 
pretation of the spectroscopic terms and have been a valuable tool in experi- 
mental work. By controlled electron impact it is possible to bring out a 
spectrum bit by bit as the kinetic energy of the impacting electrons is 
gradually increased, thereby simplifying the task of determining the energy 
levels which are associated with the production of the different lines. 

The other part of Bohr’s early work was the development of a special 
dynamical model for the hydrogen atom and the study of rules for the 
determination of the allowed energy levels. The model for this simplest atom 
consisted of an electron and proton describing orbits about their centre of 



6 


IITTBODTJOTION 


mass according to classical mecliamcs under their mutual attraction as given 
hy the Coulomb inverse-sq^uare law. The allowed circular orbits were 
determined simply by the requirement (an additional postulate of the 
quantum theory) that the angular momentum of the system be an integral 
multiple of ^ = fe/27r. This served to give an energy 


for the circular orbit whose angular momentum is nH, whence the term 


values are 




^~hc 


27X2^6^ 1 




n 


2 * 


iN’ot only is the variation as n-^ in accord with the scheme of terms as given 
by the Lyman-Bahner-Pasohen series in hydrogen, but the numerical 
coefficient comes out correctly, so by this means the empirical Rydberg 
constant R was for the first time related to universal constants. 

Naturally this definite accomphshment stimulated other work and in the 
next few years great advances were made in interpretation of finer details of 
the hydrogen spectrum due to relativistic effects (Sommerfeld) and the effect 
of an electric field on the hydrogen spectrum (Epstein, Schwarzschild). Also 
it gave rise to much important work in extending the model and the quantum 
principle to other more complicated atomic and molecular structures. These 
studies were eminently successful in a semi-quantitative way and gave a great 
impetus to the experimental study and analysis of atomic spectra. The theory 
called for a study of the model by means of classical mechanics. The so- 
called multiply periodic motions had to be sought out and of these the 
allowed ones determined by a rule of quantization which was an outgrowth 
of Bohr’s requirement on the angular momentum for the circular orbits of 
hydrogen. We shall not trace in detail the work along these lines: for this 
the reader is referred to Sommerfeld’s Atombav, itnd Spektrallinien and to 
Van Vleck’s QuantuTn Principles and Line Spectra. 

The theory was quite incomplete, however, in regard to the details of the 
interaction of the atom with the electromagnetic field. It gave no definite 
basis for the calculation of the relative or absolute intensities of the spectral 
lines. It also failed to give satisfactory results when attempts were made to 
calculate the energy levels of atoms containing more than one electron. 
Numerous attempts were made to calculate the energy of the lowest state of 
helium but without securing agreement with the experimental result. 
Evidently Bohr’s principles had to be regarded as provisional indications 
of the direction in which a more satisfactory theory was to be sought. The 
unsatisfactoriness of the theory came more and more into the foreground 
in the early part of the 1920-30 decade after almost ten years in which 
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physicists were busy making such progress as was possible with the original 
Bohr theory. 

This was the period just preceding the discovery of the formalism of 
quantum mechanics, the discovery which has been so extraordinarily 
fruitful for all parts of atomic physics in the past eight years. In this period 
much was done in the study of atomic spectra and the formulation of the 
results in the language of the Bohr theory. The most important theoretical 
development was Bohr* a correspondence principle. This emphasizes that the 
laws of atomic physics must be of such a character that they agree with the 
classical mechanics and electromagnetic theory in the limit of large quantum 
numbers. This principle was able to make much more definite some of the 
results of the previous theory in the way of special calculations — ^in particular 
it gave an approximate method of calculating the relative intensity of 
spectral lines. Its successes in such special applications were sufficient to 
create confidence in the principle. What was much more important than the 
special applications was the use of the principle as a broad general guide in 
the attempts to formulate a more complete set of laws for atomic physics. 

The important problem before theoretical physics was thus the develop- 
ment of a rational system of quantum mechanics. The earlier work is usually 
referred to as quantum theory: it consisted of a few quantum postulates 
patched on to the classical kinematics and dynamics. By quantum mechanics 
we mean the much more unified theory of atomic physics which we owe to 
de Broglie, Heisenberg, Schrodinger, Dirac, and others. We shall give just a 
sketch of the origin of the new theory. It developed rapidly from 1925 
onwards, at first along two quite different lines which were quickly brought 
into close relationship. 

De Broglie built his work on an analogy, due to Hamilton, between the 
laws of mechanics and the laws of geometrical optics. He was led to the 
formal conclusion that a wave motion is associated with the motion of a 
particle such that if the momentum of the particle is p in magnitude and 
direction, the associated wave is propagated with a wave-number or related 
to p by the equation 

p — ha. 

This was sxiggested by the equation E—hv together with the fact that in 
relativity theory E is the time-like component of a four-vector of which jp is 
the space-like part, while v is the time-like component of a four-vector of 
which a is the space-like part. This suggestion was made in 1924. Something 
over a year later it was taken up by Schrodinger and developed in his famous 
series of papers on wave mechanics. Very roughly the idea is that just as 
geometrical optics is adequate for phenomena in which all apertures are 
large compared with the wave-length of light — otherwise diffraction effects 
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are important — so also classical mechanics is adequate where the linear 
dimensions involved are large compared to A/p — otherwise effects flTgir> to 
diffraction are important : these are the special effects which we find in the 
region of the quantum phenomena of atomic physics. 

At the same time Heisenberg took a decisive step in the formulation of 
matris: mechanics as a definite realization of the correspondence principle 
programme. The initial step was to regard the atom as characterized by an 
ensemble of quantities of the type in which P,^^ gives the 

amplitude of a classical harmonic oscillator whose intensity of radiation and 
type of polarization is the same as that of the light of frequency from the 
actual atom. This double array of quantities, for all values of n and m, was 
regarded by Heisenberg as a single mathematical entity. By treating it and 
other quantities related to the atom’s structure by the mathematical rules 
of matrix algebra it was found that a definite formulation of the laws of 
quantum mechanics could be given in accordance with the correspondence 
principle. In a few months the mathematical equivalence of Sohrddinger’s 
wave mechanics and Heisenberg’s matrix mechanics was established. The 
work of Jordan and of Dirac led to a formulation of a single mathematical 
system of quantum mechanics. This is the formulation in terms of which all 
current work of importance in quantum physics is expressed to-day. 

During this period the study of atomic spectra was being actively pushed 
on. After the study of series spectra of the alkali-like metals in terms of the 
Bohr theory the next important steps were the empirical discovery by Land6 
of the laws of the Zeeman effect and the discovery and extensive study of 
related groups of lines called multiplets in complex spectra. The modern 
study of multiplets was begun by Catalan. The multiplet structure and the 
problems of the anomalous Zeeman effect called for an essential generaliza- 
tion of the electron-orbit model which was supplied in 1925 by XJhlenbeck 
and Goudsmit by postulating an intrinsic magnetic moment and angular 
momentum for the electron. This ‘spin’ hypothesis quickly cleared up 
many difficult points, so that it at once gained acceptance. 

In the pre-quantum-mechanical period the general method of working on 
a detailed question in the theory of atomic spectra was to calculate from an 
assumed model by means of classical mechanics, and then to try to alter the 
formulas so obtained in such a way that the change was negligible for large 
quantum numbers but was of such a nature that it brought about agreement 
with experiment for small quantum numbers. It is really remarkable how 
much of the modern theory of line spectra was developed in this way. 
Important contributions were made by Pauli, Heisenberg, Hund, and 
Russell. There was developed a vector-coupling model for complex atoms 
in which the quantization of the angular momenta of the individual 



IITTBODTJOTION 


9 


electron orbits and of their yeotor resultant played a dominant r61e. To this 
period also belongs the discovery of the important exclusion principle of 
Pauli according to which no two electrons in an atom may have the same set 
of quantum numbers. This first found a rational place in the theory with the 
advent of quantum mechanics. As an empirical principle, however, it was 
of the greatest importance, especially through the work of Hund in predict- 
ing the general structure of complex spectra and extending the theory of the 
periodic system of the elements as begun by Bohr. 

Thus it happened that by ingenious use of the correspondence principle a 
great deal of the modem theory of atomic spectra was worked out without 
the aid of quantum mechanics. But that does not mean that the new 
mechanics is without importance for our understanding of line spectra, since 
the results obtained were not part of a closed structure of definite physical 
principles, but were obtained in semi-empirical ways from consideration of 
a formulation of the theory that was only true in the limit of large quantum 
numbers. Moreover, not all the problems of interest could be handled in 
this way, so there were detailed calculations on which to test the quantum- 
mechanical method as well as the task of securing from definite calculations 
by the new methods those results which had been cleverly guessed with the 
aid of the correspondence principle. This application of quantum mechanics 
to the atomic model has been the programme of research in the theory of 
atomic spectra from 1926 onwards. In spite of the mathematical com- 
plexities, it became clear in the next five or six years that the quantum 
mechanics of Heisenberg, Schrddinger and Dirac when appHed systematic- 
ally to the study of the nuclear model of the atom is adequate to give an 
accurate and complete unification of the great amount of empirical data 
accumulated through analyses of atomic spectra. Naturally in so short a 
time it was not possible to make precise and detailed calculations of the 
system of energy levels of all atoms, but enough has been done to give rise 
to a general conviction that the theory is quite adequate for the interpreta- 
tion of atomic spectra. 

Much remains to be done in the way of precise and detailed calculations 
and it may well be that when these are made it will be found that such an 
estimate of the power and scope of our present theoretical knowledge is over- 
optimistic. Complete as the general picture seems at present, there may well 
be lurldng somewhere important residual effects, like the advance of the 
perihelion of Mercury in celestial mechanics, which will necessitate essential 
alterations in the theory. At present the theory exists in a somewhat closed 
and complete form , so that it is possible to give a unified deductive treatment 
of atomic spectra in terms of the quantum-mechanical theory of the nuclear 
atom. That is the programme of this book. Future development in this field 
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may be merely a story of the filling in of details withont essential change in 
the present "views. Or it may be that essential difficulties will appear, 
requiring radical re"vision of the present theory. In either case the time seems 
ripe for taking stock of the rapid developments of the past decade in order 
to prepare ourselves for the completion of the study of line spectra of atoms 
in the experimental and theoretical studies of the future. 

At present there are several systematic accounts of the subject of line 
spectra and then theoretical interpretation. The most important are 

SOMMmruLD, AUmbau und SpeJctrallinien, S'. Vieweg, 1931 ; 

Htotd, Linienepehtrm uni periodisches System der Elements, J. Springer, 1927 ; 

PAtnjKG and Govdsmit, The Structure oj Line Spectra, McGraw-Hill, 1930; 

RTrAUK and Ueby, Atoms, Molecules and Quanta, McGraw-Hill, 1930 ; 

Gibbs, Line Spectra of the Elements, Rev. Mod. Phys. 4, 278 (1932); 

White, Introduction to Atomic Spectra, McGraw-Hill, 1934. 

All except the last of these are "written from the standpoint of the 
correspondence principle. In this book we make no attempt at following 
the historical order. We have confined our attention to the historical 
developments to the brief sketch of this introductory chapter. Likewise 
we make no attempt at a complete account of the formulation of the 
principles of quantum mechanics, as there are now in existence several 
works on this subject. Most important among these are 

DmAC, Quantum Mechanics, Oxford University Press, second edition, 1935; 

VON Neumann, Mathematische Qrundlagen der Quantenmechanik, J. Springer, 1932; 

Fbenkel, Wave Mechanics, Advanced General Theory, Oxford, 1934. 

More elementary, and hence more suited to a first approach to the subject, are 

SoMMERFELD (translation by Brosb), Wave Mechanics, Methuen, 1930; 

Born and Jordan, Elementare Quantcnmecltanilc, J. Springer, 1930; 

Frenkel, Wave Mechanics, Elementary Theory, Oxford, 1932; 

Condon and Morse, Quantum Mechanics, McGraw-Hill, 1929; 

Mott, An Outline of Wave Mechanics, Cambridge University Press, 1930. 

In order to make this book more useful for independent reading, however, 
we have opened the detailed discussion with a brief account, in the next 
chapter, of the principles of quantum mechanics. This account is intended 
simply as a review of principles used throughout the rest of the work and as 
a repository of the theory in convenient form for reference. The succeeding 
two chapters are devoted to the presentation of special results from the 
general theory which are used throughout the book; the detailed develop- 
ment of the theory of atomic spectra begins with Chapter v. 

We wish finally to make a few remarks concerning the place of the theory 
of groups in the study of the quantum mechanics of atomic spectra. The 
reader will have heard that this mathematical discipline is of great import- 
ance for the subject. We manage to get along without it. When Dirac 
visited Princeton in 1928 he gave a seminar report on his paper showing the 
connection of exchange energy with the spin variables of the electron. In 
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the discussion following the report, Weyl protested that Dirac had said that 
he would derive the results without the use of group theory, hut, as Weyl 
said, all of Dirac’s arguments were really applications of group theory. 
Dirac replied, “I said I would obtain the results without previous know- 
ledge of group theory.” 

That incident serves to illustrate our attitude on this point. When a 
physicist is desirous of learning of new theoretical developments in his 
subject, one of the greatest barriers is that it generally involves new mathe- 
matical techniques with which he is apt to be unfamiliar. Relativity theory 
brought the necessity of learning tensor calculus and Riemannian geometry. 
Quantum mechanics forces him to a more careful study of boundary value 
problems and matrix algebra. Hence if we can minimize the amount of new 
mathematics he must learn in order to penetrate a new field we do him a real 
service. Weyl’s protest to Dirac is certainly also applicable to this book. But 
so is Dirac’s answer. Many things which are done here could be done more 
simply if the theory of groups were part of the ordinary mathematical 
equipment of physicists. But as it is not, it seems like putting unnecessary 
obstacles in the way to treat the subject by a method which requires this 
equipment. On the other hand the pure mathematician studying a new 
branch of physics is likely to take most delight in the fact that the theory 
exemplifies parts of pure mathematics which have been hitherto rather 
devoid of physical applications. To him our plan is not as satisfactory as one 
which shows how the theory of the structure of the atom is related to the 


abstract theory of groups. 

This does not mean that we underestimate the value of group theory for 
atomic physics nor that we feel that physicists should omit the study of 
that branch of mathematics now that it has been shown to be an important 
tool in the new theory. It is simply that the new developments bring with 
them so many new things to be learned that it seems inadvisable to add 
this additional burden to the load. 

For those who wish to regard the theory of atomic spectra from the 
standpoint of the theory of groups there are three books available at present: 

Wbyl (translation by Robbbtson), Group Theory and Quantum MecfumicSf Methuen, 1931 ; 

WiQNBB, Qruppentheorie und ihrc Anwcndung auf die Quantenmechanik der Atomspektren, 


F. Vieweg, 1931; 

VAN DEE Waebden, Die gruppentheoretische Methoden %n der 


Quantemnechanik, J. Springer, 


1932. 



CHAPTER II 

THE QUANTUM MECHANICAL METHOD 

The formulation of the laws of quantum mechanics which is most suited to 
our purpose is that due to Dirac, and discussed at length in his book.* We 
shall review in brief such of this formulation as we shall need, giving page 
references to Dirac, where a fuller account may be found. This will be 
followed by a discussion of matrix mechanics, perturbation theory, and 
related subjects. 

1. Symbolic algebra of states and observables. 

In this section the principles of the theory will be set down in terms of the 
properties of certain abstract symbols in a manner corresponding to the 
purely symbolic treatment of vector analysis which is independent of any 
coordinate system. 

The state of a system (Dirac, p. 11) is described by a quantity called 
which is analogous to a unit vector in a space of a great many (in general an 
infinite number of) dimensions (p. 18).t 4^ has as many components as the 
system has independent states. In any given representation the components 
of 4> are ordinary (in general, complex) numbers. The sum of two is 
another 4* whose components are the sums of the components of the two 
4»’s. The product of a 4> by an ordinary number c is a 4> whose components 
are c times those of the original 4*. 

Two states are not considered to be distinct unless the 4*’^ which describe them 
are linearly independent. 

Since the components of 4> are allowed to be complex, and only real 
numbers may occur in the interpretation of the theory, w© introduce 4>, the 
symbolic conjugate imaginary of 4>-J 4* is not a vector in the same space as 
4», but is a vector in the dual space. Its components are the ordinary com- 
plex conjugates of the corresponding components of 4>- Since 4» and 4> are 
vectors in different spaces, there is no place in the algebra for the addition of 
a 4> and a 4>- The distinction between 4> and 4> is more fundamental than that 
between ordinary complex conjugates; there is no sense in which we can 
split 4> into a real and an imaginary part. 

* Dibac, Quantum Mechanics (page references are to the second edition). For a mathematically 
more rigorous formulation see von Nettmann, Mathematische Qrundlagen dcr Quantenviccftanilc.^ 

t We shall in this chapter use bold-faced type for symbolic quantities, reserving ordinary typo 
for functions and operators in the Schrodinger scheme and for ordinary numbers. Thus confusion 
between the symbolic ip and Schrodinger’s ifj function will be avoided. 

t Dirac uses <|> in- place of ip, but we prefer the latter notation because it is more symmetrical 
and more easily translated into the Schrbdinger representation. Furthermore, in subsequent 
chapters we shall not restrict ourselves to the letter 4> to represent a state, but shall at times use 
different letters for different states. 
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W© now suppose tliat any 4^ and any ip liav© a product which, is defLned as 
the analogue of the scalar product of two "vectors in vector analysis and is 
therefor© an ordinary number, in general complex (p. 22). This product will 
by convention always be written with the ip first, e.g. ipr4*s > where the sub- 
scripts denote different states of a system. It follows, then, that ipy'ps and 
ipgipy are complex conjugate numbers, and that ip^^p,. is real and positive; 
unless otherwise stated w© shall take all <p’s to be normalized. Hence, for 
any r and s, 




( 1 ) 


In observing a system experimentally we build an apparatus on a macro- 
scopic scale which in teracts with the system by a certain set of operations, 
resulting in a scale- or pointer-reading. The essential feature of classical 
physics has been that w© have expected to be able to formulate the laws of 
physics in terms of functional relationships between the pointer-readings 
given by various sets of observing apparatus. All of physics and exact 
natural science has proceeded along such lines hitherto. Quantum mechanics 
does not do this. Any set of experimental apparatus and operations does not 
appear in the theory simply as the source of certain pointer -readings which 
bear a direct functional relationship to other sets of pointer-readings. 
Instead it appears as a quantity of a more complicated sort about to be 
described. Thus w© are dealing not merely with a new set of laws but with an 
entirely new mathematical canvas on which to represent these laws. In this 
respect the quantum mechanics is a much more far-reaching departure from 
classical physics than was the theory of relativity. 

In an experiment we are generally concerned with determining, directly 
or indirectly, the particular number which expresses the value of a dynamical 
variable, e.g. the position or momentum of an electron, at a particular time. 
Any such dynamical variable will be called an obs&TvoJblc, and will be repre- 
sented in theory by a linear operator a (p. 24). An observable in the 
mathematical theory is a rule for acting on any 4^ and converting it into 
another 4>. In this respect, it is analogous to a tensor of the second rank, or 
to the dyadic of Gibbs. 

We denote the result of operation of a on 4> by a4>, where a4> is another 4>- 
We need make no provision for the operation of a on ip-* The conjugate 
imaginary to a4> will be written as a4>. Linearity of a means that w© have 
a (a4>y + t4>s) = aw\»r -1- hoL^g , where 4>r 4^s states and a and b 

are ordinary numbers. AVe define the sum, otj^-l-ot 2 9 two observables by 
(ai-l-a2)4> = ai4> + a24>, where 4> is arbitrary. The product, a^ag, of two 
observables is defined by (aia2)4> = «! (a24>); in general a 2 ai#aia 2 . Since 


* Dirac does provide for tlie operation of a on writing ipa = at4>; see equation (2). 
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a4> is another <J>, (“'Ps) is ordinary number. The observable 

(Hermitian-) conjugate to a, denoted by a'^, is defined by the equation 

^ = ^'Pr » (2) 

where the two states r and s are arbitrary (p. 29). The relation between a and 
ot^ is the same as that between ordinary complex conjugates; (ia)^ = —ia.^; 
there is no rule against adding a and a^. An observable a is said to be real if 

= T I T — T — t- I 

'P^a'Pr = <Pra^a = “'Pa'Pr (3) 

for all states r and^. An observable a is said to he purely imaginary if = — a; 
such an observable may be written as ip, where p is a real observable.* It can 
be shown from (2) that (a,a,)t = ajat; (4) 

hence if and are two real observables the commutator (a^ag — aga^) is a 
purely imaginary observable (p. 29), if aj^dg is also real this commutator 
vanishes. 

We now make the important physical postulate (p. 30) that a state for 

(5) 


where a is an ordinary number, is characterized by the fact that the observ- 
able a has the value a. That is, that a measurement of the observable a with 
the system in the state tp,- will certainly give for the result the number a. For 
a real observable a the number a will be necessarily real, as can be shown by 
multiplying (5) by to get = a [from ( l)J. Here is real 

by (3), so a is real. 

The possible values of an observable a, i.e. the possible results of an 
observation of a, are the ordinary numbers a' for which the equation in tpj 

avp=a'ip, (0) 

has solutions (p. 30). These are called the allowed, proper, characteristic, or 
eigenvalues of a, and may form a discrete set or a continuous set of numbers, f 
We shall follow Dirac in calling the <p’s which satisfy this equation the 
eigen-^^s and the states which they denote the eigenstates of the observable a. 
We shall speak of an eigen-4» which satisfies this equation for a given a' as 
belonging to the eigenvalue a', and denote it by That is. 


atp(oc') = a'tp(a')- (7a) 

The complex imaginary toip(a') we denote by ip(a'). This satisfies the relation 

avp(a') = a'(p(a'). , (7b) 


The operators corresponding to real and purely imaginary observables are said to be Hermitian 
and cmH’Hermitian respectively, because of the Hermitian and anti-Hermitian character of their 
matrices (§7®). Similarly, at is called the Hermitian conjugate of a because its mati’ix is the 
Hermitian conjugate of the matrix of a. 

"I" The whole set of eigenvalues is often called the spexArum of a. 
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There may be several, say linearly independent 4*’s belonging to the 
same eigenvalue a'. In this case the value a! will be said to be d^j^-fold 
degenerate, and the different 4»(a')’s will require another index which takes 
on the values 1, 2, ..., for their complete specification. 

Now if one makes observations of a on a system in a state 4> which is not 
an eigenstate of a, one does not always obtain the same value, but observes 
the various proper values of a with certain probabilities. We now make a 
second physical postulate, viz. that the average of the values of a obtained 
in this way is the number which is characteristic of the state (p. 43). 

is here assumed normalized in the sense of (1). 

For a real observable this average value is seen from (3) to be real for any 
state ti>. Moreover, by writing a = ot,. + ^oq, where oCy and ot^ are real observ- 
ables, it is seen that a necessary condition for the reality of for all is 
the vanishing of . Since the results of physical observation are real for all 
states we conclude that all physically measurable quantities are real 
observables. 

PROBLEMS 

1. Show that the allowed values of any function /(a) expressible as a power series in a are 
/(a'). This can be generalized to other functions (p. 38). Hence show that the first physical postulate 
above is a special case of the second. 

2. Provo that two real observables commute if and only if their product is real. 

3. Show that the observable Sa.S~^ (where 5”^5=S5“^ = 1) has the same allowed values as a, 
and find the relation between the eigen- 4*’8 of a and those of .Sa5~^. 


2. Representations of states and observables. 

We shall first show that the eigen-4»’s of a system belonging to two different 
allowed values of a real observable are (unitary-) orthogonal in the sense that 

^(a')4»(a^0 = ^ unless cif — oi'. (1) 

To prove this, observe that 

^(a') a4»(a") = oc" i]>(a')4>(a") (from l^Va) 

= af4>(a') = a' ^(a') vl>(a"). (from 1^3 and l^Tb) 

Therefore (a' — a") iji(a')4>(a") = 0; hence the theorem (p. 33).* 

We now assume that the eigen-t}>’s of any real observablef form a com- 
plete system in which we can make a Fourier expansion of an arbitrary 
(p. 34). This amounts to assuming the whole of a kind of generalized Sturm- 
Liouville theory at one step; hence much needs to be filled in here by a study 
of exactly what classes of can be so expanded. 

* Note that whenever the combination. <Ji(a^)oi arises, this may be replaced by a' 4»(a0 if a is 
a real observable. 

-f- Note that these considerations hold only for real observables; the eigen- 4>’s of a general 
observable do not form an orthogonal set. Although we shall have occasion to employ non-real 
observables as an aid in calculation, we shall never have occasion to determine their characteristic 
values or functions, since these lack physical significance in quantum mechanics. 
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Consider jfirst the case in which a has a purely discrete spectrum. If the 
value a' is dg^z-fold degenerate, we shall choose the linearly independent 
states belonging to a' normalized and mutually orthogonal. This we may do 
by a Schmidt process* since any linear combination of states belonging to oc' 
will also belong to a'. Denote these states by for r'= 1, d^^'. 

We then have, according to these req[uirements, the relations 

CP(aV') 4»(aV'') = S(a', a") Z(r\ /') (2) 

satisfied. Here 8(a', «")— is a function of the discrete set of points 
representing the allowed values of a which is zero if a' # a" and unity if 
a' = a" (the Kronecker delta). The assumption is, then, that any state may 
be expanded in terms of these states We shall write the expansion 

coefficient as (a' r'\ ), placing it after the eigenstate: 

4>-S»Ka'r') («'>•' I ). (3) 

a r 

The blank space is reserved to characterize the 4> which is being expanded; 
for example we write 

.Kj3') = S4*{a'r')(«'r'l|8'). (4) 

a'r' 

Consider the state |a4>(a">*") which results from the action of the observ- 
able p on r''). This state can be expanded in terms of the complete set 
i|>(oc'r'). For this expansion we adopt the notation 

P r") = S 4»(a' r') (a' r'\^\ a" r"). (6) 

ol*t' 

Before proceeding further with the algebra of this expansion theory we shall 
show how we may obtain a significant choice and characterization of the 
different states belonging to the degenerate level oc'. Let us choose an 
observable p which commutes with a. We observe that 

Pad>(a' r') = oc'p (oc' r') = S oc' 4»(a" r") (a" r" \B\ot.' r') 

ol“ t** * 

from (6), "while 

aa > 1 ,( 0 £' r') = s a" r") (a" r" 0| a' r'). 

tuff tJff 

(X T 

If ap = pa, the coefficients of 4*(a"r") on the right of these two equations 
mnst be equal; hence (oc' — a") (a"r"|;S|oc'r') = 0, from which we draw the 
important conclusion that 

(oc" r"|y3| a' r') =0 unless oc' = oc". (pa — ap = 0) (6) 

Let us now set ourselves the problem of finding the eigenstates of p. Denote 
such a state by and let (4) represent its expansion — we must then deter- 

mine the coefficients (a'r'jyS'). Expanding the allowed values equation 

Pcl>0') = ;8'll.(^') 

* See for example, Coveaxt aud Hilbert, MeUioden der Mathemalischen Phyaihf p. 34. 
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we obtain 

OC^ OC^ 

whence S (ocV'ljSja'V") (a'V"liS') = i3' (a'r'ljS') for all a',r'. (7) 

a'r* 

This set of homogeneous linear equations for the coefficients (a'r'|j8') 
reduces when we use the special property (6) of p to the simpler set 

S(a'r'|i81a'r")(a>"|iS') = j8V»*1i8') for all a',r'. (8) 

Here all the coefficients in a given equation refer to the same eigenvalue of a. 
Hence we may consider independently the equations corresponding to 
the eigenvalue a'. These d^^' equations determine the direction* of that part 
of ^l^(j3') which lies in the da'-dimensional subspace characterized by oc'. Let 
us find the solutions which lie wholly in this subspace, i.e. let us set (a" r"\^') 
equal to zero unless a" = a'. In order that we may find a non-vanishing 
solution of this type, the determinant 

(a'll^la'l)-jS' (a'll^|a'2) ... (a' 11)3^ ci J 

(a'2|j8|a'l) (a' 2lj8|a' 2) - ... (a' 2l^la' 

••• ••• 

{o^' d^\^\a' 1) (a'c?„,li81a'2) ... (a'rf„,|i8|a'd„0~|8' 

must vanish.f Setting this determinant equal to zero gives an equation of 
degree in jS' whose roots are the dg^> eigenvalues which are consistent 
with the conditions assumed. To each of these roots belongs an eigenstate of 
P lying wholly in the subspace characterized by a'. To a multiple (d„/^.-fold) 
root jS' will belong linearly independent eigenstates lying in this sub- 
space. Since all the eigenstates of p are given by (8), and since it is clear that 
we have found a complete set of solutions of (8), we have found a complete 
set of states 4>(a' ^') which are simultaneously eigenstates of a and of p. If 
there is still a degeneracy in these states, we may choose a third observable 
Y (independent of a and p in the sense that y is not a function of a and p) 
which commutes with both a and p. We may by a process similar to the 
above find a complete set of eigenstates of y which are simultaneously eigen- 
states of a and p, i.e. of the form We continue to introduce in- 

dependent commuting observables until we find no degeneracy in a simul- 
taneous eigenstate of aU of them. The number of such observables is the 
quantum-mechanical analogue of the classical number of degrees of freedom. 
Thus a calcium atom with 20 electrons and a fixed nucleus will be found to 

* A set of linear homogeneous equations determines only the ratios of the unknowns, i.e. the 
direction of a vector but not its magnitude. But because of the normalization condition, an eigen- 
state is determined by its direction except for an arbitrary phase factor 
t See, e.g., BdoHEB, HigJier Algebra, p. 47. 
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reauiie 80 quantum numlaers for the complete description of its state. A Mt 

ofohservables,sayYr.Ys y,. in terms of whose sim^tan^us eigeimteto 

we can describe the state of a system completely, is said to be a <^teee se(. 
We shaU denote this set of observables by T for short, and shaU wnte the 

ceneral state characterized by the quantum numbers , y* y^ as <l>(i ). 

We can choose a complete set of observables in various ways since any in- 
dependent commuting functions S^. 8, 8^ of the v’e will also form a 

complete set, which we shall denote by A. . . ■ ■ 

lit us now return to a consideration of the algebra of representations in 
terms of the eigenstates of such complete sets of observables. A general state 
ih has the espansion [of. (3)] 

4,=S<Kr')(r'i ). (lo) 

The expansion ooefaoients are given explicitly by multiplying with -Kr"): 

(r«i )=qi(r'')ii>. (n) 

For the complex imaginary equation to (10) we shaU use the notation 

$=:s( in<Kn. (12) 

where ( ir') = (fT") = -5i'Kr')- (13) 

The set of eigenstates is a set of orthogonal unit vectors. The component 
(T'l ) of is given by the scalar product, in the proimr sense, of + with the 

d> are expanding is an eigen-+ of any sot of o)>aervable.s A, say 
il>(A'), we use the following convenient notation, which is seen to lie coin- 

pletel’y self-consistent: (U>') 

( 11 ') 
( 12 ') 


r' 


(r'|A')=(li(r')<WA'). 

qi(A')=S(A'|r')(I<(r'), 


(A'|r')=(rTA’')=<KA')'l>(r')- (*3') 

These equations express the (unitary^) transformation from one system of 
eigenstates to another; hence (F'l A') and (A'| P') am known as Imnsfonmhou 

coefficients. 

* The normalization condition satisfied by tho oigonstatos of such a sot of observablos is given l,y 

^(r') «i>(r")=4»(y'i"*yfc) 'Kyl-yp=s(yi'’ ^ 

As a matter of convenience we shall write this product of 8’s as 8(7',. ..y;,: Yr-rl) 

V’a 2itary transformation is a transformation from one sot of normalized (unitary-) orthogonal 
states to another such set. 
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Tlie obsorvaljl© oc is cliaractorizcd in. i/li© I* sclioni© by tb© s©t of iinnib©rs 
(r"ja|r') d©fined [of. (6)] by* 

a4>(n (r^ain, (m) 

and giv©n ©xplicitly by 

(rna|r')=4i(r")a4>(r'). (is) 

The squar© array form©d from these numbers as T' and T" rang© ov©r th© 
allow©d valu©s of th© obs©rvabl©s T is call©d th© matrix of a, and the numbers 
themselves are called matrix dements or components (of. § 72 ). 

In the r scheme th© matrix of any on© of th© Yi» diagonal [i.e. 

zero unless r^sr^J. Since w© have from 

(16) that (r'*’|y^|r') The matrix of an observable a which commutes 

with Yi is diagonal with respect to y^, i.e. (r'|a|r") is zero unless yi = y?. 
This follows at once from (6). 

Trom th© definition 122 it follows that the elements of the matrix of ot^ 

are given by (r'|at|r") = (r"|a|r'). ( 16 ) 

The matrix of is th© Hermitian conjugate of the matrix of a. Th© matrix of 
a real observable, for which 

(rial r") = (Plain, (17) 

is said to be Hermitian. 


PROBLEMS 

1. Show that the rolation between the components of in two different representations is 

(A'l )=s(A'ir')(r'i ). ( 18 ) 

2. Show that the relation between the matrix components of a in two different representations is 

(A'|alA")= S^jA'in (r'lairO (P^’IA"). (19) 

3. Derive the following identity, which is characteristic of a unitary transformation 

S(riA0(A'ir^) = 8r'i-. (20) 

4. Show that the sum of the diagonal oleinonts (the trace) of the matrix of an observable is 
independent of representation, i.e. that 

S(r'|air') = S(A'lalA), (21) 

r' A' 

and that this sum is just equal to the sum of the characteristic values of the observable oc, weighted 
by their degeneracies. {7'he D-iagcmal-Hum Rule) 

5. In the T-scheme we can represent the action of a on any [of. (10)] in the following fashion; 

ai^=^S^(r")(na|r')(r'| ). ' (22) 

* In this notation one obtains a complete analogy between the form of a quantum-mechanical 
observable and Gibbs’ dyadic if one writes a as the operator 

a= s »Kr')(r'|air'') qi(r''). 

r'r* 

Here the fact that the ^ and the 4* appear in the order opposite to that conventional for multipli- 
cation indicates that this is not their scalar product but that they form a unit dyad. 


3-2 
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6. Show tiiat if a anticommuies with the matrix element 

(r'|a|rO=0 unless y;= (aYi+Y<a=0) (23) 

7. Show that the elements of the matrix of the product a(3 of two observables are given by 

(r'laj8m=S (F'lair'") (F"lj8ir"). (24) 

p//; ' 

8. Consider a set of m states 4*(ri), 'KFo), 4>(ra ) and a set of m states 4»(Aj), 4>(Ar) 
derived from these by a unitary transformation: 

^ m 

4>(Ai)= s 4>(ri) (riiAi). 

Consider also a set of n states i^rj), 4>(r") and a set tKAj), 4'(A“) derived from these by 
a unitary transformation. If a is any observable, show that 

m n m n 

S S|(r‘|airi)l«=S Sj(A‘la|Ai)l2. (26) 

(The Principle of Spectroscopic Stability) 


9. For the states of the preceding problem, show that if 


n 


s (niam)(r*vin)=.K:Si^, 

k=‘l 

where JT is a constant independent of i and j, then also 

n 

_S (A*|aIA^)(A^lalA0=A'S„. 


(26a) 


(26b) 


3. Continuous eigenvalues and the Schrddinger representation. 

These formulas must be modified in the case of an observable w whose 
spectrum of eigenvalues is not wholly discrete, but is wholly or partially 
continuous. An eigen-tp belonging to a value w' lying in the continuous range 
is to be normalized according to 

^{w')^{w'') = h{w' -w"), ( 1 ) 

where 8 (a;) is an improper even function of x defined by 

r H -cc 

8(a;) = 0 for a; # 0; 8(a;) dx ~ 1 (2) 


(Dirac, Chapter iv, which see for a complete discussion of the S function).* 
The expansion of an arbitrary 4> in terms of tho cigen-4»’s of zu will now be 


of the form 


(^'1 )-hJ dw" {w"\ ), 


(3) 


where w' ranges over the discrete spectrum, w" over the continuous spec- 
trum of zv . Here j ) = (p 

for all w'". If w'" is in tho continuous spectrum this follows, on multi- 
plication of (3) with from (1) and the relation 


j M - a) dx =f{a) (4) 

♦ Tho S function as used in connection with continuous spectra is to bo regarded as a convenient 
abbreviated notation which permits simplification in tho handling of more eornjdicatcd inatho- 
matioally rigorous expressions. This treatment of tho continuous spectrum, although able to lead 
one into trouble, is certainly the most convenient; the 5 function may bo in general treated as an 
exact symbol when integrated out according to (4). 
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THE SOHRODIHaEB. REPRESENTATION 


(Dirac, p. 73). In general, a similar replacement of integration over the 
continuous spectrum for summation over the discrete, and of B{w' —w") 
for Sqj/q,* must be made in the preceding discussion in the case of a continuous 
spectrum. 

The most important instance of an observable with a continuous spectrum 
is the coordinate ae, which we assume to have a completely continuous range 
of allowed values. For a single particle in three dimensions x, y, and z form 
a set of commuting observables (complete except for the peculiarity of 
electron spin which we shall later introduce as a fourth commuting 
observable a having just two eigenvalues). For n particles we have the set 
x^^yn, Zn' We shall denote this whole set of observables by 
* for short, writing ip(a:') «!>(*') “SC®'-®"). (5) 


where -x'') = 8(a;; - x{) - y{) 8(2; - z {) ... 8(2^ - z^). 

We shall usually denote an allowed value of the above set of observables 
merely* by x. The expansion of an arbitrary in terms of the eigen-ij^’s of 
X is then written 

= Jii>(r») (a:| )dx, = j*( \x)^{x)dx, (6)t 

where (a;| ) and ( \x) are complex conjugate functions of x. 

This representation in terms of the eigen-tp’s of x (the Schrodinger repre- 
sentation) is the most useful of all representations, since from it is derived 
the Schrodinger equation which has proved to be a most powerful tool in the 
explicit solution of quantum -mechanical problems. It will be noted that the 
function {x\ ) completely determines This function {x\ ) is called the 

Schrodinger representative of and will be written as j/t (the Schrodinger 0 
function), or if we wish to indicate the independent variable explicitly. 
Coordinates will throughout this work be relegated to the position of sub- 
scripts when they need be written, the space on the line being reserved for 
the more important quantum numbers. Thus the function (cclF') which is 
the Schrodinger representative of vp(r') will be written as 4‘x(^') called 
the (Schrodinger) eigen-^ belonging to F'. Since j/f determines we can 
equally well speak of a system as being in the state 4* or the state ifj, the state 
4>(r') or the state ^(F'). In this ^ notation the expansion (6) becomes 


ip = j‘ii>(x)i/fdx, iP(r') = Jtlt(x)4f(r)dx; 
= Jt//ijj(x)dx, (j^(r') = J^(r')ijj(x)dx. 


(V 


* There will be no confusion with the Schrodinger operator sc because of the omission of the 
prime here, since no distinction need be made between the operator a: and the allowed ralue x in 
the Schrodinger scheme, 
t dx=dxidyj^dzi ... dz^. 
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If a is an observable, a4» is atji and vrill have a Scbrodinger representative 
wMcli we shall write as a^, i.e. we shall write 

atp = J^(cc)cx,i/tdcc. ( 8 ) 

This equation defines the operator a in the Schrodinger sense as that func- 
tional operator which acts on the function i/r which represents and turns 
it into the function which represents atp.* 

We ahnll now prove two theorems which show the great similarity in 
behaviour of vp and tft that justifies their being called by the same letter. 

I. A.ny line€bT r^Mticm which holds between holds also between their 
representatives. This follows from the fact that the representative of the sum 
of two i|>’s is the sum of the representatives of the individual that the 
representative of ctp is c times the representative of and that if two iji’s 
are equal, their representatives are equal. 

II. The scalar product of two equals the integral of the product of their 
representatives in the sense that if 4^(1) is represented by 4'(2) by 

ip(l)i|>(2) = /^(l)^(2)<iaj. (10) 

The proof of this follows from (4), (6), and (7), 

iP(l) il>(2) = I ^^(1) ^{x) dx JiP(x') ^^,(2) d.x' 

= j 1 ) 8(a; — x') dxdx' 

Now the eigenstates 4^(r') are normalized (2^9) according to 

qi(r')4>(r'')=s,.r; 

hence the have the normalization (theorem II) 

(r')./r(r")da; = 8r'r.t 


/^o 


(11) 


* This notation assumes that tho representative of f{x) 4>* wlioro/(ac) is any algebraic function 
of the set of observables x, is just tho function /(x) tfi. This is easily seen to bo thio case: 


f(x) I fix) JiP(x)/(x)^du 


(f») 


■f If 10 is an observable which has a continuous range of eigenvalues, its cugenstates must bo 
normalized according to (1) instead of 1“1 and integrals must be substituted for sums in tho 
expansions in terms of tf/iuo'). In this case we obtain for the normalizing condition 




= S(w' - w") 


(12) 


in place of (11). This normalization of ipai to') is accomplished if we choose tho normalization factor 
in such a way that the set of eigendifferentiaU 


X«(w') = 


rw' 


+A 




W 


tpg.iii>') dw' 


(13) 
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Any 4» may be expanded in tlie P' scheme according to 

Hence (theorem I) ^ = S^(r')(r^| ), (16) 

r' 

where* (r'| ) = qi(r')<l*=/<f(r')^t<to. (17) 

Xhe state at|>(r') has the expansion 

a»Kr') = s<Kr") (r‘'|«| r'). 

Hence the a^(r') of (8) will have the expansion 

a^(r')=s^(n(r"Hr'), (is) 

where from 2216 and theorem II 

(r'’|«|r')=;]i(r")a.l>(r')=/^(r”)«^(r')<fa. (i9) 

Finally the allowed values equation 

a4>(a') = a'4>(a') 

becomes the functional equation 

ai/f(a') = oc'^((3c'), (20) 


which is the general form of Schrodinger’s equation for any observable. As 


is normalized to unity in the sense of (11). The will then bo orthogonal if \w' - «?" j > A, and will 
for values of w' chosen at the small intervals A have all the properties of a set of eigenfunctions 
going with discrete eigenvalues. To see this let us evaluate the integral 

/ I r rw'+A- cw^+A 

j J if>g,{w")dw''dx 

1 fw’+A /■lo''+A f— 

~A J w' Iw" J 


1 r^o'+A fw''-hA^ 

= i I 8(w' — w") div'dtv". 

A j w' Jw" 


Now the integral over w" has the value 1 for all values of w' which lie between w" and 
and the value 0 for all other values of w'. The whole integral then becomes 


1 if w' = w% 

Oif \w'~w"\^A, 

if |m'-«;''l = -<A. 

K ' ' K 


(14) 


The expansion of a ^ in terms of the eigen-^’s of w may then be written as a sum over v (w^), 
where w’’’ takes on values spaced by the interval A (this is rigorously true asymptotically as A-^ 0): 

l*Px{w'){w'\ ) dw' = 'Z‘^A Xxiw^) {w‘'\ ). (16) 

J 

We could define, in exact analogy, a symbolic %(w') which would have properties similar to the 
above, and it is in some such way that a mathematically rigorous treatment of the continuous 
spectrum must be given. 

* The set of functions ^(T') are to be considered as a set of unit vectors in ordinary function 
space (Hilbert space) in terms of which any arbitrary ijj may be expanded. 
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yet we have defined the operator a only symbolically; the discovery of the 
exact functional form of a for observables that are functions of the co- 
ordinates and momenta was made by Schrbdinger and will be the subject 
of § 02. 

4. The statistical interpretation. 

If we make a measurement of the complete set of commuting observables 
Yi» Ya* •••s Y* on a system in the state tp, what is the probability P(r') of 
finding the values ...» This question may be answered in the 

following way (Dirac, p. 65 ). 

Consider any function /(F) of Yi> Ya? Yfc- The average value obtained 
for this function when making measurements on is 

q;/(r)4.={S( ir')iP(r')}{S/(r")4<(r')(r"| )}» 

r' V" 

= S/(r')l(r'i )p. 

r' 

On the other hand, this average value must equal 

s/(r') P(T'). 

r' 

Since the last two expressions are equal for arbitrary fiuictiona /, we can 
equate coefficients of each f{T') to obtain 

P(r')=|(r'| )|^ (1) 

Hence the probability that the y’s have the values P' in the state 4 * is 
KF'I )|^ Similarly the probability that the y’s have the values F' in a state 
in which the 6’s are known to have the values A' [i.c. in the state d»(A')1 is 

|(r'|A')l^. 

If we now ask the probability P{oc) dx that the sot x of ol)serval>lcH have 
values in dx at x, we must modify the above computation to suit the case of 
a continuous observable. The mean value of/(jc) in tlie state 4> in givcui by 

^f(x) 4 > = jijifix) ifjdx 

from 329 and S^IO. On the other hand this mean value 

= jf(:x) P[x)dx. 

Since /(cc) is an arbitrary function of the variables x, wo obtain from this the 
physical interpretation of Schrodinger’s ifj function: that xJjtjjdx is the. prob- 
ability that the system be in the coordinate volume element between x and x + dx. 
This interpretation is seen to be consistent with the normalization of ijj as 
given by (S^ll). 

* Since /(P) t^{T')=f(r') aa obvious generalization, to the caao of a set of coinmuting 

observables of Problem 1, §P. 
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PROBLEMS 


1, Show directly that" S ■P(r') = !• 

r' 

2. Show that if a real observable a has no negative eigenvalues, then 

for all conversely that if <^a4>>0 for all then a has no negative eigenvalues. 

8. Show that a® + (3®, where a and p are any two real observables, is real and has no negative 
eigenvalues. 


5. The laws of quantum mechanics. 


We have now laid out the mathematical pattern in terms of which the laws 
of atomic physics are formulated. The remainder of the theory consists of 
the recognition of the properties of the operators which are to represent 
various observables. To a particular mode of observation with certain 
apparatus is to be associated a certain operator. The laws of nature are not, 
as before, the functional relations between the numerical values given by 
certain experiments, but relations between the operators that stand for 
various modes of observation. The recognition of what operator is to be 
associated with each set of experimental operations has been carried out thus 
far partly by appeal to the correspondence principle (as with coordinate 
position and conjugate momentum) and partly by appeal to experiment (as 
with electron spin). Of course the correspondence principle itself is a broad 
generalization from experiment, so the known relations between operators 
for physical quantities all spring from experiment. 

The cartesian coordinates Xi, y^, Zi, ..., x^, y^, sSm or for convenience 
Xx, x^i ...» x^n^ of a system of n particles, and the conjugate momenta 
px, p^n satisfy the following quantum-theoretic laws of nature 


(Dirac, p. 91 ) : 


[x,- , x^l = XiXj— XjXi == 0, 

,pj\ = Xipj -pjXi = ih^ . 


( 1 )* 


These equations are consistent with x-i and p^ both having a continuous 
range of allowed values. The first equation has been presupposed in using 
Xxi 3^2 > •••> ^371 commuting observables for a Schrodinger representation 
in § 3 ^. 

Analogous to the total energy of the system is a Hamiltonian function jRf, 
which is the same function of the p*s and x^s as on the classical theory for the 


* We shall use the notation [A, B] for the simple commutator AB -BA. (Dirac uses [.<4, B] 
for {AB - BA)lifi in closer analogy to the classical Poisson bracket.) The commutator of a single 
observable with the product of two is given by formulas similar to that for a derivative of a 

C] =LA, C]B -hACB, C] 

[^, BC] =[.4, B3C+B[.4, C]. 
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(MioZogo'ijiS d/ywxwiicoJi syst&nfi.’^ Th.© importia/iic© of th.© Hamiltoiiiaii in th.© 
classical theory lay in the fact that through Hamilton’s equations of motion 
it determined the time variation of the state. That continues to be its 
importance here, the dependence of th© state i|> on th© time being given 
(Dirac, p. 115) by 




( 3 ) 


where d^jdt indicates a vector whose components are th© time derivatives 
of th© components of 4» in a fixed representation. In Schrodinger’s notation 
this becomes a,/. 

(3') 

The time dependence of th© eigenstates of energy is particularly simple. 
On© has for the eigenstate belonging to H', 

and therefore such a state merely changes its phase in time: 

Corresponding equations obtain for the Schrodinger function In an 

eigenstate of energy th© average value of any observable a is independent 
of th© time.f This is proved as follows: 

Since the probability that the set of observables T have the values F' depends 
only on th© average values of all functions of the y’s (§ 42 ), this proljability 
is independent of the time in such a state. Because of these properties an 
eigenstate of energy is called a stationary state. 


PROBLEM 


Show that the commutator 
where /(ac) is any function of 


f{x) Pi -Pi fix) = in , 

x^f acan oxpressihlo as a power sorios. 


(•^) 


6. SchrSdinger’s equation. 

W© shall now discuss th© question of the functional form of an observable 
in th© Schrodinger sense, as defined by 328: 

a 4 > = ocfffdXy 


* However, the exact order of factors and related questions, which are immaterial in the 
classical theory, are of groat importance in the quantum theory, and for any particular problem 
must be determined, in the last analysis, by experiment, 
t If ot does not involve the time explicitly. 
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schrodhstger’s equation 

where a is supposed to he an algebraic function F{x, p) of x^^, 

Pi » • • • > Pzn • 

The Schrodinger operator for/(3c) is merely /(a?), as shown by 329. 
Schrodinger’s discovery* consisted of the observation that the proper 
operator for the observable is —iUdjdx^. This is easily shown to satisfy 
the quantum conditions for example 

Xjpi^ = - dx, 

pi^i^ =s - dx, 

hence 

i^iPi -PiXj) ^^ihj^ix) {Xjijs) - Xj^^dx = ihj ^{x) hijijjdx = 

We obtain the operator for p^p^ by letting Pj operate on p^i 

Hence the Schrodinger operator for p^pi is { — ifidldxj){-~ihdldxi), and in 
general the operator for a function g(p) is g{ — iKdJdx). 

From an extension of these considerations it is seen that the Schrodinger 
operator for a general algebraic function 

a=F{x,p) 

is <x. = F{x,p) = F(x,—iHdldx). ( 1 ) 

Hence the Schrodinger equation (322O) 

a^(a') = a' ^(a') 

becomes , ox 

F[x,-i^^^j^P(oL')=<^'^|,(oc'). (2) 

This is a standard type of characteristic value differential equation whose 
characteristic values and functions are to be determined by the use of 
auxiliary boundary conditionsf on 0 (a'). The original equation given by 
Schrodinger^ was this equation for the particular case <x = H, which gives 
the energy levels and eigenstates of total energy. 

7. Matrix mechanics. 

We have seen that by the use of Schrodinger’s representation in terms of 
the continuous set of allowed values of the variables we can obtain a 
formulation of the theory entirely independent of symbolic 4 >’s and a’s. In 

* SohrSdinqbb, Ann. der Phys. 79, 734 (1926). 

t See p. 143 of Dirac for a discussion of boundary conditions. This discussion is not complete; 
the governing condition must be that one find a complete orthogonal set of solutions of (2). See 
VON Nettmann’s book, page 63 et seq. 

J SoHEdDiNGEB, Ann. der Phys. 79, 361 (1926). 
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the same manner the theory can be formulated in a way in which we deal 
only with the matrices representing states and observables in terms of the 
discrete set of allowed values of a complete set of observables T. This corre- 
sponds to the original matrix mechanics of Heisenberg, Born, and Jordan.* 
We represent tp (or by the array of coefficients (F' | ) in the expansion 

in terms of the ^KF') [or ^(F')] written as a matrix of one column. That is, 
and 4>(A') are represented respectively by 

(FM ) (FMAO 

(P^l ) (P^IA') 

(P^i ) (r»iA') • 

■ • • ■ • • 

I • > « • • • 

When a is represented this way, a ip must be represented by a matrix of 
one row, in order that ipr'Ps may be an ordinary number (a matrix of one row 
and one column). For example, the product ^(A')tp(A") becomes 

(pijA') 

IKA'ir^) (A'lr^) (A'ln ...||* =IIS(A'ir') (r^A")!! =8(A'. A") (1) 

by the usual rule of matrix multiplicationf (cf. 2220). In this form we see 
clearly that we cannot add a ip and a ip, and that we must form their product 
in the order ip4». 

The observable a is represented by its matrix as defined in § 2®, i.e. by 

(PMairo (FOairo (FMam - 

(F^lalFO (F^lalFO {F“|air«) ... 

||(F'|a|r'')||= (P^lalFO (F»|air0 (F’lalF®) ... - 

where by convention the first index F' in (F'|a|F") labels the row and the 
aexiond index F" the column. If a is real, this matrix is Herrnitian, which 
means (cf. 2^17) that the diagonal elements are real and that the corre- 
sponding elements on opposite sides of the diagonal are complex conjugates. 

* HisiSENBEBa, ZeitB. fiir IMiys. 33, 879 (192.'5); 

Born and Jordan, iUd. 34, 858 (1925); 

Born, HEiSHNnBua, and Jordan, ibid. 35, 557 (1925). 
t The product of a matrix ja/ with m rows and k columns and a matrix with n columns and 
h rows is defined as the matrix of m rows and n columns obtained as follows: 




®ia 


**i& 


hx 


hn 




... 


«ai 

«2a 

• • » 

«2fc 



• • • 

*an 


^a^jbjx 


... 




... 

°‘mk 




^kn 




. . . ^ 


where all the S's are over j = 1, 2, ...,k. For a discussion of matrix algebra see, for example, Booizeb, 
Introduction to Higher Algebra, Chapter vi. 
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(riiaipi) (ri|a|ra) ... 


(P^la') 


o 

o 

• 

ft 


(PH a') 

(r^lalPi) (P^lair®) ... 

••• ••• 

••• ••• 

• 

(nao 

• • • 

• • • 

= 

0 a' 0 ... 

0 0 a' ... 

••• ••• ••• 

• 

(P^Ia') 

ft « ft 

ft ft ft 
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li} is now readily seen tb-ai) all of tlie preceding eq^uations renxain true when 
one substitutes for tp^'s and a’s their respective matrices and uses the laws 
of matrix algebra. The allowed-values equation becomes 


.(2a) 


Carrying out the matrix multiplication, we obtain the set of simultaneous 
linear equations (cf. 2^7 et seq.) 

:S[(r"|air')-a'8r^r.](r'|aO = 0 for all T". (2b) 

The condition that this set shall have a non-trivial solution is that the 
determinant of the coefficients vanish, i.e. that 

(ri|a|ri)-a' (riiocin (r^iairs) ... 

(r^iairi) (r2|ocir2)_a' (r^iair®) ... 


= 0 . 


(3) 


I 

This determinant, though usually of infinite order, will often be such that 
the only non-vanishing elements lie in sub-squares along the diagonal, so 
that the infinite determinant will factor into an infinite product of finite 
determinants each of which can be treated by ordinary algebraic methods. 
An approximation to its solution in the case in which certain of the non- 
diagonal elements may be neglected will be considered in the next section. 
The roots of (3), which is called the secular equation, give the allowed values 
of a. For a (i:„,-fold root, the equations (2) furnish hnearly independent 
sets of transformation coefficients (r'|aV') for r' = 1, ..., The values of 
these coefficients must be chosen in accordance with the orthonormalization 
condition (1): S (a'r'lF') (r'|oc'r") = 8^V'- (4) 

These transformation coefficients determine the eigen-4»’s of a, i.e. they 
determine those linear combinations of the eigen-vp’s of T in terms of which 
the matrix of a is diagonal; hence this calculation is known as the diagonaZ- 
ization of the matrix of a. 

While the coefficients (P'] A') may be arranged into single rows or columns 
to represent the matrix of there is a sense in which the whole square 

array of (r'|A')’s for all P' and A' may conveniently be considered as the 
matrix which transforms the eigen-vp’s of T into the eigen-ip’s of A. Let us 
write 

(r^A") (ri|A“) 

ii<>(A^) 4>(A2) ...ii=ii^(n) 4>(r“) ...i 


(P'^IA^) 

(r»iAi) 


(F^IA^) 

(r»iA2) 


(5) 
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The matrix on the right, which we shall write as [[(F' | A') ||, is a unitary matrix 
in the usual sense: it has the property that its Hermitian conjugate, which 
is easily seen to be the matrix ||(A'|r')|| is also its reciprocal, by (1); i.e. 

11(P1A01M1(A'|P)|| = 1, 

where 1 is the unit matrix. 

Now if ||(r'|A')l| represents the transformation from the T scheme to the 
A scheme and 11(A'|E')11 the transformation from the A scheme to the E 
scheme, the transformation from the T scheme directly to the E scheme is 

given (cf. 2218 ) by ||(r'|E')l| = ll(r'|A')lM|(A'lE')||. (6) 

The transformation of the matrix of a from the F scheme to the A scheme is 
accomplished (cf. 2^19) by the multiplication of three matrices: 

||(A'|a|A")|| = ||(r'|A')||-||(A'|a|A'')||-||(A"|r")||. (7)* 

Suppose now that we are given the matrices of a set a, 2^, ... of commut- 
ing observables in the F scheme and we wish to find the transformation to 
the scheme in which these are simultaneously diagonal. We diagonalize a 
by (3), (4) to obtain the unitary matrix ||(r'|a'r')|l. With this matrix, by (7) 
we transform the matrix of (3 to the (a' r') scheme. Since p commutes with oc 
this matrix will be diagonal with respect to a'; hence we can find a set of 
states s') as in § 2^. Using (6) we find l|(r'|a' j8' A‘')|1 by the multiplica- 

tion of ||(r'|a',r')|| and ll(aV'|a' j8'5')l|. This enables us to obtain the matrix 
of 2^ in the s' scheme, the diagonalization of which gives states 

^ t') etc. See § 4® for an example of this procedure carried through in 

detail. 

8 . Perturbation theory. 

If we know the allowed values and statesj- of some ol).servable a, we can 
develop formally a successive approximation method for finding those of an 
observable which differs but slightly from a, say the observable 

^ = a-HeF, (1) 

where € is supposed to be a small number. Since eF may be considered as a 
perturbation on a, this approximation method is known as the ‘i)erturba- 
tion theory.’ 

Let us denote the mutually distinct proper values of a by a^, a^, If now 

there is a cZ^^-fold degeneracy in the value a’b we shall need another index to 

distinguish the different states going with this same proper value. Wo may 

denote these states by where 1, 2, ..., d,,. Since the set ot »/r’s for 

a given n is determined only to within a unitary transformation, it will bo 

desirable to choose the members of this set in a way significant to tlie 

* This is the equation which is usually written in the form T=A8A~^. 

■f" In this discussion the 0’s and a’s may be either in the symbolic or Schroilingor scheme. 
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problem in hand. Let us then choose in such a way that all matrix 

components of the type (oc’*^|F|a’^^') are zero unless l = V. This is possible 
since the transformation which diagonalizes that part of the matrix of F 
which refers to the level on'^ for any given set of ^(a’®^)’s will transform this set 
of ^’s to one satisfying the above requirement. 

Now it may be, when we have chosen the states in this way, that the com- 
ponents (a”'| F|a^0 with a given n are all different as I runs over the range 
1, It is this special case, practically the only case of importance in 

applications, which we shall consider now. We shall return to the more 
general case later. 

The observable which differs but little from a, will have proper 
values which coincide with ol^ in the limit € = 0, and which differ but little 
from cl'^ for small e. We shall call these values jS”®, ..., and shall 
suppose that each of them may be expressed as a power series in € of the form 

-H + . . . , (2) 

where clearly = for alU. (3) 

We shall suppose the eigenfunctions which belong to these values to be also 
expressible as a power series in €, of the form 

+ . . . , (4) 

where is a linear combination of the for p = 1, . . . , . We shall 

see that the advantage of our particular choice of lies in the fact that 
we may take = 

Our problem is now to determine formally the coefficients of the various 
powers of e in (2) and (4) in terms of the matrix components of F and the 
known properties of the observable a. This we may do by equating to zero 
the coefficient of each power of e in the equation 

^ ( 5a) 

when this is expanded in the form 

[a + e F — — • • -] -f- . . . ] = 0. 

(fib) 

This gives us the set of equations: 

e® ; [a — ( 6a) 

e^: [a — + [F — ^ (6b) 

e2 : [a — + [ F — = 6 (6c) 

€3: [a - + IV- ~ = 0 (6d) 


If we express in terms of the using the notation 

= S ^(a’^'O (k = 0, 1, 2, . . . ) (7) 

n*V 
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we can solye these ecLuations in succession. We have introduced the curly 
braces because the do not form a set of orthonormal states, nor are 

the coefficients in a unitary transformation. The condition that the 

form an orthonormal set independent of c gives us the following 
conditions on these transformation coefficients: 


gO; S = 8(n7', nl) 

n^r 


(8a) 

(8b) 


a. S [{0^'iy-^n + {l-'Hoc-''”} 1«^} + I o«^}] = Q 

‘ (8c) 

The first eq.uation (6a) is just the allowed-values equation for the 
observable a, and gives us no new information. It tells us that if we take 
, = a”- will be zero unless n' = n, as we have already observed. 

0 ^ ^ - f I * \ "U A ,w-v .-W.-’V iirViAw-k V Y\Ci 




where 


With these facts, the second equation (6b) becomes, when expanded in 
terms of the i/f(a’‘' ‘ ), 

S ./.(«»•'■) [(..■•' - W 1"^ - S(». »’) ft" {"‘'"'1 «"'} 


nT 




Equating the coefficients of «/-(x”*'') to zero in this expression gives 

[(a^lF|a«n”iSf]K'’l^'''} = ^- (<^" = l.--vO (lt>) 

This is for each value of n and I a set of d,^ equations”- lor the {a"^ [O"'}. Ihey 
are satisfied by taking 

= {x”''lO«'J = 5(/,r). (11) 

This makes 

For a given ». if aU the (a"'| Fla"') are diitereiit, tliis is to within a phase the 
onlvnon-vaniBhing set of solutions of (10) whioh satisties the condition (8a). 
Eimting to zero the coefficient of ^-(a”''') «' ('•» ““ 


that 


{oc-''"|l«'} = 


’a«- ot'^" 


{n"^n) (13) 


The third equation (Cc) becomes, when expaiulcil in terms ol the i/i(a“ ' ), 

Si/i(a"'^')[(a«’ - 1“')- 0"^} 

+ i;(a''''^"| 0. (14) 

n'i' 

* Those equations have tho above shuplo form bccaiiso of th« tyay wo have chosen 
If w© hadusoclan arbitrary systom of «/r(a'*)’s, we would havo obUuned at this point a Nct ot c<iua- 
tions determining the ^(a"‘) as wo havo chosen them. This would lead to u lurtlicr coinphea luii o 
notation whicli it seems doairttble to avoid. 
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Equating the coefficient of ^(a”^) to zero gives 

- 1 «^}- -hi: {x ^\ = 0 , 

tiT 
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from which 


(oc«*| F I FI a«^) 

^ • 


n'Z' 


(15) 


Equating the coefficient of tpicxP'^") (I" 1) to zero gives 

^ r ix-^) 

t“ i- hr !«.■-- 


We have now determined completely except for the coefficient 

which is not determined by equations (6). Equations (6) and hence 
(6) determine aset of orthogonal states, but do not take care of normalization. 
This means that equations (8) will be automatically satisfied for nT^nl 
(orthogonality condition), but these equations for n'V ~ nl must be expressly 
considered to secure normalization . (8a) has been satisfied by the choice (11). 
(8b) tells us that + {oc^| 1^^) = 0, 

or that the real part of {a”^| 1”^} is zero. We may choose the imaginary part of 
arbitrarily. This is connected with the arbitrariness in phase of 
^(jS"^). is a solution of the same phase for €= 0 as if/(0) = 0. 

But if ^(^”0 is given by (4), we have, if f{€) = k^^e + 

ei (*i€+fc,€2+. ..) (j/rg + + [^*2 - *2/2 !]^^) H- . . . 

= ^o + e^i + €^2+ •*•* 

This shows that tfti contains an arbitrary imaginary multiple of [i.e. of 
ifi(cc^y] which occasions the arbitrariness of The most convenient 

procedure is to set {a”^ll«^} = 0, (17) 


since we may obtain any solution from such a particular one by multiplica- 
tion with a phase factor. With this choice we see that the arbitrariness in 
is reduced to an imaginary multiple of , which we shall also set equal to 
zero, and so on for the higher approximations. 

Finally, setting the coefficient of ^(a”^'''") equal to zero for n'' =^n in (14) 
gives us the value of This procedure may be continued as long as 

one pleases, and it is clear that recursion formulas may be obtained express- 
ing each approximation in terms of the previous one. The value of 
is obtained as above. The coefficient of ^(a”^) in the expansion of the fourth 
equation (6d) gives The coefficient of ip{oi^^'') gives '1 2”^. The normal- 
ization relation (8c) for n'l' =nl determines the real part of the 

imaginary part being arbitrarily set zero, and so on. See the next section for 
a collection of formulas. 


cs 


3 
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If the (ot®''|F|a’*0 a givea n are not all distinct, (13) is no longer the 
correct solution. Such a prohlem should be handled by writing three indices 
on the states where (ocP^^V\<x.^^) is independent of j. If we are to 

choose the set of states for a given n and I with significance, we do it so that 
the expression 

(gn/^ I ]7| V\ocnir) 

nrr oc’^-a”-' 


which is written down from (15), vanishes unless j —j". In this case we shall 
find that we have 0o{j3^^'} = j/r(a'^^), and that will be given by (18) for 

j" —j. The formulas for the coefficients in will now be much more 

complicated than before. If (18) for j =j” still has a degeneracy, we should 
have to use four indices, and so on. 


9. R4simi§ of the perturbation theory. 

We know the characteristic functions and values for an observable a and 
are interested in those of an observable 


jQ = a+€F. (1) 

Denote the distinct eigenvalues of a by oc^, a®, ... and let a”- be c?,/j-fold 
degenerate. Choose the eigenstates (i5= 1, 2, ..., in such a way 

that (a'"*( Fla"”^') vanishes unless Z = Z'.* The following ax^plies only to Tt’s 
such that the values of (a”^| Fja”*) are all different. Write 


^nl = ^nl ^ . ( 2 ) 

=S V'Coc’^'^') 0^^}+ € 1"^} + €2 2"^} + ...]. (3) 

nT 

Then 

j3T' = (a"*lFla«*) 
ni (a”*l ^1 a”'*') 

(4) 

71 =t=n. 

R”‘= S (a«^lF|a«'n{a"'*'|2«i} 
n'V 


i?”‘ = 


n'+n. 

s 

n'V 


(a«^|Fla«''') {««'*'!(«- 1)”'} 

A=2 


/Sa 


* One ca»n determine this set of st&tes by diagonalizing that part of the matrix of V which refers 

to any set of d,, orthogonal states belonging to a**. 
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{an'l'lonl}; 

{anl'linl} = 

{a"* 11"*} 

{a’‘*| 2 «*}: 


sS(»'i% rd) 

(a"'»'lFla”*) 
a** -a"' 

Fla«*) 


=0 


(a»*'-a«)a ~ a«'-a« 


.jSa {a«»'|l”'} (a”*'l Fla«'*''){a”'‘''12”*} 

«nZ' „nl 2 

pi —pi nT 




-iS 

W.7' " 


{oe«* I «:«'} = 


*-l - A)"*} . ^ Fla«''‘''){a"'*''l('c - 1)"*} 

A«s> 1 « a 

\nl 


a« - a«' 


A = lnT 


(F=f=Z) 

(w* ^7 Wf) 

(Z' 4 =Z) 


(Z' + Z) 


( 5 ) 


10. Remarks on th.e perturbation theory. 

It may not at first sight seem clear why we have set down these com- 
plicated formulas for the perturbation of a degenerate system when we 
might by a simple device have reduced the degenerate system to one which 
is non-degenerate. If we add to the matrix of a the diagonal elements 
(ot^^lcFla’*^) of the perturbation matrix, we have a diagonal matrix of which 
we know the characteristic values and functions and which is non-degenerate 
by hypothesis. The rest of the matrix of eF may now be considered as the 
perturbation; and the much simplified formulas to which those of § 92 reduce 
when the system is non-degenerate are api)licable. But our perturbation 
theory is expected to converge rapidly only for small perturbations — a small 
perturbation being one which causes shifts in the eigenvalues small compared 
to the original distance between eigenvalues.* Now if we take as the un- 
perturbed levels those for which the degeneracy is removed by the diagonal 


^ Tliia statement is based on the following rough considerations. Let us represent by K a 
number of the order of magnitude of au clement of the perturbation matrix F, and lot us suppose 
that the diiforcnco between two diagonal cloments of the typo (a^^| F|a^^) and F|a^^') (i.e. a 

difference such as occurs in the denominators of 9-4 and 9^5) is also of order F. Let 

be a number of the order of magnitiido of the difference — <xP' between two adjacent degenerate 

levels of a. Then the term in 9-2 is of the order of magnitude 



1 


eV, 


( 1 ) 


while the term in is of the order of niagnitudo 


€« — y. (2) 

\®«nv 

Since the displacements caused by the perturbation are of the order of eF and the original distance 


3-3 
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elements of the peitxirbation, we have no reason to suppose that the non- 
diagonal elements -wtU have an efiEect small compared to the effect of the 
diagonal elements, i.e. small compared to the distance between imperturbed 
levels. Hence if we wish rapid convergence we shall probably need to 
consider the set of states going with an imperturbed level as a unit and the 
perturbation as a whole, as we have done in the last sections.* It should 
be remarked that if we do use the device suggested above we obtain for 
the coefficient of in ^ 

(oc^lcFla^O -a’"'- ^ 

which contains in the denominator the distance between the first-order 
eigenvalues instead of that between the zero-order eigenvalues. For calcula- 
tions just to the second order this formula will at times be convenient, and 
is probably as accurate as the former. 

To obtain a slight acquaintance with the perturbation theory, let us 
consider in detail a simple finite case for which we can obtain an exact 
solution. Let us take the matrices of oc and V to be 


a 

ai2 


a® 

ojia 

10 

0 

0 


0 

10 

0 

a" 

0 

0 

0 


V 

aJ‘- 

all 

a" 


5 

0 

10 

oc'^ 

0 

0 

30 

a" 

10 

30 

0 


(5) 


[where we have already chosen the states and in such a way that 

(a^^l F|ot^2) — Q] and consider the characteristic values and states of the 
observable a. + eV. From the formulas 9^4 a,nd 9^5 we find that to terms 
file* jS® = -lOOe^-l- 5€»+ 997-5€‘, 

j8“ = 10 + 90e® - 180€» - 3090 (6) 

j3” = 10 + 6c -H lOc® + 176€» -I- 2692-5e^ 


between levels is of the order wo see that we cannot expect the theory to converge rapidly 
unless these displacements are small compared to this distance. 

If the differences jS"* - j8"* are of smaller order of magnitude than V, ( 1) and (2) are too Bmnll. 
In particular the magnitude of the elements connecting two states which originally 

belonged to the same unperturbed level is strongly affected. The above criterion is good provided 
the differences in first order shifts are of the same size as the shifts themselves. If this is not true, 
one might take as a guide the requirement that an expression of the typo 


€V r 

*»n' j8i* — jS"* 


( 3 ) 


should be small compared to unity for rapid convergence. 

The question of the convergence of the perturbation theory has been considered by WiLsorj, 
Proo. Roy. Soo. A122, 589; A124, 176 (1929). He shows that for finite matrices the theory con- 
verges for all values of the parameter e. Por infinite matrices no such dehnite results were ob- 
tained. [This means that (1) and (2) can be correct only for small k.] 

* In fact, if two or more unperturbed levels lie very close, it is advisable to consider them as one 
degenerate level in the perturbation scheme, adding the differences to the diagonal elements of 
the perturbation. 
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while to terms in €® 

^^®)=^(a°){l - 6 €«+ 0-5 €»} 

+ it(a“){ -Be +46 e»} 

+ ^(a«){ - €+ 0-5€®+ 14-76€®}, 

^(j3“)=^fr(a‘>) { 3€- 6 190-5 «*} 

+ ifr(a“){l -22-66*- 668 e®} (7) 

+ ,^(ai*){ -66-96 6* -1131 €»}, 

^(^i8) = ^(a«) { 6 + 17-66*+ 260-766*} 

+ Jfr( a“){ 66 + 93 6* + 1 108-5 e*} 

+ ^ai*){l - 18-66* - 576-6 6*}. 

The eigenvalues (6) are plotted in Fig. 1® for values of e from —0*1 to ■4-0*1 
to terms of the 0, 1, 2, 3, and 4*^1 order in e. The curves marked oo give the 
values obtained by a direct diagonalization of the matrix a -4- cV.* Fig. 2® 
shows the coefl&cients in the corresponding states to 1, 2, and 3*^ order and 
as given by the exact calculation. 

The situation is as follows. In the zero*^ approximation there is a doubly 
degenerate level at 10, and one state at 0. To the first order the level at 10 
splits into 2 states of eigenvalues 10 and 10 + Se. In the second order these 
states are ‘repelled’ by that at 0 with strengths OOc^ and lOe®, which soon 
results in a crossing of the two states for € > 0. A crossing of the true levels 
will be shown in § 11^ to be impossible. The third and fourth approximations 
include the third and fourth terms in the power-series expansion of the true 
eigenvalues (marked oo). The second-order perturbation theory for this case 
has little accuracy for a displacement of over one per cent. The crossing of the 
levels in this approximation contributes somewhat to this inaccuracy, the 
values for e < 0 being better than those for € > 0. The fact that the second 
approximation for e < 0 is better than the third or fourth must be regarded 
as accidental. The eigenfunctions and </r(j8^2), which for e< 0 are over 

92 per cent. and rapidly change character for €>0, 

becoming, at e = 0-l, 70 per cent. and vice versa. The approximation 

to these functions is seen to be no better for € < 0 than for e > 0. 

11. Perturbation caused by a single state. f 

It is seen that in general the second-order perturbation theory may be 
interpreted as a repulsion between each pair of levels resulting from the 
first-order theory, of magnitude equal to the absolute square of the matrix 
element joining these two levels divided by the unperturbed distance 
between the levels, or in the form 10^4, divided by the first-order distance 
between the levels. It is of interest to see what one can say rigorously about 
this ‘repulsive’ effect of perturbations. 

* Where two curves are not separated in Figs. I* and 2*, their ordinates differ at most by O-Ol unit. 

t Bbuxouin, Jour, de Physique, 8, 379 ( 1932). 
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Suppose that we have diagonalized that portion of a matrix referring to 
a certain set ^(-4”’) of states, obtaining eigenvalues 

A^, -4”, and that we wish to know the ejffect on this set of levels of 

the inclusion of another state in our diagonalization. That is, what can 
we say in general about the eigenvalues of the matrix 



0 

0 

ai 

0 


... 0 


0 

0 

... 

• • • 

Otn 


a* 

... ac„ 

X 


( 1 ) 


where we let {A‘^\ \X) = a^\ (X| \X) = X'i We shall suppose all the a*s to 

be different from zero, since a state with oc = 0 may be removed from the 
matrix entirely. 

If the state going with the eigenvalue A of this matrix be 

(4<|A) + ^(X) (X|A), 


we have, from (1), the equations (cf. 7^2), 


(A<-X) (^*1 A) + a, (XIA) = 0, (^'=1,2 n.) 

Soj (^«|A) + (X- A) (X|A) = 0. 

i=^l 


(2a) 

(2b) 


Substituting the values of (^^’|A) from (2a) in (2b) gives the equation in A, 


n 




V > TT 


( 3 ) 


which is equivalent to the secular equation obtained by setting the deter- 
minant of (2) equal to zero. The roots of this equation give the allowed 
values of A. 

The left side of (3), which is seen to become infinite at X = A^, is such a 
function of A as shown by the heavy curves of Fig. 3^ for the special case 
noted. The individual summands which are added to give this curve are 
indicated by the light rectangular hyperbolas. With these same values of 
the .4’s and oc’s, the value of X may be chosen at will. W^ith the particular 
choice X = 13, the right side of (3) is represented, as a function of A, by 

the leftmost straight line of unit slope. The abscissas of the encircled points 
of intersection of this line with the heavy curve give the five allowed values 
of A. The allowed values for two other positions of the ‘i^erturbing level’ 
X are also shown: one for a position X=X<2>= 23 within the group of levels 
A^y and one for a position X=X^®^ = 36 above the whole group of .<4’s. 

It is clear from this picture that the (w-f- 1) proper values of the matrix (1) 
lie, if we assume that A^<A^<...< A^, one below A\ one between A^ and 
A^y one between A^ and A ^, .. ., one between andu4”^, and one above A”^. 
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This is independent of the value of X and of the a’s, provided none of the 
oc’s vanish.* 

It is interesting to speak of this in the following way. The perturbation 
between a level X and a set of levels A'”' which lie entirely above it 

pushes each level of the set up, hut not above the original jpoaition of the next 
higher level, while X itself is correspondingly pushed down. The perturbation 
between any level X and the set A^, ..., A"^ pushes up each level of the set 



Fig. 33 . Graphical determination of the roots of ( 1 ). In this example, = 15, = 20, 

A^= 26, = 36; | aj | = 5, | ag | = 5, [a, I = 2, | | = 2. The roots are indicated for 

three different values of X: X0-)=. 13, a<®>= 23, and = 36. 


which lies above X (but not above the original position of the next higher 
level) ; pushes down each level of the set which lies below X (but not below 
the original position of the next lower level); while X itself is pushed up or 
down according to whether the sum 

^X-'A^ 

* If two of the A'^b are equal, say -4* = 4^, there is also a root at .4*. 
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mlculated for those l&ods bdcm X is greater or less than this sum calculated for 
those levels above X. Hence with regard to the displacement of X one may 
say that the second-order perturbation theory gives the correct direction of 
motion even when it does not give an accurate value of the amount. 

There is, of course, no rigorous meaning to the correlation in the pre- 
ceding paragraph of the eigenvalues of (1) with the ‘unperturbed levels’ 

X. However, when all the ‘perturbations’ are small, the 
states belonging to these eigenvalues will be very closely 

The curves of Fig. 3^ are seen to represent, after a fashion, the potential 
along the A-axis of the plot due to infinite lines of doublets perpendicular to 
the paper at points A\ A^, A^, and A^ of linear moment Ijaip, Ijagp, 

and ||a 4|2 in the direction of increasing A. One obtains an eigenvalue when- 
ever this potential equals X—X, The dipoles to the left of an eigenvalue raise 
the potential and hence tend to push the eigenvalue up while those to the 
right lower the potential and tend to push the eigenvalue down. 

At any given eigenvalue the relative amounts contributed to the potential 
by the different strings of doublets are rather closely related to the relative 
contributions of the corresponding states to the eigenstate in question. 
These relative contributions to the eigenstate are shown by (2a) — 


(^qA)= 


( 4 ) 


— to be proportional to the quantity 


instead of to the quantity 


l«iL 


which measures the contribution to the potential. 

One sees in Fig. 1^ an illustration of the ‘ forces ’ which keep an eigenvalue 
from passing the next unperturbed level in the fact that could not exceed 
the first order value of even though jS® tried very hard to push it past this 
position. 

It should be mentioned that equation (3) is often very easily solved 
numerically for the values of A, especially for values which lie close to one of 
the A’s so that one term on the left side of the equation is very sensitive to 
small changes in A whereas the other terms are relatively insensitive. In this 
way the roots and of the problem in § 10^ were easily obtained to six 
significant figures — ^the root being then given by the diagonal sum rule. 
In such a case as that of § 10^ the roots must be obtained very accurately to 
give moderate accuracy in the transformation coefficients because of the 
occurrence of — A in (4). 
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12. Tlie analysis of non-commuting‘ vectors. 

In <^uant'uni meclianics, th.e components of the vectors of physical in- 
terest — ^position, momentum, and angular momentum — become linear 
operators in place of pure numbers. The manipulation of such ‘non- 
commuting ’ vectors is facilitated by a set of formulas modified from those 
of the usual vector analysis. 

If A and B are two vector observables {A=Ag^i+AyJ+Agk, where 
-^x> 8'Ud Ag are scalar observables),* the commutators connecting the 
components of A and B transform like the components of a dyadic; hence 
it is convenient to write 

■®] = w+ 15^]^'+.... (1) 

Two vectors will be said to commute when this dyadic vanishes^ i.e. when each 
component of one commutes with each component of the other. This dyadic 
is not the dyadic AB — BA, but is related to it as follows: 

{A, B^^AB- (BA)o = AB-BA--(BxA)x^, (2) 

where Qf is the unit dyadic ii+jj+kk and ^ indicates the conjugate (trans- 
posed) dyadic.^ Hence in general [B, A']^ — \A, J5], but from (2) we see that 

[B,A-\^-[A,B-]a. (3) 

With these conventions, for a single particle having position vector r and 
momentum vector the set of commutators 5®! may be written as 

[r , r] = 0, Ip, Pi — 0, [r, p1= — [p, r] = ih^. (4) 

In a similar fashion, the commutators of a scalar observable X with the 
components of a vector observable A form the vector 

[X,A1= -[A,X1==lX,AJi+lX,Ay1j + [X,A,1k. ( 6 ) 

(This is the vector XA — AX.) A scalar will be said to ccmmute with a vector 
when this vector vanishes. 

The following generalizations of 5^2 will be found very useful 

C] = A-[B, C] - [C, A1-B, (6) 

[AxB,C1 = Ax {B, C] - ([C, A1 x B)q , (7a) 

[C, A X B1 = [C, A] X B — (A X [B, C])c , (7b) 

[X,AxB1==[X,A1xB + Ax [X, B}. (8) 

* In this section we shall use light-faced letters for ordinary observables, reserving bold-faced 
letters for vectors in the Gibbs sense. 

t See Gibbs- Wilson, Vector Analysis, Chapter v, for a complete discussion of the ordinary 
theory of dyadics. It should be pointed out that in combining non- commutative vectors, the 
order of the factors must be preserved; thus 

A'B=:Ag,Big + AyBy+AgBg, {AxB),i.=AyBg-AgBy, etc. 
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With non-commuting rectors all associative and distributive properties 
of ordinary vector analysis are preserved; other elementary operations must 
be performed in accordance with the formulas 

(9a) 

(9b) 

where j and x indicate the scalar and vector obtained by inserting dots and 
crosses respectively between the two vectors of each dyad in a dyadic— the 
soak and vector of the dyadic as defined by Gibbs; 

A’B>^C=AM, ( 10 ) 

A>^(B%C)=BAC-A'BC-[B,A}C (11a) 

^A‘CB-A'BC-AiC,Bl (lib) 

(ilxB)xC=BK-i4B‘C-[B,^]-C (12a) 

=il-CB-i4B*C-iliC.B]. (12b) 

The application of these formulas to the ordinary vector operator ‘del’ 
(V) has been discussed by Shortley and Kimball.* 


♦ ShobtIiEY and Kimbail, Ptoc. Nat. Acad. Soi. 20, 82 (1934), 



CHAPTER III 
ANGULAR MOMENTUM 


Because of the symmetry of the atomic model, the d3mamical variables 
analogous to the components of angular momentum in classical dynamics 
play a fundamental role in the theory of atomic spectra. The properties of 
these observables, and of the electron spin, which we shall develop in this 
chapter, have constant application throughout the theory of atomic spectra. 

Noth. In this chapter and henceforth we shall no longer distinguish by a difference in type face 
between quantities of a symbolic nature and quantities in the SchrOdinger representation. While 
this explicit distinction has been found very useful in the exposition of the theory, because of the 
complete symmetry which has been shown to exist between the two schemes no confusion will be 
entailed by using the same type for each in what follows. In this way, bold-faced type is released 
for its customary r61e, that of indicating a vector quantity in the restricted three-dimensional Gibbs 
sense. 


1 . Definition of angular momentum. 

In classical mechanics if the position vector of a particle relative to an 
origin 0 is r and its linear momentum is p, its angular momentum about O 
is defined to be 


L=r xp. 


( 1 ) 


We tentatively define the angular momentum of a particle in quantum 
mechanics as a vector given by this same formula in terms of the position 
and momentum vector observables. 

From the basic commutation rules ( 12 ^ 4 ) we find that the vector L does 
not commute with itself, i.e. that the three observables jD^., Ly, do not 
commute with each other. Instead we find, from a double application of 
1227, that 

[L,L] = [r x|>, r xjp] = rx [jp,r xp]-([rxj>,r] x^)^ 


= r X [/>, r] X ^ - (y X [p, y] x p)^. 

= - [y X (p X 3) - {y X (p X g)}^] ; 

since twice the antisymmetric part of the dyadic y x (jp x g) is (y x jp) x 3 , 

[£,£]= -ii^(yxi))x3=-i^£xS. (2) 


this becomes 


The question now arises: if we were to regard this commutation rule as 
the definition of an angular-momentum vector, would this be equivalent 
to the definition by means of ( 1 ) ? It turns out that ( 2 ) is more general than 
( 1 ), and that this is just the extra generality that is needed to fit electron 
spin into the picture. So we shall suppose ( 1 ) to hold for a special kind of 
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angrilar momentum which we shall call orbital angular momentum. The 
general angular momentum defined by 

(3) 

or in terms of components by 

will be denoted hereafter by while the letter L will be reserved for orbital 
angular momentum. 


2. Allowed values of angular momentum. 

We proceed now to investigate the properties of the observables Jyy 
J g , which are conseq^uences of 133 . The squared resultant angular momentum 

r = + ( 1 ) 

is readily shown by application of 1236 to commute with the vector J and 
hence with all three components J and . As a consequence there exist 
simultaneous eigenstates for and any one component, say J We can 
find the allowed values and J' by the following procedure. Tuet iJj{yJ^' J' ) 
be an eigenstate oij^, Jg and a set* F of observables which make up together 
withy 3 and a complete set of independent commuting observables for 
the system in question. We shall require that F commute not only with Jg 
andy 3 ^ but also with and Jy, for a reason to be given presently. Then " 

+ J'i + J'D J’.) ^{yJ^' J',) 

From these relations it follows that 


+ JD j:) = (7^' - HyJ ^' «/;). (3) 

Since and Jy are real observables, we see from this that | J'| since 

the allowed values of (Jl + J^) and of are essentially positive (cf. § 42 , 
Problem 3). Now, using the commutation rules 133, we find that 


Jsi^x±^Jy) = {Jx±'^*^y) (4) 

Operating with the two sides of this equation on iff{y J^' J'„) gives 

± ^Jy) ^(yJ^' J's) = {J'z ± ± y) ^{y Jl)- (5) 

But this equation is of the form of the allowed -values equation and asserts 

that unless / t r \ // rfi' t'\ 

Wx±^Jy)^(yJ^ (G) 


vanishes, it is an eigenstate of Jg belonging to the eigenvalue J1 + %. It is 
also an eigenstate of 7^ belonging to the eigenvalue 72 ' and of F belonging to 
the eigenvalues y since 7^ and F commute with and Jy . (This is the reason 


* In Chapter ii we used capital Greek letters to denote complete sets of commuting observables; 
hereafter we shall use these letters to fill out complete sets — our individual observables will in- 
variably be Roman letters of special significance. For convenience we shall denote a set of eigen- 
values of r by y or y' in place of the previous T' or 
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for the requirement that F commute with and Jy.) Hence starting with a 
given pair of allowed simultaneous eigenvalues Jg, we in general find a 
whole series of allowed simultaneous eigenvalues 

•••; .... (7) 

But we have already seen that the values of «7' which may occur in simul- 
taneous eigenstates with are hounded. Hence this series must have a 

lowest member ^3'^ highest member ji ^ From (6) we see that 

the corresponding states must satisfy the relations 

for otherwise the left sides of these equations would be eigenstates belonging 
to ^ and Jl + h, contrary to hypothesis. Operation by («/a, 4- iJy) on the 
first of these equations leads to 

(Jl + Jl + ^J.) ^(yr Jl) = ( J" -Jl+ nj,) Jl) 

= [J"' - (Jl)^ + r^Jll KyJ^' = 0; 

from which, since J®) # 0 by hypothesis, 

J2^_(y0)2 + ^J 0 =, 0 . (8a) 

Similarly, operation by (J x~ ^J y) second equation gives 

J^'-iJl)^-^Jl = 0. (8b) 

From these equations (8) we find that 

(Jl + Jl) (Jl-Jl~n)==0; 

since Jl ^ Jl by hypothesis, this shows that Jl = — Jl- Now the difference 
Ji-Jl must be a positive integer, or zero, times Ti. This integer we shall, in 
accord with the traditional notation, write as 2j, where j is restricted to the 
values 0, J, 1, I, 2, .... Hence 

Jl=-jK Jl=jh, ( 9 ) 

ami from (K) r'=jU + l)}^^. (10) 

'i’liis restricts the allowed values of to the numbers^' With any 
one of those values the set of allowed values of Jg forming simultaneous 
eigenstates is determined by (9) as 

jh, (j-l)n, (i- 2 )/b ..., -jh. 

For those allowed values of Jg we shall use the notation rrijli, where takes 
on the values j, J— 1, ..., —j. For convenience we shall often omit the 
subscript writing = (m=j, j-\, -j) (11) 

Since J^, Jy, and enter the commutation rules symmetrically, the 
allowed values of J^ and Jy are the same as those of Jg . This completes the 
solution of the allowed -values problem. 
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3. The matrices of angular momentum. 

further development of the method used in the preceding section enables 
us to find the matrix components of and Jy in the representation in which 
JT® and Jg are diagonal. It will be convenient to denote the value of by 
giving the value ofj and of Jg by giving m. The first step is the normalization 
of the ^’s occurring in 286. That equation tells us that 

m± 1) = {Jg. ± iJy) ipiyj m), (1) 

where is the factor necessary to normalize ^(yym + 1) when ^{yjm) is 
normahzed in the sense of l^l. Since {Jg. ± iJy)^ = {Jg. + iJy), we find, using 
122, that 

f{yj = 'I’M 

=N^N^ ipiyj m)(J^^^iJy)(J^±iJy) .piyj m) 

= ’f{yjm)U‘-JAJz±^n <l>(yj m) 

= N^N^ {j+ l)-m(.m± 1)]. 


If this is to equal unity, we must have, in (1), 



Q-iS 

0 + ^) (i ± ^ + 1) * 


( 2 ) 


where 8 is an arbitrary real number. This is the arbitrary phase which occurs 
in any 0 because two states are not distinct unless they are linearly in- 
dependent. Such an indeterminacy of phase can have no effect on any of the 
results of physical significance. For this reason it is permissible for con- 
venience to make an exphcit choice of phase. We shall, therefore, mean by 
ifi{yj m) that set of states connected by the relation 


{Jg. ± iJy) xlt{yj m) = hrs/ {j + m){j±m + 1) if/{yj m± 1), (3) 

which is obtained from (1) and (2) by setting 8 = 0. 

We may now immediately obtain the matrix components of Jg. and Jy . 
The general element of the matrix of Jg. , 

(yf m' 1 J.,\y’j m) = ijHyj’ m' ) J^'Jiiy'j m) = if(yj' 'm')(J^ + iJy) ip{y'j m) 

+ ^yf m') (J, - iJy) 4.{y'j m). 


is seen from (3) to be zero unless y = y',j'—j,m' = m±l. The non- 
vanishing elements have the values 

{yj m+ 1 1 Jg.\yj m) = pV {j -m){j -\rm-\-l) 

{yjm-\\Jg\yjni)=^\nV{j + m){j-m + l). 


Similarly, the non-vanishing components of Jy are found to have the values 

(y j m+ 1 1 Jy\yj m) = *- {j - m) ( j + w + 1 ) 

(yjm-l|Jj,|yjw)= \ihV {j-\-m){j-m+ 1). 


( 5 ) 
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The relation {yj'>n\Jy\yj'in') = e^^^ {yj'^WxWO'’^') (®) 

connecting the components of Jy with those of will be found nseful. 

Formulas (4) and (5) may by the use of vector notation* be combined into 
the one formula 

{yj m±l\J\yjm)^ {i T ij) pV {j + m) ij±m+l). (7) 

y here represents the eigenvalues of a set of observables which commute 
with J'’. Let us consider in the yjm, scheme the matrix of such an observable, 
say JT, which commutes withy^. This matrix will of course be diagonal with 
respect to J and m, but by the following argument we can show it to be 
entirely independent of m. We write 

^ ^{y'jm) = S ijiiyj m) (yj m\K\y'j m). 

Now, from (3) ^ 

{Jx± y) ^ ^{y'j m) = S tff(yjm±l)hV (j + ni)(j ±m+ 1 j (yj mj^l/ j m). 

Similarly ^ 

A" ( Ja, ± iJ y) tjj(yj m) 

= ^^(yjm± l)h\/(j + m) (j ±m-^ 1) (yj nh±l\K\y' j m± 1). 

Y 

These two expressions are equal by assumption; on comparing coefficients 
we have the result 


(yjm\K\y'jm) = (yjrri±l\K\y'jm±l) ([^,J’] = 0) (8) 

for all values of m such that the coefiS.cient (j + m) (j ±ni-^l) does not vanish. 
This theorem is of importance in cases where the Hamiltonian commutes 
with various angular momenta (see §1'^). 

We may at this point show, in a similar fashion, that the unitary trans- 
formation between two schemes of eigenstates belonging to jm is entirely 
independent of m. Let 


P 


( 9 ) 


We need not here sum over^*' and m' in x because is orthogonal to 

m) unless jf' —j^ m' = m. Then 

i/f(ajm— = 1) (pjm—l\(x.jm—l). (10) 

But from (3) we have 

ilt{(x.j m—\) = (J^ — iJy) ifj((xj m)lhV(j + m)(j — m+l) 

= 5 x{^3 m-l) (^j m\<xj m), 
p 

using the expansion (9). On comparing this with (10), we see that 

(^jm\cLjm)==(^jm-l\cf.j m-l). (11) 

* (aiyia'') = *-(a'lJJaO+y(aV^i«'') + *(a'Kla"). 


cs 


4 
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Hence this transformation is entirely independent of m. For this reason, in 
writing the transformation coefficients joining two such systems of states we 
shall ordinarily omit the m, writing merely {^j\(x.j). 

PBOBLEMS 

1. Show that the matrix representing the component of angular momentum in the direc- 

tion specified by direction cosines I, m, n is 

n I — im 

l+im —n 

where the rows and columns are labelled by {j = m=:^) and (_; = »n= - ^). 

2. Prove by direct application of the allowed- values equation (§ 7®) that the allowed values of 
this matrix are + 

3. Find the eigen-^^r’s for the states in which ^‘=J- and the component of angular momentum 
along the direction (I, m, n) has the values ±i^. How does the eigen-^ for the value -i-^^ in the 
direction (I, m, n) compare with that for -ifiia the direction ( — Z, -m, —n)? 

4>. Write out the matrices for Jy, Jg when j=l and verify that J^Jy - JyJ^^itiJg . 

5. Find the matrix for and verify that its allowed values are those of — i.e. 

4. Orbital angular momentum. 

Let us now consider orbital angular momentum in the Schrodinger repre- 
sentation and learn some of the properties of the ift functions which will be 
useful in later work. Introducing spherical polar coordinates r, 6, 9 , we 
find that / ox o 


8<f' 


The Schrodinger equation for this observable is 


which has the solution 




(2) 




1 


\/27T 


where A{(xL'g) is independent of the coordinate 9 . The Schrodinger wave 
function must be a single-valued function of position, so L' must be an 
integral multiple of ^ (m^, an integer) ( 3 ) 

We shall write = .4(amf)<I)(m^), (4) 

1 


where 


<S>{mi) = 


V2 


o *' 


7T 


is seen to be normalized in the sense 

*27r 


/ 27r 

^(m^) 0(mj) <^9 = h{mi , m\). 


(5) 


( 6 ) 
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The requirement (3) rules out jfraotional values for the z component of 
orbital angular momentum, and hence also excludes fractional values of the 
quantum number Z, where 

= (7) 

since for a given value of I the associated values of are Z, 2 — 1 , —1. 

Now let us find the dependence on B of the Schrodinger representative 
il/(ylmi) of a simultaneous eigenstate of F, and Lg. In terms of polar 
coordinates the operators for and Ly are given by 


Lx + ^Ly = + i GOtd 


( 8 ) 


as may readily be calculated by transformation from Cartesian coordinates. 


We shall write 


j/r(y Z mi) = B{y I mi) ©(Z mi) 


( 9 ) 


where B{ylm^ is independent of B and 9 . Since we have from 3®3 


(I,^ + iXJ0(ZZ)<D(Z) = O. 

Since 0(Z) is known from (5), this gives us the differential equation 


from which 0(ii) = ( — I Y ^ ^ sin'ff. (10) 

The coefficient of sin^^ has here been chosen in such a way that 0(Z Z) be 
normalized in the sense 

j^Q^(ll)ainBdB==l. 

The phase has been taken as ( — 1 )^ for convenience in later work. 

Now having ifj{yll) = B{yll)^{ll)<S>{l), ( 11 ) 

we may, by repeated applications of 3®3 and ( 8 ), find the ipiylmi) for all m^. 
In particular, since ( 8 ) act only on the coordinates B and 9 , the factor 
B{yll) will recur for each m^. Hence the factor B{ylm^ of (9) does not 
depend on and we may finally write 

ils{ylmi) = B{yl)&{lmi)^imi). ( 12 ) 

Since ( 10 ) has been normalized, these 0’s will be normalized for any mi. 
©’s for the same Z but different will not in general be orthogonal, since the 

<l>’s take care of this orthogonality. However, 0’s of different Z and the same 
mi will be orthogonal since ip{ylmi) orthogonal to xjj{yV m^ for Zt^Z', and 
insofar as a state ifia belonging to Z and is concerned, the function B{y 1) 
in ( 12 ) is quite arbitrary. 


4-2 
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Now to obtain these 0’s explicitly. By repeated applications of 383 
we find 

(13) 

From (8) we have 

^-1 + iLy) sin^ 

from which, by iteration, 

dfi 

{L^ ± iLyf = ( q: l)fc -*> sinfc±«^0^-^^^^[sin^’”0/(0)]. (14) 

Using these relations and the known form of 0(Z Z), we find the general formula 

1 


e(lm) = {-iy 

and in particular 


: / 2?+l(Z + w)! 1 1_ 

a/ 2 {I— m) I 2 H\ sin’”^ (dcos^)^"®*' 


^sin^e, (16) 


0 ( 10 ) =y 


22+1 1 




2 2H\{dcosdy 


(cos8^— 1)* 


21 + 1 


P^(cos0). 


(16) 


The polynomial in cos^ which follows the irrational factor is the Legendre 
polynomial P^(cos0), this particular expression for it being known as 
Rodrigues’ formula. 

We can also use (14) to find expressions for @{lm) in terms of the deri- 
vatives of the Legendre polynomials, the result being 


(m > 0) 


=(-!)”» fi(cos9) 

V 2 (2 + m)! (dcos^)^ ’ 


^ /22+l(2-m)! . d^ 


(17) 


Hence 0(2m) = ( — 1)’”0(2— w). (18) 

The natural choice of phases which we have made here leads to a rather 
curious occurrence of the factor — 1 only for positive odd values of wi. If we 
had approached the problem through the usual form of the theory of 


* For Z = 0, 1, 2, 3, the explicit forme of the ©’s are 
©(0 0 )=V'i 

0(1 0) = V|cos0 0(1 ±1) = + V Isine 

©(2 0) =A/f(2cos30 - siii®0) 0(2 ±1) = q:\/j^cos0siii0 0(2 ±2) 

0(3 0 ) =V'|(2cos®0 - 3oos6sm20) 0(3 ±1) = +V'H(4coB20sin5 - sin®^) 0(3 ± 2 ) =Vi‘^ooadain^e 

0(3 ±3) = q:A/^8m30. 
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spherical harmonics the natural tendency would have been to choose the 
normalizing factors with omission of the ( — 1)”* in these formulas.* 

From the form of the operators (8) together with 3®3 we find the relations 


^0(Z m)= jV (l — m) (l+m + 1) 0(Z w+1) — jV (l+m) (Z — m + 1) 0(Z m— 1), (19) 

cu 

mooild 0(Z m)= (l — m) (Z+m + l) ©(Zm+1) — ^'\/(l+m) (Z - m + 1) ©(Z m-1), (20) 

which are useful in some calculations. We quote here for reference three 
other relations which may be obtained as special cases of results derived by 
matrix methods in § 9®: 


COS0 ©(Z m) =:©(Z+1) m 


/(Z+1-5 

V (2Z + 


— m) (Z + 1 +m) 


(2Z + 1) (2Z+3) 


f ©(Z— 1 m) 


V (21- 


— m) (Z+»i) 


(2Z-1)(2Z-|-1) 


sind 0(Z m) = -©(Z+l m+1) 


v/' 


(Z+w + 1) (Z + m + 2) 
(2Z + l)(2Z + 3) 


+ ©(Z-1 m+1) 




(l-m) (l — m — 1) 
(2Z-1)(2Z + 1) 


y (21) 


r\/ 7 , t /(Z-m + 1) (Z-m+2) ^ , /( l+m) (Z+m- 1) 

-©(Z+lm 1)^ ~^Z + l)(2Z + 3) (21-1) (21 + 1) 


Of great importance in subsequent calculations is the relation known as 
the spherical-harmonic addition theorem, which expresses the Legendre 
polynomials of the angle co between the directions (^, 9) and {9", 9'^) in terms 
of spherical harmonics of {6, 9) and {d'\ 9"). The formula is 

P,(cosa)) = i;^ S (22) 

M+1 

where cosoj — cos^cos^" + sin0sin0"cos(9 — 9"). 

This relation may be derived as follows: 

p,(cos<«)= 0'(;O)<1>'(O), 

where 9' and 9' express the direction of r as referred to 
a coordinate system with pole along k' (see Fig. 1®). 

Since this is an eigen-^r of belonging to I, it may be 
expanded in terms of the eigenfunctions referred to k 
as pole: 

0'(?O)<D'(O)= S (24) 


(23) 



where the will of course depend parametrically on the angles 9" and 9" 
which relate k' to i, j, h. Now L3,.0'(ZO)€>'(O) = O, where is the com- 
ponent of angular momentum in the direction k'. But from vector analysis 


qob9" + sin^e-^^' + iLy) sin0 V-p'. 


This question of phase choice has caused some confusion with regard to the relative phases of 
the matrix components of angular momentum and of electrostatic interaction. See the discussion 
by UiTFORD and Shobtley, Phys. Rev. 42, 167 (1932). 
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Hence, from (24), 

n-^L^ ©'(? 0) 0^0) = S [©(Z m) <I>(m) m qoq 6 "Ej^ 

m 

+ ©(Zwt4-l)0(m+l)|'\/ (Z— m) (ZH-m4- 
+ ©(Zm— l)<[>(m— 1) |'s/(Z + m) (Z — m4- 1) = 0. 

Equating the coefficient of ©(Zm)<I>(m) to zero gives the recurrence relation 
m COS0" (Z — m + 1 ) (Z + m) sin^'^e“*p''£^;„t_i 

+ iV (Z + w + 1 ) (Z — m) = 0. 

On comparing this with (20), we see that if we choose En to be 

where / is arbitrary, then 

J27,„,=©"(Zm)^''(m)/(r9"). 

Now in the special case ^'' = 0, we see from (24) that Eiq — 1. Hence since 
Pj(l) = 1,* (16) shows that /(0, 9") = J ^ . We have then 

Pi(cosco) = ^^^2©(Zm)<I>(m) ©"(Zm)^"(m)gf(^'',9''), (26) 

where 5^(0, 9^^) = 1. But from Big. 1® it is clear that P^(cosa)) must be a sym- 
metric function of ^9 and 0"9". Interchanging ^9 and ^"9" in (25) gives 

P^(cosco) = j;i^S©"(Zm)<I>"(w) ©(Zm)$(w)g'(^,9). (26) 

L m 

But (26) and (26) are equal only if g^d", 9") =g{d, 9) for aU pairs of directions. 
This can be true only if g is constant and hence unity everywhere. This 
proves the theorem (22). 

PROBLEM 

Show from (1) and (8) that 

a / . . 0\ 02 

^ ain5a0v“^^ aa) sm»0a9a’ 

an espression which is essentially the angular part of the Laplace operator. 

5. Spin angular momentum. 

In 1925 Uhlenbeck and Goudsmitf discovered that great simplifications 
could be made in the formal description of atomic spectra by assuming that 
electrons possess an intrinsic angular momentum whose component in any 
direction is restricted to the values ± This is known as the hypothesis of 
electron spin. An essential part of the hypothesis is that the electron also 
possesses an intrinsic magnetic moment whose component is + eifil 2 fzc in a 

* This follows immediately upon expanding the derivative of (coad - 1)”^ (coaS + l)Mn Rodri- 
gues’ formula hy Leibnitz’ theorem for the differentiation of a product, and then setting coed = 1 . 
t UHL-aiNBEOK and Gotjdsmit, Naturwiss. 18, 963 (1926); Nature, 117, 264 (1926). 
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direction in which the component of angular momentum is ± The 
opposite signs are natural enough on the simple view that the magnetic 
moment originates in the classical electrodynamio effect of a rotating 
negative charge distribution. However, the ratio of magnetic moment to 
angular momentum (the magneto-mechanical ratio) has twice the value 
which is given by the classical theory and holds for the orbital motion of the 
electron. 

Pauli* has shown that a quantum-mechanical description of the spin that 
is adequate for most purposes can be obtained by treating the spin as an 
angular-momentum observable of the type considered in §§ 2® and 3®, but 
withy restricted to the value Purther developments by Diracf have shown 
the spin to be intimately associated with relativistic effects, but we shall 
usually treat spin in the simpler way introduced by Pauli. 

We postulate then for the electron a spin angular momentum S, in- 
dependent of the orbital angular momentum L. The proper values of the 
z component, /Sjg, of the spin are restricted to hence has always the 

proper value If we write the proper value of &>& s{s+l)h^ and 

the proper values of 8g, as m^, we always have 


From 334 and we find for the components of S the Pauli s'pin matrices 




\\(xmg\Sy\oLm'^)\\ 


[xmg\S^\xm2 

i - 




0 

1 

5 _ i 

0 

1 



1 

0 

1 

0 

2 — j 

i 0 

2 

-J 

0 

-1 


In vector notation these matrices are given by 

r-^ 

ll(awJ5|am')ll= ^ 



2 ' 


( 1 ) 


( 1 ') 


With the introduction of the spin, the set cr, ?/, z is no longer a complete set 
of observables for a single electron, but to these must be added a fourth 
observable, say (Any component of the spin angular momentum would 
serve as well.) The Schrodinger ^ then becomes the function {x'y' z' ) 
which we shall write as • Here we have introduced the letter a for 8'Jh 
when used in the sense of a Schrodinger coordinate; it is convenient thus to 
introduce a notation different from the previous m^ for the special case of 


* Pattm, Zeits. fiir Phys. 48, 601 (1927). 
t Dibao, Quantum Mecitanica, Chapter xn. 
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Schrodinger expansions. The ‘coordinate’ a is, of course, restricted to the 
values +|. 

An eigenstate of 3g with quantum number nig depends on the coordinate 
cr through the factor 8(o', nig), that is, 

^ccvzai^ ^s) “ ^seyzi^) ^a) • (2) 

The factors 8(cr, |) and 8(a, — form an orthonormal set of functions of cr in 
the sense that +i 

S S(a, nig) S(o-, m'g) = S(w 3 , m' ); (3) 

aas— J 

that this set is complete is obvious. We may then write any function ift as 

= + (4) 

and represent this by the matrix 



The result of operation of 5 on ^ is then given by the multiplication of (1') 
by (4').* When ^ is expressed in this form, gives the probability 

density for finding the electron at xyz with spin -f - jp the probability 

density at this point with spin — 

The direct product ftp of two eigenfunctions now implies, in the Schro- 
dinger scheme, summation over cr as well as integration over x , y, z: 

fip- S f ^xyzcr ^xyzo ^2! • (5) 


PROBLEM 

Prom the results of Problem 3, § 3“, write out in the form (4') the most general ib for which the 
component of spin in the direction whose direction cosines are {I, m, u) has tho value + 


6. Vector addition of angular momenta. 


Consider a system in which and are two commuting angular- 
momentum vectors. (Two vectors are said to commute when each com- 
ponent of one commutes with each component of the other, i.e. when the 
dyadic [Ji, vanishes.) Then the states of the system can be represented 
in terms of the scheme ^ ^ ^ 2 ^ 


in which and are the quantum numbers labelling eigenstates of and 
^iz’jz ^2 eigenstates of^| and J and y eigenstates of a set of observ- 
ables r which commute with ^-nd • We wish now to investigate the 
question of the addition of these two vectors to obtain states character- 
ized by proper values of the sum and the z component of the sum. If we can 


♦ By the use of two ift fiinctions, which are to be correlated, with our dfxvzl and ihxu'--i, 
D^win [Proc. -Roy Soo. A116, 227 (1927)] discovered equations which are eStalont tJ those 
qbtamed by use of Pauli matrices; Darwin’s formulation however does not bring out the physical 
significance of the two functions. ^ 
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learn to add two vectors, we can add any number by repeating the process. 
These considerations are of fundamental importance for the theory of atomic 
spectra, for they give us the basis of the rigorous quantum-mechanical tran- 
scription of the older vector-coupling characterizations of the energy states 
of atoms. 

We introduce, then, the vector resultant 


of our two angular momenta. The states ^ above are eigenstates of the 
complete set f ra f 2 r r 

of independent commuting observables. But the set 

F r2 r2 r2 j 

is seen to be also a set of independent commuting observables, and since it 
contains as many observables as the above, it should also be complete. An 
eigenstate of this set we shall denote by 

( 2 ) 


Consider now the subspace characterized by the eigenvalues y, Ji, and J 2 • 
From 2311 we see that this subspace is {^ji + 1) (%* 2 + 1) dimensional, corre- 
sponding to the number of ways of independently assigning and to 


the ^’s: 




^2 — JzfJz 1> ‘“J 1/2 • 


The question which immediately arises is the following: What are the 
(2^\-l- 1) (%’ 2 + 1) values of j, m which characterize the ^’s of this subspace? 
The method of answering this query is apparent when we realize that not 
only the quantum numbers y, ji, and ^* 2 , but also the quantum number m, 
are common to the two modes of representation. From the fact that 

follows that 7 n = + Wg . Now since J is an angular momen- 

tum satisfying the commutation rules any j which occurs in this sub- 
space must do so accompanied by the corresponding 2 j + 1 values of m. The 
largest m which occurs in a (jf) is m -1- Jg , when =jj^ and =^2 • Hence 
the largest m occurring in a i/r must he ji+j 2 and therefore the largest j 
occurring must also be ji -H Ja • There are two ^’s with m —ji -1- Jg ■“ 1> namely 
mi =Ji , mg = ja ” 1 '^x —h — !» ^2 =3^ • Hence there must be two ^’s with 

this value of m. One of these xfie we know to be that going with^'=^*i-l-j 2 ; 
the other must belong to a j =^ 1 +^ 2 “ 1* general there will be three ^’s 
belonging to w=^‘i-t-j 2 ~ 2 , corresponding to the three values of (w^i, Wg): 


0‘i>.? 2-2) (ii-l,j2-l) (ii-SJa)- 


(3) 


This means that we must have in addition to the values j— 3^+32 and 
j =^*i -i-j*g — 1 also the value j =ji -f ^’a — 2. However, if either ji or ^’g were ^ 
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we shoxild not have had all three of the states (3), and consequently would 
have obtained no new value of j. In general, the least value +jz — n of j is 
obtained when jg — n^ —jg, where jg is the smaller of and Jg . This gives 
n^2jg, and the least value of j as |ii— ^ 2 !* From this point on, the de- 
generacy of each m must be proper to account for the occurrence of the values 

1» •••j \ 0 i 3 ^' (4) 

That with these ^*’s go the proper number l)(2j2+ 1) of values of m is 
easily verified. 

To summarize, if we have two commuting angular momenta whose 
squared magnitudes axQ and ^2 0 * 2 + 1 )^^ then the squared 

magnitude of the vector sum of the two angular momenta can take on the 
values^* {j + 1 ) ^3^ where the allowed values oij are given by (4). These values 

are just those given by the empirical rule used in discussing atomic spectra 
by the vector-coupling method. One can represent the result pictorially by 
thinking of vectors of lengths and ^*2 added vectorially, starting with the 
parallel case which gives the resultant 0 *i+^* 2 ) taking all possible values 
differing from this by integers down to |Ji— ^ 2 ! the 'antiparallel case. 

Two angular momenta wiU commute only if they refer to quite indepen- 
dent particles, or to quite independent coordinates of the same particle — 
for example to two different electrons or to the spin and orbital motion of 
the same electron. This means, in the last analysis, that we can split any 
eigenfunction of the type (1) into a sum of the type 

3i ~ ^i)^2(^.?'2 ^ 2 )? (®) 

ap 

where operates only on <ji ^ , only on < 5^2 • 

7. The matrix of 

It will be convenient for future reference to calculate the matrix elements 
of in the scheme 

If we write in the form 

J^~ (./? + 2y) “I- {J ly) 2i/)> 

(1) 

it follows immediately from 232 and 333 that 

J^<f>iY3i32'>^'^z) — [3i i3i+ 1)+J2 0'2+ 1) -l-2wim2]^^<^(yjij2 m^m^) 

+ 0*1 - ) ( A + + 1 ) 02 + ^ 2 ) 0*2 - w ^2 + 1 ) <f>{y3i 32 ^ 1 + 1 Wa- 1) 

+ + Wi) — mi -f-1 ) ( jg - Wg) (^'2 + Wa + 1 ) </> (y^'i ja 1 ^ 2 + 1 ) • (2) 

The matrix components we seek are these coefficients of according to the 
definition 2314. These components are seen to be diagonal with respect to 
m = m-i -1- mg , as required by the fact that commutes with t/^ . 
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We shall need particularly the matrix of JL*5= S’L, where has the value 
Z (Z + 1) ^2, and the value i (^ + 1) The components are seen to have the 
values 

{yslnig mi\L*S\ y' s V m' wj) = 8(7 lm\y' V wf) 

•{S(mg, m^) ± 1)V'(Z - w + ^) (Z +m + i)}, (3) 

where m = + mj, w' = m' + mj . 

8. Matrix of 7 in the J m scheme. Selection rule onj. 

We shall return to the question of the transformation amplitudes for vector 
addition in § 14®. Before discussing that question it will be ficxdtful to in- 
vestigate by matrix methods the properties in the J m scheme, where JT is any 
angular momentum, of the matrix of a vector T which satisfies the com- 
mutation rule [/,r] = [T,J]=-^^r5<^, (1) 

in the notation of § 12®. We shall indicate this relation by saying that T 
satisfies this commutation rule with respect to JT. This means that the com- 
ponents of T have the following commutators with respect to the com- 
ponents of Ji 


0 

II 

1 — 1 


r— I 

s 

1 1 

It 

1 




[«7j, , Tjj.] — — ihTg 

(2) 

From 12®9 we find that 

[J,, 

1 — 1 

1— 1 

II 

1 



-jx r+2«r. 

JT= TJ. 

(3) 


This commutation rule applies to a large class of vectors: 

(а) Any angular momentum satisfies it with respect to itself (of. 1®3). 

(б) Ji where each addend commutes with aU the other 

addends, each of the addends satisfies this commutation rule with respect 
to J. 

(c) Both r and p satisfy this commutation rule with respect to L\ this 
follows from a simple calculation of r\ and \T^p, p'\ by means of 

12®7a. 

id) Hence if + + the coordinate r and the 

momentum p of any electron satisfy this commutation rule with respect 
to J (L, is the orbital moment of the electron, Si the spin moment.) 

(e) Any linear combination of vectors which satisfy this rule with respect 
to J will also satisfy it. 

(/) A calculation similar to that of § I® shows that the cross product of any 
two vectors (and hence of any number of vectors) which satisfy this rule will 
also satisfy it. Hence any vector formed by addition and cross multiplication 
from vectors which satisfy this commutation rule will also satisfy it. 



60 


ANGULAH MOMENTTJM 


83 


Another important fact which follows immediately from 1230 is that the 
scalar product of any two vectors* which satisfy this commutation rule with 
respect to J will commute with and hence with J^: 

U, = 0, u^ Ti- rj = 0. (4) 

This is independent of whether commutes with or not. 

We shall now consider the problem of obtaining the matrices of T^,Ty, 
in a representation in which ^ and a set A. of observables which commute 

are diagonal. We shall first obtain a selection rule onJ,i.e. acondition 
^^0 ~j necessary for the non-vanishing of a matrix component connecting 
the states j and j'. This we may do by a method outlined by Dirac 
(p. 158). 

Using the relation 1230, we find that 


C/^ T] =/•[ J, T] - - ih{J- Tx^-Tx^-J) 

= -in{JxT-TxJ)=: T-ihT). 
From this we have 


= -2a[jr2.(jx r-»«r)]= -2i®{7x ip, rj-iqjra, r]} 

= - 2 ifi[- 2 mjx(jx T-iliT)-Hi(PT-TP)) 

= 2®2(jrar+ TP) - a*7(/-r), 

using 12311 a to expand Jx(Jx T). But 


[J\ IP. rj] = [P, ipT- TP)] ^PT- 2PTP+ Tp. 

Hence PT-2pTP+Tp=2K‘{PT+TP)-mj(pT). (5) 

Take the matrix component of this equation referring to the states a J w 
and oc'f m', where j' Since J-r commutes with /[by (4)], this component 
will vanish for the last term in the equation. From the rest we obtain: 

0‘+ 1)2- 2j {j + 1)/ (/ + l)+p (f + 1)2] (aj m\ T\(x'f m') 


The bracket on the left is 


= +j' {f + 1)] {ccj m\ T\oi' f m'). 


while 

Hence 


[3 0* 4- 1 ) -y if + i)Y = {j -jy (j +y + 1)2, 

2D' 0> 1) +j' (f + 1)] = (j +f 4-1)2+ (y _ I _ 


O' + 1)" - 0 +/ + 1)"- 0 ~jT + 1] (ocy m| r|ocD" m') = o, 

or [0 +f + 1)^-1] [0 -jy - 1] {ocj m\ r 1 a'j' m') = 0 . {j ^ f) 

In order to obtain a non-vanishing matrix component one of the brackets 
must vanish. The first cannot since j' and,^*, y ^ 0. The second vanishes 

only when j = + 1 . Hence for a non-vanishing matrix component we 

must have ^ 

= ± 1 . ( 6 ) 

* An important special instance of this is the square of such a vector. 
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The only non-vctnishing mattix e^ments of any component of a vector of the 
type T in thej m scheme are those for which (6) is satisfied. This is of course a 
necessary, not a sufficient, condition for a non-va nishi ng component. 

We may obtain a relation which will be useful later by taking a matrix 
component of equation (6) diagonal in^*, say that joining the states a: j m 
and a! j m'\ 

3 0’+ 1)^^ (aj T\cx.' jm')^{cx.§m\J\cf.jm') {<x.j m'\J*T\(xfm'), (7) 

since T" is diagonal with respect to J and m and since is diagonal with 
respect to a by hypothesis. 


9. Dependence of the matrix of T on m.* 

It will be convenient to consider, in place of T^ and Tj, individually, the 
observable = T^^—iTy since from the matrix of ^ we can obtain those of 
T^ and Ty by using the relations 2Ta;=‘^''^ aiid 2iTy = ^^ — ^. These 
relations obtain because T^ and Ty are assumed to be real observables. 

For the matrix of S' we can very easily obtain a selection rule on m. We 
have 


[J, , 3r-\ = [ i TJ = [J , , T J ~ ^ [ , Ty-\ = ihTy -nT^=:-h3r. 

Hence J^S' - = - hS". 




Take the ccjm; cxf j' m' matrix component: 

mh {(x.j mis' \cff f m')— {ccj m\S'\(x/j' m') m'h = —h {oij m\S'\cL' j' m') 
or {m—m' +l){ciijm\S'\cxf f m') = 0. 

Then {<x.jm\S'\(x! f m') = 0 unless m' = m+ 1, 

and {(x.jm\S'^\oc! j' m') = 0 unless m' — m— 1. 


Hence the only non-vanishing matrix component of T^ or Ty are those for 

which / , 1 /, V 

m =m ± 1. (la) 


Since T^ commutes with J^, 
for which 


the only non-vanishing components of T^ are those 
m' = m. (lb) 


We shall now obtain the dependence of the matrix of on m. If we 
denote — iJy by we have 

If >^1 = - ijy ,T^-iTy-\= iJ^ , TJ - iijy , TJ - iiJ^ , Ty'\ - [Jy , Ty-\ = 0. 

The matrix of^ is known. From 3®3 the only non-vanishing components are 
{ajm—l\^\(x.jm)=V{j->rm){j-m-\-l)h. {j>m‘^—j+l) (2)$ 


* The derivation of tho selection rule on m is essentially as in Dirao, p. 168. The method of the 
rest of tho soction follows § 29 of Born and Jordan, Elementare Quantenniechanik. 

:]: Although the range -J -1-1 is necessarily all that leads to non- vanishing matrix com- 

ponents, it is important to note that this equation, as well as all the following, is true for the full 
range —j. We shall later wish to take some sums over m and shall sum over this latter 

range. 
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Take the most general matrix component which satisfies the selection 
rules of the equation 

This is 

(a j m— 1 1 ^ I a j m) {clq m\^\ oc'/ m+ 1 ) 

= (aJm-l|^|a'/^)(«'/w|^|a'/wi+l) (/-■i = 0, ±1/ 

or, from (2), 


V(^' + ?w) (j — m+ 1) q' m-k-X) 

= (a j m- 1 w)V(/ + m+l)(f-m). if-j^0,±l) (3) 

If f=j , we have 

{<x,jm\^\oc'jm+l) _ ( g^' m—l\^\(x ' j m) ^ 

V(j — m) (j + m+l) V(j — m+ 1) 0* + m)’ 
and since this holds for any value of m we see from the form of the relation 
that each ratio must be independent of m. We shall denote this ratio by 
(a^lTig'J), this quantity being independent of m. Hence we find, for the 
dependence on m of the elements of ^ diagonal in y. 

(ay m|^|a'^’m+l) = (ay:T:a'y)'\/ (y — m) (y+m+ 1). (4) 

Ify^=y — 1, (3) becomes 


V(y + w) (y --m+ 1) (ay ml^|a'y— lm+1) 

= (ay a'y — 1 w) V (y + w) (y — m — 1 ) . 

Multiply through by V{j-m)l{j + m) and rewrite as 

(aym|.^ |a^y -lm+l) _ (ay m- 1 1 ^ | g^y-lm) _ , . 

^/(y-m+iny-m) V(j-m) (y-m-1) 

Again each ratio is independent of m and hence is set equal to (aylTja'y - 1). 

(aym|.^|a'y— lm+l) = (ay:T:a'y — l)'\/(y — m)(y — m— 1). (5) 

If y^ =y + 1, (3) becomes 


'\/(j + m) (y — m+ 1) (ay ml^|a'y + lm+l) 


= (ay m— 1\^\ a'y + 1 m)V (y + m + 2) (y — m + 1 ). 


Multiply by ^(y -H w + 1 )/(y — w + 1 ) and rewrite : 

( aym| ^| a'y + lm+l) _ (ay m— l |.^|a''y+l m) 
V(y + m -1- 2) (y + m + 1) V (y* H-m+ 1) (y + m) 

Hence 


(ayiT:a'y + l). 


(aym|.^|a'y+lm+l)= — (ay:!T;a'y+l)'\/(y + m+ 1) (y +m + 2). (6) 
We shall now determine the dependence of the matrix of on m. We have 

+ iJy . = [X 3r-\ + 2i[ , r. - ir^] = 2 * 2 '.; 

that is, (7) 
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— w-f- 1)^. (j^m> — j + 1) 

Since we know the matrices of and S' we can determine the matrix of 
directly from (7). We have from (lb) the selection rule m' 

Then for j —j', 

2ik(a.jm\T^\oi.' jm) = (a.j\T\ti.' j)V (J+m) (J—m + l)^/ {j—m + l)(j+m)fi 

- (ail TMj)VU - m) (i + m + l)V(i +m + 1) (i - to) K 
= 2mfi i<x.j\T\<x.' j), 

or {ajm\Tg\(x.' jm) = m{(x.jlT\(x.' j). (8) 

Also, since Tg is real, we see that {<x.j\Tl(x.' j) = {cc' j\T\(x.j), 

'Fo r j' =j — 1 , we have from (7); 

2^ {o(.j m| Tg\ x'j —Im) — (a j w| | ccj m— 1 ) {oij m~ 1 \S\(xf j — 1 m) 

— {(x.jm\S\c(/ j— I rri-{-\) (a'j— 1 w-f-l|< 3 ^^la'^‘— 1 w) 

= (a^'i T\(xfj ~ 1)V( j — m -1- 1 ) (^‘ — m)V {j + m){§ — m->fl)K 

— {a.j\ Tloi'j —l)V{j — — l)V {j + m){j — m—l)h 

= 2'\/j^ — m® (a^'j T\x' j—l)fh 

or {aijm\Tg\x'j--lm)==‘Vj^ — m^{(xj\T\cf/j--l), (9) 

For^*' -h 1 one obtains in an analogous way from (7) 

(ajm|TJa7-Hlm)=V(i-hl)®-m2(aiiT:a'i+l). (10) 

Since Tg is real we see by comparison of this with (9) that 

(ai:T:oc'i-l) = (a'i-l:T:ai). 

Hence the matrix i<x.j\T\c(f f) as we Twuve defined it is Hermitian. This fact 
enables us at once to obtain the matrix of For instance, from (6) we have 

{oL'j—lm+l\^S^\o!.j m) = {(xjm\S\(x.' j—lm+l) 

= (a' j- 1: T\cLj)V — 

The other components of are found in a similar way. 

Collecting all our results, we have the following table of the non-vanishing 
matrix components of T : 

m\ 1 m± 1) = + (aJjTja'J-l- 1) {j ±m-\-l){j ±m-\-2) {i ± ij) 

{aLjm\T\<x ' = (aJ:T:a'J-l-l) V(^‘-+- 1)® — jfe 

{cLjm\T\cLjm±l) = {(x.j\T\a.' + ±m+\){i±ij) 

{cLjm\T\Q(fjm) = {oifiTW j)'mk 

(ocj m\ T\ otf j— 1 m± 1 ) = + (a^*: Tla' j— 1 ) {j + wi) (^' + m — 1) (* ± ij) 

{aijm\T\a:j-\m) = iaij\T\<xf j-l)V 


( 11 ) 
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From its definition, if Ty and Tg^ commute with J^, the matrix 
i(x.j\TW j') is diagonal in^*; if they commute with A it is diagonal in a. These 
remarks hold in particular for ^ 3 ., Jy and for which 

(aj: Jja' j') = 

so that in this case the formulas ( 11 ) agree with S®?. 

From the above formulas and from 3® 11 , we see that in going from the 
scheme fx-jm to a scheme ^jm, the matrix \\{<x.jlT\<x' j')\\ is transformed by 
l|(a^*|j 8 j)ll, just like the matrix of an observable: 


a 


( 12 ) 


Here we have used the notation i^j\(x.j) s (^j m\a.j m) justified by the proof 
in § 33 that this element is independent of m. Hence we see that in every 
respect ll(a^‘jT:oc'^'')ll behaves like the matrix of a real observable. 


10. The matrices of jr^ and J^y where J^— J* 

If J is the sum of two commuting angular momenta and , we can 
obtain the complete matrices of and . Consider the representation 
73% 3z 3 where the observables F commute with Ji,Jzt J- (If J is the total 

angular momentum of an atom ;Jx = Sy its total spin momentum ; and Jz = L, 
its total orbital momentum, some of the y’s would naturally represent the 
w’s, Vb and s’s of the individual electrons.) Then the matrices of and 
will be diagonal in y, jj^ , and ^‘2 . Since they will not depend on y, we shall not 
carry the label y. For brevity we shall later drop also the labels and • 

9® 11 gives us the dependence of these matrices on m', hence we need now 
determine only the ( ^ i! h f) and ( 3\Ji\3i h j')* the case f 

these follow easily from 8®?, which becomes for the z component of JT^: 

j (^* + 1) (;/i ja j w| ja i m) 

^ = Ux 3z 3 32, 3 Ui h 3 323 > 

or, from 9® 11 

3 (J + ^)^Ui323\Ji\3i323) = i3i323'>^\Ji'J\3i323'^)‘ (1) 

But 71 = ( J- Ji)^= 27i*7+7f ; 

or 7i7=i(7?-7l+7^). 


Using this relation, (1) gives 


{y3xk3\Jivykh3) 


ii0i + i)-i202+i)+j(j+i) . 1 
2i(j+i) 


and the corresponding element of is obtained by in- 
terchanging subscripts 1 and 2. 


(2a) 


* §§ 10 and 11 follow GtJTTiNOBB and PAtiLi, Zeits. fiir Phys. 67, 743 (1931). 
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The components not diagonal in j are more complicated. We use the 

or («^las “ *^12 “ — ly)- 

Take the 0 xj^ 3 vn,\ jxjzj w+l component of this equation, using 9®4 to 9®10 
(omitting the labels : 

OViii)^^ (i-m) (J + m+ 1) {m+ 1) 

- OVili + l)V{j + m+l){j + m + 2) U + l\J^\j)V{j+ir-{m+l)^ 

— O'i ^ lii)® mV{j — m)(j + m+l) 

- U\J i\j + (J + 1)® - w® {j + l\Ji\j)V (j-m+ 1) {j - m) 

+ ijW ili - l)Vj®-w2 {j - li«/ii j)V ( j + m) (j + m + 1) 

= ^ OV iii)v' (i - m) ( j + m + 1 ), 


or {j\J^j)^- \UW^j+ l)|M2i + 3) + |(jjJi:i- l)|M2i- l)^n{j\J^j). 
Now, from (2a) 

= 1) 1) +j y + i)]. 

Hence, with the abbreviation 

P =ii Ui + 1) -ia (ia + 

we obtain the relation 

lOVili- i)IM2i- i)-|OVili+ i)P (%• + 3) = (») 

We get another relation in a similar fashion by taking the j m; j^j m 

component of the identity 

Jx — i (*^ lx ■+■ (*^lx ” ^*^ly) ■*“ i(^lx ~ ^*^ly) ('^Ix + ^^ly) + • 


This becomes 

= \{JWx\J- i)l"i (2i - 1) + lOVili + 1)|M^ + 1) (2i + 3) + oVibW U + 1). 

or, from (2a), and with the abbreviation 

?=iiO‘i+ i)+i2 0'2+i). 

iCVili - i)Pi (2j - 1) + lOVili + i)P 0 + 1) (2j + 3) 

_ -p»+2gj(i+l)-jMi+l)\ 2 

4j0+i) ■ ^ 


cs 


5 
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We can solve (3) and (4) for |OVili-l)|® and |OVi:i+l)|^ For the 
former we obtain 

KJW,}}- i)|^[(2j+ 1) (2j- 1)] 


Now 2q+l = Ui-h)‘+Ui+h+^y. 2>“=0'i-i2)nA+Ja+l)": 
hence 


1)|^= 


-/+ (AH-i2+ i)V- {h-k)Hji+j,+i)\ . 


_ - Ui ~ Ja)^] [Qi +ia H- 1 f -f] .. 


(5) 


Since |0it^iiy4-l)p = |0’+ this quantity may be obtained from (5) 
by substitution of y + 1 for j. * 

We have now arrived at the point where we should choose the relative 
phases of the states of different j. This we do conveniently if we take 
1) to be real and positive for ally. This means that the non-diagonal 
elements of J are all real and positive. Since the matrix oiJ=J^-{-j 2 must 
be diagonal with respect toy, we have — 1) = — (yj/jiy — 1). Hence if 

the non-diagonal elements are all positive, those of are all negative. 
An alternative choice of phase would reverse these signs and hence reverse 
the roles of JT^ and^g* We therefore write 

= {ykk j- ^J-y:yk kJ) 

= f -f ) ft / ij +^1 ~ ^2) Ui +i 2 +_i y ) (y 1 + j'i + i — y ) 

^ ^ V 4y2 (2/ - f) (2y + T) ‘ " ’ 

iykkfiJiiykJJ-'^) 

= iykkj-'^lJiiykkJ) (2b)* 

= { + } the same expression. 

In the following pages we must be consistent in choosing everywhere either 
the top or bottom sign wherever the symbols { ± } and { + } occur. We shall 
carry both signs as a matter of convenience in the sections immediately 
following. However, elsewhere we shall always use (2b) with the upper sign. 
In adding J-^ cmdj^ we choose the relative phases of slates ofdi ff event j so that the 
non-diagonal elements of J are positive, of Jas negative. 


* With the abbreviations P{j) ={j {j +ji +ji + 1 ) 

QU) -Ui +Ji -j) (j +ji -Ji + 1), 
which we shall use in the next section, this formula becomes 

(7JijtJ'dilyJiJ2J-l)=i±} (2b') 

2j V 4/2 - 1 

It is to be noted that P is a function only of and j +J 2 while Q is a function only of and j . 
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At this point we may also conveniently make a definite choice of the 
phases of the states ^{yjxj^jm) of 6®2 relative to the states 
of 6®1. These phases are completely specified by the above choice of relative 
phases and the following specification for the state of largest j and m 
(namely J = m +^* 2 ) : 


11. Matrix of a vector P which commutes with J^. 

We shall now consider the matrix of a vector P which commutes with , 
but which satisfies 8^1 with respect toj, where J’= Jx+J^. Because of this 
latter relation we see that P must satisfy 8®1 with respect to also. The 
dependence of P on m is given by 9®11 ; we shall proceed to find its depend- 
ence on j in the yj^ j m scheme. (If = S,P may be eEr^ , the total electric 
moment, or may be Lj , the orbital momentum of the electron, or r.- or 
Pi, the coordinate or momentum of the electron, etc.) The matrix of P 
will necessarily be diagonal in so for convenience we may omit the label 
ji . We shall also omit for the moment the y; y' which will occur in all matrix 
components of P (y^ and are necessarily diagonal in y). Because P 
satisfies 8®1 with respect to J^, we have the selection rule ± 1 or 

zero. 

Consider the 7 component of the equation 

First for J' =j— 1, j" =j + 1 (from 9®6 and 9® 10): 


- 0*2 J- iljz jW U + m) {j + m+ 1) UzjlPlfz j+l)V{j + m + 2) {j - m) 

= - (j-'fn) (j + m) (ia j +l)V(j + m+l){j + m+2), 

Since the matrix of is known, this furnishes a recursion formula for 


or 


Now consider the case^' =j, j" = j +• l. Here we obtain 
0*2 f: Uz 3: P\3z 3 + ^) { 3 - 1 ^) 

-Uz3Wx\3z3 + ^Uz3+^P\3zH^ (m-h 1) -H {M\P\j^3) {3'zf.Jiifz3 + l)'m 

- Uz3\P\3z3+'^) 0 ‘- w-f 1 ) = 0 . 

Since this relation is independent of m, the coefficients of m and of unity 
must each vanish, i.e. 


\i3z3\J^3z3)3-{M+^J^\3'z3^Pl (3 + 1)] U23\Pl3U+^) 

- Uz 3\J x\3z 3+ 1 ) Uz 3 + ^P\fz 1 ) - 6, 
i-{h3\J,S3z3) + {3z3+^P\3z3+m{3z3\^^^^^ 

- 02ii‘^iii2 j+1) Uz3^P:P\3z3+P} + Uz3\J^.3z3 + l) Uz3\P\3z3) - 0. 


5-3 
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Subtraction of the second of these from the first gives 

1) - O'i j+i! J'ly; i+i) (i + 2)] (ia 

- Ul i+ 1 ) O'. J\P\3^J)=o. (3) 

In the same "way we obtain from (1) for the case f =^’, j" =j — 1 the two 

equations 

[O'.ii J'lii. J)(J+i)- U'z J- J- 1 ) J] O'. ii-Pli; j - 1) 

+ O'.ilJ'iii. i-i) O'.i-ii^’O'^j'-i) “0. 
[O', j'l J) - 0'^ i- 1)] O'. ii-PO; j-i) 

Subtraction of the first of these from the second gives 

0*; O'- 1)] U2j\P\j^j-i) 

- = 0. (4) 

If we can determine Oa (2)> (3) will give us 

and (4), Oa 

For the o&sef^—j^, (2) gives us 

Oaji-PQaJ+l) ^ (j,j-l\P\j2j) 

UdWi}j2j+l) Oai-ii^^iOai)" 

We see that these ratios must be independent of^', as implied by the notation 
UzlP'lji)- Hence 

U2j\P\jzj+l)= - Oai^lia) Oa jl^/iOai+l), (5) 

where the last factor is given by 10®2b. 

From (3) we obtain, using (5), 

- [Oa ii^/iiia J) 0 + 1) - Oa J + 1 i«/iOa J+ 1)0 + 2)] O’.,: Plj^ = {j\ jlPlj^ j), 

or, from 10® 2a 

O. ilPli. j) = 0.iPii.) ^^-- ^ . (6) 

Similarly, from (4), or by taking the complex conjugate of (5), we have 

Oa jji^Oa j-1)- -OaiJ^Oa) Oa jl^^iOai-l). (7) 

For the caisef^=j^ — 1 , (2) becomes, on substitution from 10®2b', 

,^ypO)QG^),.. 


{±} 








2U+i)ViU+ir- 1 0'.iiPii.-ii+i) 


vP 0 ' )g(i + i)__ 

20- + i)ViC7-n[)2_i 


'QU)QU + i) 


2jV4ja- 1 Oai-l jPj i,-li) 

V<20'-i)C0') 
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This gives us 0*2 j+1)- Knowing this, (3) and (4) give ns 

(hj\P\h-^j) and 

are essentially the complex conjugates of these quan^ 

tities. 

Using for conciseness the abbreviations* 

-P(i) = 0’ “ii ^ia) 0* + +^2 + 1 )> 

QU)— 0*1 +^2 "■ j) 0* +ii "“ia + 1 )> 
m = j 0 + 1) -ii Oi + 1) +ia 0‘a + 1), 

we find the following complete table of formulas for the dependence ony of 
the matrix of a vector P which commutes with J^, where Ji+ ^ 2 ™ J' 


(2^-1) (2^ + 1) 

vpifPiiW) 


= {TKyAjsi-Pjy'ii Js) 


20- + l)V(2j + l)(^- + 3) 


(yjJJiPivHM) 


(Wi }2\Pb'h 


'%'y+i) 


(yAiaii^iy'Aia j-i) = { ? KyAisif’iyO'iia);^ 


vp(j) gy- 1) 




(yjiiaii-Piy'iiia-ii+i) = - (yAw^’i/iiia-i) 


Ve(i)go‘+i) 


20‘+l)V(2j+l)(2j+3) 


(yj\iaj!J“iy'Aia-ij) ={±}(yjiiai^’iy'jiia-i) 


,^^P0■) QU) 
2j(] + lj 


(yjiiaii-Piy'Aia-ii-i) = (yjiiai^iy'iiia-i)r: 


Vpy)P(i-i) 


2jV(2j-l)(2j + l) 

( 8 ) 

When we seek the corresponding components for a vector Q which com- 
mutes with JTg , since the only essential distinction between Ji and J 2 is f 
opposite choice of signs in 10^2b, we find that the dependence on j of Q is 
given by (8) with and j 2 interchanged and the double signs inverted. Since J 2 
is itself of the type P, and of the type Q, the formulas 10®2 are special 
cases of (8). 

* We note that P{§) and Q{j) are essentially positive quantities since ^U) 

takes on negative values in certain instances. 



ANGULAR MOMENTUM 


11 » 


70 

The question of obtaining further information about the factors 

{y5i3f^:P\v'3iQ 

now arises. Since P satisfies the commutation rule 8® 1 with respect to and 
commutes with JTi, we can express directly from 9® 11 the dependence on 
of the matrix of P in the scheme. This matrix will of course be 

diagonal in and and by 3®8 the elements wiU be entirely independent 
of . Further, a vector having the properties of P will usually, if not always, 

be of such a character that when a resolution of the type 6®5 is made of the 
states in question the vector will operate only on ^2 > not on . In this case 
the matrix elements will be independent also of the value of This will be 
true in all cases which we shall experience; hence we shall here treat these 
elements as independent of^i. 

We shall, for example, have from the first formula of 9®11 : 

(r ji 32'>^i'^ 2\P\ y'ji 32 + 1 ma ± 1 ) 

= + iy3i32\P\y'3i32+'^) (* ± ij) ja ± mg + 1 + (9) 

There occur here on the right the factors (Yji32\P\y'ji32.) = (yjzlPly'j^) 
which in accordance with 9®1 1 we use exactly the same notation as we have 
adopted for the factors occurring in (8). That these factors actually are equal 
is shown very simply by a calculation of from 

9® 11 and of (yjij2 3^\P\y'ji32 3'^') from 9® 11 and (8) for the case 

^i=3i> ^2=32> ^2=32’ 3 = '>^=31+32’ f ='^^'=3 i+32> 

in which we know from 10^6 that these two matrix components are equal. 

Knowing that the factor {y,jf:P\y' 3 of (8) has the same properties with respect 
to the vector as the {ci.j\T\(P f*) of 9®11 has with respect to J enables us to 
repeat in many cases the considerations of §§10* or 11* with respect to this 
factor. In particular if J2 = P + P', "we can determine this factor completely 
by the formulas 10*2; or if J2=J'2+ J2 ^ commutes with JT^, formulas 

of the type (8) are again applicable to determine the dependence of the 
matrix of P on^'g , and the present discussion may be repeated. We shall find 
many applications for such calculations. 

12. Matrix of P*Q.* 

It will be convenient at this point to obtain, in the yj^j^j scheme, the 
matrix of the scalar product of a vector P which commutes with JT^ and a 
vector Q which commutes with JTg, both of which satisfy the commutation 
rules 8*1 with respect to J. From 8*4 we see that this product P*Q will be 


* Johnson, Phys. Rev. 38, 1C36 (1931). 
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diagonal with respect toj and m. The elements of P*Q are easily shown from 
9® 11 to be given by the expression 

(yii h i w I p*Q I y'j'^ j m) 

= s (rii iaii-Ply'ii j+ 1) (r”ii i+ 1| QIr'ii 5) O' + 1) (^' + ») 

+ S (yji 5) J) j 0 + 1) 

+ s {v’3iJU-MQ\Y'frJ'2})3 (2i- 1). (1) 

y' 

When the formulas 11®8 giving the dependence onj are substituted here, 
we obtain 

= iS iyMPirJ^ U U+i) -Ji Ui + 1) -h Uz + 1)} 

y" 

(yJiJiJ MP’Qly'JiJz-'^J »i) 

={± }4S (yMPYJz-i) iyJy\Q\y'Ji)\/U +h -h) U +Ji -Jz + 1) U +H +k + 1) Ui +Jz -j) 
y" 

(yJJzj w|P-Q|y'ii-l iai »») 

*{ +HS (yialPiy'ia) iy" Ji\Q\y'ji-iWu+Jx ~3z) U +Jz -Ji + 1) U+Ji +Ja+ 1) (ii +3z -J) 
y" 

iyJi k 5 »»l P‘Q ly' A - 1 ^’2 - 1 i »») 

= - iS(yi2:Piy"i2-i)(y"iai«i/ii-i)Vo\+ia+i + i)Oi+i2+i)(;i+;a-i)0’i+y«-i-i) 
y" 

iykkj »wIP*Qly'^i+l ^a-l i m) 

= iS (y ^aiPiy'^a- b (y"iii<2i/ii+i) Vo' -t-ia -A - 1) 0* +^2 -^’i) U +k -k + 1) O' +A -ia +2). 

( 2 ) 

The only other non-vanishing elements are those obtained by taking the 
complex conjugates of the last four above. As in the previous formulas we 
may interchange P and Q, and ^’2 if we invert the double signs, (Compare 
the second and third elements.) 

13. Sum rules. 

There are certain sums of scalar products and absolute squares of 
matrix elements of T and P which will be of interest to us in connection 
with intensities of spectral radiation. 

From 9® 11 we easily find (the calculation is similar to that used in 
obtaining 12®1) that 

S {<xjm\ ria'V" m") • r|a'i'm') 

(oc"/'iTia'i)S(j, j"), (1) 

where 

SO', j + 1) = 0 + 1) (2j'+ 3) ; HO. j) =j 0 + 1) ; SO, j-1) =j {2j - 1). 

( 2 ) 
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In partictilar, then 

S \(«.jm\T\«:i’m’)Y= (!')* 

These sums are independent of the w value of the state aj w, occurring on 
the left. They are not symmetric in q and J', but become symmetric if 
multiplied by (2j+ 1) to accomplish the summation over m. 

It will be convenient to obtain now a relation which will in § 7^ be 
interpreted as indicating that the total radiation from an atom is isotropic 
and unpolarized. Using the relation 

S (i+ 1) (2J +1), 

we readily find from 9®1 1 that 

S l(ocjmir|a'/w + l)l^ = S l(ajm|T|a'/ wi)!® 

= S |(aJm|T|a'/m — l)p — i(2j + l)|(aj:T:a'^‘')pS(ji, J'). (3) 

m 

For the case of the vector jP of § 11®, we should like to go on and sum (1) 
over the J values of the final state, obtaining the values of 

= S,,. 8^. S (yA A m/iy 3l 3") iy"3y 51 3"\Ph'' 3y 3't 5) 3(i. 5’) W 

for ^*2 =^ 2 + 1» ^2 7 si-nd/a” 1- The straightforward evaluation of these quan- 
tities by substitution from 11®8 is algebraically very complicated. This 
unfriendly complication may be avoided by a transformation to the 
yiii 2 ^i ^2 scheme as follows: 

{^)=^irh^rn' S S S {y 3x323 '^\ykh'i^>^x'>^‘2) 

m t tf H m 

j m 7 Wi rrii r/u mi m* 7/12 

{yji k'^x '>^^\P\y"3x .il f^x ^ 2 ) (/'ii k fU" 

• (y"3x kf jl '^x k k '•K ^”4' ) 

(r'ii .?2 ^^4' I r'ii k 3 ^)- 

The sum over may be perfoi'med at once to give a factor 

(4) = S iyjx k 5 w|yii 32'^x ^ 2 ) (riii2 '^1 ^4' Ir'ii k J 

2 (yii ^2 ^iW2|J®|y"Ai2^i’”4) * (y 'ii 


* m T\^ym T \^) = + w^\w')[^- 

Cf. footnote, p. 49. 
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From the discussion at the end of § ll®, we know that the value of the last 
sum is given by (1) as 


SO 2 , ij). 


The factor remaining is then 

mi ms 

which is unity since the values of these transformation coefficients are 
independent of y. Finally then, (4) becomes 

j m 

= hi-^,^-fAvU2mv"Ml}"){v"}y3ir\P\v’3x3'J)m>3") 

= 8if (yj^Pb'"j^ (yj^Pv/j^ S(J,. j"), (6) 

and in particular 

S liYJijzMP\yJ2fzf'>^')\^=\(yj2\P\yfz)\^^UiJz)- (s') 

j'm' 


Here j' is summed over the values j — 1, j and ^‘+1. These sums are inde- 
pendent not only of the m value, but of the^‘ value of the state occurring on 
the left. 


14. Transformation amplitudes for vector addition. 

To complete the discussion of the addition of two angular-momentum 
vectors we need to know how to express the eigenstates (632) 

in terms of the eigenstates (O®!) 

J2 ^1 ‘^2) = m^) . 

As indicated, one does not need in this discussion to write the yj^ explicitly, 
since they do not occur as summation indices in the transformation. More- 
over, since is an eigenstate of + J^z with eigenvalue + mg , 

it is orthogonal to any eigenstate of with another eigenvalue, e.g. m) 
for m # nil + ^2 • Hence, in the relation 

«/r(jm) = S^(miW2) (mimaljm), (1) 

the coefficients {mim 2 \jm) will contain a factor S(mi-f 9n2,m). 

One way to obtain a transformation between these two schemes is to 
diagonalize the matrix obtained in §7® of in the scheme. This 

method does not, however, give us a set of states m) with the particular 
phases we have agreed in §§3® and 10® to use; hence none of the matrix 
elements we have calculated would be valid in such a scheme. We can, 
though, by using the formulas of §§ 3® and 10® themselves, obtain a set of 
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reoTirsion formulas which completely determine the transformation coeffi- 
cients with the proper phases. 

For the state highest j and m there is only one non- 

vanishing coefficient, namely (of. 10*6) 

(j^Uk+5dx+i^)=^i■ (2) 

Kmowing the state m), i.e. all the coefficients (m^ m^\j m) for the given 
j and 3*3 gives ns the state ifs(jm— 1). Expand 3*3 in the scheme: 

mi m2 

mi m 2 


Since = + obtain from a reapplication 

of 3*3: 


S ^V(j\ + mi) (j \- mi + 1 ) <^(mi- 1 m^) (mi m) 

+ S hV ( ja 4- mg) ( ja - mg + 1 ) <^(mi 1 ) (mi mg | i m) 

= fiV (J-tm) (^■ — m + 1) S«^(m-i m^) (mi mgl^'m— 1), 

or, equating coefficients of <^(mim 2 ): 

V (j + m)(j-m+ l)(mim 2 |im“l) 

= \/(^‘i -H mi + 1) (^‘i - m-i) (mi 4- 1 ni^\j m) 

+ '^0‘2 + ’^2-i- 1) (j2-'"^2)(^iW.24-l|jm). (3) 

This is the desired recursion relation. 

From §§ 9* and 10* we obtain the recursion formula which steps down the 
value of J. From 9*11 we find that 

= m (j\J-L\j) ^PU m) + V{j-m) (j + mj ^\j) ipij - 1 m) 

-f V (j-m-h l)(j + m-f l)(j+li*/iiJ)«A(i+lm). 
This becomes, on expanding and equating coefficients of </>(«?.! mg) as before, 

V (j-m) (j + m) (mi mg|^‘- 1 m) = [mj - m {j\J li j)] {m^ m^\j rn) 

-\/(y-m+ l)(j + m+ ij (j+liJjij) (WiWgIj+lm), (4) 

where the {§'\J li^') are given by 10*2. This relation gives us the state m) 

when we know the states ipijm) and m). 

With the initial condition (2), the two recursion formulas (3) and (4) 
determine completely all transformation coefficients for the addition of a 
given Ji and ^* 2 . A general formula for the transformation coefficients is very 
difficult to obtain from these relations. The general solution has however 
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been given by Wigner* by the use of group-theoretical methods as the 
following expression: 

Ul h jz 3 + Wg) 

. / (i +ii -5z) i (i -ii + ^ 2 ) i (A + ja -i) ^ (i + w) ! (j - m) I (2j -f- 1) 

'V ( j + ji + j2 + 1 ) Kil - J (ii + w^l) ! O 2 - m 2 ) ! ( ^2 + W 2 ) ! 

.y ( - 1 j ^ t ( i 

In this summation k takes on all integral values consistent with the factorial 
notation, the factorial of a negative number being meaningless. 

This formula is so complex that the calculation of coefficients by its use is 
as tedious as the direct use of the recursion formulas. But by making tables 
which show the result of adding anyji to ^3 = ^5 1» f > 2, ..., we obtain a 

convenient way of evaluating these transformation coefficients. For the 
trivial case = 0, we have 

(ji 0 mi 0|^'i Oj m) = S(j,jj) 8(m, mi), 

i.e. (6) 

In Tables 1® to 4® are given the values for J 2 = i» 1» t> 2, which are 
sufficient for most cases in atomic spectra: one seldom wishes to add two 
angular momenta the lesser of which is greater than two.f 

In the addition of two angular momenta and^'j, we shall wish to know 
the effect of the reversal of the association of^'^j and^*^, with the Ji and^’a of 
the above formulas. If we associate with Ji, jf, "with ja, we obtain a state 

^{ja jb j ^ certain linear combination of the states 4>{ja jt When 

we associate with ji,ja with we obtain a state ipUbjaJ'^) ^ certain 
linear combination of the states <l>{jbja'^b'^a)’ We assume the basic states 
4>Ua Jb '>^b) and nit, '^a) fo be identical (cf. 6®5). The states i/f( 3 

and ipUb.iaJ'^^) i^ust be essentially equal; but that they will have different 
j^hasea is seen from the fact that for the ^ijaJb,?^) non-diagonal 
elements of the matrix of will be positive while for the ^UbJaJ'^) 
these elements will be negative (cf. § 10®). Hence, for successive values of^*, 
these states must change their relative phase. However, for j=ja+jb 
two states are equal since for 'in=ja+jb they both equal <f>{jajb3a3b)> and 

* WiONER, Oruppentheorie, p. 200. 

f Those tables may bo calculated from the recursion formulas alone or from (5) alone. Formulas 
(2) and (3) determine immediately the element in the upper left corner. Repeated application of 
(:i) gives then the top row; from this (4) determines directly the other rows. The bottom row is 
obtained very simply from (5), the summation in which reduces to one term for this case. For the 
top row, however, this sum becomes very complicated. The most convenient method of com- 
putation combines the use of (5) and of the recursion formulas, especially of (4) for the passage 
from one row to the next. 
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the states for other values of n are given directly in terms of this by 3*>3. 
Hence the states in question must satisfy the relation"' 


PROBLEM 

Investigate the relation of the preceding formulas to the classical vector-coupling picture. 

(o) ShoTthatif the spin of the electronis known to have the value +i in adireotion making the 
anule « with the i aas, the probability that the 2 component of spin have the value -l- f is cos*(fl/2) 
and that it have the value is sin*(«/2). [Pavu, Zeits. fur Phys, 48, 601 (1927),] 

(t) to the vector-coupling picture when j=l+i the spin is parallel to I as a vector 

and when j has the component m the angle it makes with the z axis is cosO =ffl/(i + i). Compute 
mW) and M{lj2) for this angle and compare with the square of the coefficients in the first row 

of Table 1«. 

For the case i=! - J one has still to use cosfi=ffl/(i+i) instead of m/(l -i) as suggested by the 
vector-coupling picture. This is an example of the difference between quantum-mechanical 
formulae and those given by classical methods, although, consistently with the correspondence 
principle (| 4*), the two agree for large values of i. 


* This agrees with the relation 



CHAPTER IV 

THE THEORY OF RADIATION 


“The whole subject of electrical radiation seems working itself out splendidly.” 

OixvBB Lodgs, Phil. Mag., August, 1888 . 

The theory of atomic spectra divides itself rather sharply into two parts : 
the theory of the energy levels and the corresponding states, and the theory 
of the radiative process whereby the spectral lines arise through transitions 
between states. The preceding chapters have provided us with most of the 
apparatus needed for an attack on the first part of the problem. In this 
chapter we present the general theory underlying the radiative process. 

That radiation is to be treated according to the general scheme of Max- 
well’s electromagnetic theory is unquestioned by physicists to-day, but it 
is also recognized that these laws require some kind of quantum -theoretical 
modification, to be embraced in a general theory of quantum electro- 
d3aiamics. Such a theory of quantum electrodynamics cannot be said to 
exist in definitive form to-day. When it is developed it will probably produce 
alterations in the Hamiltonian which will change the details of the theory 
of atomic energy levels as we present it. But the general structure of 
the theory of the energy levels can hardly be affected since it possesses so 
many points of close contact with the experimental data. Likewise it is 
possible at present to develop the theory of radiation along general lines 
with considerable assurance that such alterations as are later brought by a 
revision of the theory of the electromagnetic field will not affect our main 
conclusions. 

1 . Transition prob abilities . 

Emission of light takes place when there is a transition of an atom from 
a state of higher to a state of lower energy — a quantum jump. Likewise 
absorption takes place by an upward transition that is caused by the action 
of the fields of the radiation on the atom. We start the consideration of these 
processes by a somewhat phenomenological method due to Einstein.* The 
argument is independent of special views concerning the electrodynamics of 
the transition. Let an atom be in an excited level that is, in a level of 
more than the minimum energy. Einstein then ascribes to it a certain pro- 
bability per unit time, A{A,B), of making a spontaneous transition with 
emission of radiation to each level B of lower energy. The light sent out in 
the process has the wave-number — E^)lhc according to Bohr’s rule. 

* Einstein, Phys. Zeits. 18, 121 (1917). 
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Then if the number of atoms in the level is ^(^), due to spontaneous 
emission processes 

^^=-[SA(4,£)]JV(4), (1) 

where the summation is over all states of lower energy. The quantity t{A) 
defined by l^A) = S A{A, B) (2) 

B 

is called the mean life of the level A^ for if the only processes occurring are 
those of spontaneous emission 

N{A)^NQ{A)e-*l'^\ (3) 

from which it follows that r{A) is the mean time which an atom remains 
in the excited level. 

Einstein also ascribes to the atom two probability coefficients repre- 
senting the effectiveness of the radiation field in causing transitions. The 
radiation field is supposed to be isotropic and unpolarized and to have 
spectral energy p{a)d<j in unit volume in the wave-number range da at a. 
If C is an energy level higher than A (where A is now not necessarily an 
excited level), then the field produces transitions from A \iO G by absorption 
at the rate B(^, C)p{a), 

where or is the wave number corresponding to the transition, by Bohr’s rule. 
Also the radiation stimulates or induces emission processes from 0 to A at 
a rate given by b(C,A)p(o). 

The coefficients A and B are fundamental measures of the interaction of the 
atom with the radiation field and have the same values whether there is 
thermal equilibrium or not. 

By purely statistical considerations we can find relations between the 
A’s and B’s, for we know that in thermal equilibrium 

(a) the relative numbers of atoms in different levels are given by the 
Maxwell-Boltzmann law, 

N(A) = ff(A)e-^J'^'^', (4) 

where g(A) is the statistical weight of the level A ; 

(b) the radiation density is given by Planck’s formula, 

p(cr) = hca^~^--^, (5) 


The argument now uses the principle of detailed balancing, according to 
which in statistical equilibrium the rates of each elementary process and its 
inverse are equal. The two kinds of emission are regarded together as one 
elementary process and the one kind of absorption as its inverse. This 
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seemed strange until Dirac’s radiation tlieojry* showed that the two 
of emission were really related to the same process. Hence in ec^uilibrium 
we have iS^(4)B(^,0)/)(a) = jr(0)[A(C7,^) + B(<7,4)p(a)]. (6) 

In order that the last three e(][uations he consistent we must have 

g{A)B(A, C)^g{G) 3(0, A) 
A(0,A)=S7Thca^B(C,A). 

Using the latter relation the total rate of the emission processes can be 
written in the form 

N{C)A{CfA)[n{(T)+l}, where n{a)= p{a)J^'hca^. (8) 
That this is a sigmhcant way of writing it is shown by the Dirac radiation 
theory, which is a quantum-mechanical outgrowth of the method of E,ay- 
leigh and Jeansf and DebyeJ for handling the statistical mechanics of 
the radiation field. The number of degrees of freedom of the field asso- 
ciated with waves in the wave-number range dcf at cr is shown to be Stto-^ do- 
per unit volume; the size of quantum associated with each such degree of 
freedom is lica, therefore n{a) is the mean number of quanta per degree of 
freedom for the field coordinates belonging to waves of wave-number a. 

In the Dirac theory the electromagnetic field and the emitting or absorb- 
ing matter are treated as a single dynamical system. Because of the rather 
weak coupling between the two parts, field and matter, it is possible to make 
fairly precise statements concerning the amount of energy in the field and 
the amount of energy in the matter. (If we regard two separate systems as 
one system, the two Hamiltonians commute with one another and so each 
commutes with their sum, therefore eigenvalues of each are constants of the 
motion, Butif a small interaction is present, this is only approximately true.) 
The emission process consists of a change in the system whereby energy 
leaves the matter and raises the quantum number of one of the field’s 
degrees of freedom by one. The absorption process is a change in which one 
of the field’s degrees of freedom has its quantum number diminished by one, 
the energy going into the matter. 

Without going into details we can say that the probability of these in- 
ternal changes in unit time is proportional to the square of the matrix com- 
ponent of the interaction energy between the field and the matter. The 
matrix component is taken in a representation in which the states of the two 
parts are labelled by quantum numbers; the component to use is the one 
whose initial indices specify the initial state and whose final indices specify 
the final state. The whole transition probability will be very small unless the 

* Dirac, Quantum Mechanics, Chapter xi; see also Irrmi, Rev. Mod. Phys. 4, 87 (1932). 

t Jrars, Dynamical Theory of Oasea, Chapter xvi; Phil. Mag. 20, 963 (1910). 

J Djsbvb, Ann. der Phys. 38, 1427 (1910). 
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1 * 


initial and final states of the whole system have the same (or almost the 
same) energy. 

Each of the ooordinates for a wave of wave-mimber a is dynamically 
equivalent to a harmonic oscillator of the frequency v = ccr. Hence the possible 
field energies associated with each wave are hv (n -h where n is an integer. 

The interaction of the field with the matter is a linear function of the 
wave amplitudes, so the matrix components, so far as the change in any 
field-wave’s quantum number is concerned, contain as a factor {n\q\n'), 
where n and n' are the initial and final quantum numbers of the degree of 
freedom in question and q is the numerical value of its amplitude. Since the 
field coordinates are dynamically like harmonic oscillators, we may take for 
the matrix components of q the well-known values 



V"n-hl 

“s/n. 


{rC —n-\- 1) 
{ri! = n — 1 ) 


( 9 ) 


All others are zero. As increase in n corresponds to increase in field energy, 
or emission by the matter, and decrease in n corresponds to absorption, the 
lack of symmetry is just what we need to get the spontaneous emission as 
well as the induced: l)p is proportional to w-f-1, so emission by 

passage of energy to this degree of freedom can occur even in the absence of 
radiation {n — 0) in it. But \{n\q\n — 1)\^ is proportional to n, so absorption 
by passage of energy from this wave to the matter is simply proportional 
to the amount of energy already present in that wave in excess of the zero 
point energy, ^hv. The actual emission in the statistical ensemble will there- 
fore be proportional to [^^(c^) -H 1] as in (8), where n{o) is the mean number of 
quanta in all of the degrees of freedom of the right frequency. 

This is just a sketch of the theory, given in the hope that it will make clear 
the way in which the two apparently different kinds of emission are really 
two parts of a single process. We conclude this outline with the remark that 
it is not quite true that the only transitions occurring are those in which the 
atom’s change in energy is just opposite to that of the field. This gives rise 
to the natural breadth of spectral fines, the quantum-mechanical analogue 
of the fact in classical theory that a radiating oscillator has its amplitude 
damped out by the loss of energy by radiation. Thus the wave-train emitted 
in a single process is finite and not monochromatic when expressed as a sum 
of monochromatic waves with a Fourier integral. This point has been 
studied in detail by Weisskopf and Wigner.* They find that the relative 
probability of emission in the range dcr at a, where a is now measured from 
the wave-number given by Bohr’s rule, is 

1 dfjjoQ 1/1 1 \ 


* Wbisskopb- and Wiouhr, Zeits. fiir Phys. 63, 64 (1930). 


( 10 ) 
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This tells the distribution of energy over the line and relates the half-width, 
o-Q, to the harmonic mean of the mean lives of the initial and final levels. 
This line width has no practical importance for ordinary spectroscopy as it 
is smaller than the width of image produced in spectroscopic instruments 
owing to their finite resolving power. 


2. Classical electromagnetic theory. 

We regard radiation as a spatial flow of energy governed essentially by 
Maxwell’s equations. In these we have a scalar field p which is the electric 
charge density in electrostatic units and a vector field I which is the electric 
current density in electromagnetic units. These fields are connected by an 
equation of continuity, i 3 - 

which expresses the conservation of electric substance. 

Related to p and / are two vector fields, the electric field S and the 
magnetic field , which are characterized by Maxwell’s equations 


= 0 , 

( 2 a) 

+ - 0 , 
c ot 

( 2 b) 

divas’ = 4fnp, 

( 2 c) 

GXi!r\3^ ~ 

c ot 

( 2 d) 


These equations express respectively the fundamental laws : 

{a) Non-existence of a magnetic stuff analogous to electric charge. 

( 6 ) Faraday’s law of electromagnetic induction. 

(c) The Coulomb law in electrostatics. 

{d) The Ampere law for the magnetic field due to electric currents, to- 
gether with Maxwell’s displacement-current hypothesis. 

There are various auxiliary fields which may be conveniently employed 
in dealing with these equations, the most important of which are the scalar 
and vector potentials <p and A. These have the property that if they are made 
to satisfy the equations 2 . 

+ ( 3 ) 

div^ + i| = 0: 


6-2 
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^ and 3^^ derived from them by the formulas 

#=-grad<p---^, (4) 

,?^f=curLi4, 

will satisfy Maxwell’s equations. It is to be noticed that if p s 0 one may set 
<p = 0 and derive S and 3^ simply from A. This is a usual procedure in dealing 
with electromagnetic waves at points far from their source. 

In the theory of the differential equations (3), it is shown that the solution 
for the scalar potential can be written as 

p{xyzt) 


(p(a;' y' z' — j ^-^-^^dxdydz, 


( 6 ) 


R 

in which t = t' — R[c, 

and R is the distance between the volume element dxdydz and the point 
x' y' z! . This is known as the retarded-potential solution because each volume 
element contributes to the potential according to the value of the charge 
density there at a time earlier than the instant t' by the time it takes light 
to travel from the volume element to the point x‘ y' z\ An exactly similar 
formula gives A in terms of I. 

To develop the classical theory of radiation in a form suitable for use in 
the quantum theory we need to expand this retarded potential formula 
under the assumptions that p and/ vary harmonically with the time, i.e. we 
take p{xyzt) as the real part of the expression p{x y z) Here p{xyz) 

may be complex, as in the case of a rotating unsymrnetrical charge distribu- 
tion. Hence we write p{t) — 

where I is in general a bivector [a vector of the form {I^ -+- i/<)]. In terms of p 
and I the equation of continuity becomes 

div/ -h ikp = 0, (7) 

where Jc = 27 tvJc — Sttct. 

3. Expansion of the retarded potential. 

In the theory of atomic spectra p and /are essentially zero outside a sphere 
of radius small compared to This suggests an appropriate development 

of the retarded-potential formula according to powers of k. In the expression 

<p(x' y' z' = jp--^-dv (1) 

we may use the expansion* 

* Bateman, Partial Differential Equations, p. 388, Example 4. 
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where r and t* are the radii to the points xy z and x* y' z\ on is the angle 
between them, and Bessel functions: 

<AA(*»-)=VpSrJA+j(*»') ,g, 

ix(Jcr’) + (-!)» 

This shows us that the potential given by (1) corresponds to a system of 
diverging spherical waves, since 


iXiX+ 1 ) 

ir' r' \ 2kr' 




We shall be interested only in the two leading terms in The first 

measures the transport of energy, the second that of angular momentum; 
the higher terms correspond to local fields near the oscillating charge 
distribution. 

Substituting (2) in (1), we find for the amplitude of the diverging wave 

(2A+ Px(oo3oi)dv, 

At this point we introduce the classification of terms by powers of kr, 
instead of by the integer A. We shall be interested only in the first three 
terms. Since 


fjfxikr) _ (A:r)^ 

~fcr 1.3.6...(2A + 1) 




2(2A + 3) 


we find for the leading terms in the scalar potential 
o^TTivt'-ikr’ ( r f i \ r 

9 p + 

- 1 - + i (6) 

A corresponding expression holds for A on replacing p by I. Here the terms 
are expressed in terms of the successive moments of the charge distribution. 
The first term vanishes, the second gives what is called (electric-) dipole 
radiation, the third gives (electric-) quadrupole radiation. It has not been 
necessary thus far in spectroscopy to consider higher terms. 

We define the dipole and quadrupole moments of p by the equations 

P=jprdv, Vl=jprrdv. (7) 

Using the values of the Legendre polynomials, we readily find that 

j prP^ dv = r'Q'P, I pr^P^dv ^ f ~ , 

Jpr^pQdv=^'SR:s, 
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34 


where is written for the invariant sum of the diagonal terms in 91, and 
Vq is a unit vector in the direction r'. 

Let us make the corresponding reductions for the vector potential. First 
we note that from the equation of continuity and the fact that p and / vanish 
everywhere outside a finite sphere we may write 


i]cjpgdv = jl-Vgdv, 


where g is any scalar, vector or dyadic function of position that is finite 
ever 3 rwhere that p and I are not zero. Putting g=l, we find j^pdv—0, as 
already asserted. Putting g=r and rr, we find the relations 

jldv^ihP, f{lr+rl)dv=im. 


which enable us to express the vector potential in terms of the moments of 
the charge distribution. Because of the occurrence of k in these formulas we 
need only the first two terms in A to have terms to the order k^ in the result: 


The first term gives the part of the vector potential associated with the 
dipole radiation. The second consists of two parts: 

rQ‘JrZdv= [rl ■+-Ir)dv + [rl—lr)dv. 


J/c2i? + jlr cosco dv+... 


The first term here is proportional to the quadrupole moment; the second 
can be written as 

— TqX where AI=^frx Idv, (8) 


the magnetic moment of the electric current distribution. The second term 
in A therefore represents part of the electric -quadrupole radiation field and 
the whole of the magnetic-dipole radiation field. 

To summarize, the scalar and vector potentials up to the second power of 
k in the moments of the charge distribution are 


y27riv/--i/cr 


<p = 


A = 


e 


27Tivi—ikT 


jt/cP - ik{^ 1 - ~^ro X M - lk^{^ 1 - ■ . 


( 9 ) 


Since the coordinates of the volume elements of the charge and current 
distribution no longer appear, we have here, for convenience in later work, 
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used unprimed letters to denote the position and time for which the poten- 
tials are computed. 


4s. The correspondence principle for emission. 

Before calculating the radiation held associated with the potentials of the 
preceding section let us investigate their connection with the problem of 
emission in the quantum theory. The most fruitful idea in passing from the 
earlier atomic theory to the quantum mechanics was the correspondence 
principle of Bohr. From the principles of quantization developed for con- 
ditionally periodic dynamical systems it followed that in the asymptotic 
limit of transitions between states of large quantum numbers the spectro- 
scopic frequencies of Bohr approached equality with actual frequencies of 
the mechanical motion. In classical mechanics the energy JEJ of such a 
system is expressible in terms of a set of constants of the motion, 
known as action variables. The quantum conditions re- 
strict these t/’s to values that are integral multiples of 7i, 

= (A= 1, 2, ..., w; an integer) (1) 

The classical frequencies of the motion are given by the formula 






dJ 


k 



( 2 ) 


so that the combination frequencies which occur in a Fourier expansion of 
the motion are of the form 

dJEJ 

S Tj,vj, = S . (tj, , integers) (3) 

7c k OO jg 

On the other hand, the quantum frequency associated with the transition 
from the set of quantum numbers 

(^1 , > • * • > ^ n ) + "^1 j ^2 + “^2 > • • • j +■ '^' n ) 

by Bohr’s frequency condition is 

+ *^2 + ‘^ 2^5 '^ 2 > •••)]• (^) 


Developing this in a power series in the t’s, we have 


s 

k 


dE 




(5) 


The first term is just the classical frequency; the other terms represent 
quantum corrections. In the special case in which is a linear function of 
the «7’s, which is that of a system of harmonic oscillators, the higher terms 
vanish so that the correspondence is exact. 

Bohr’s great idea was that this approximate connection probably holds 
not only for the frequencies, but for other features of the spectrum as well. 
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According to the frequency relation we have a definite term in the Fourier 
analysis of the motion, namely, the combination term with multiples 
Tj, T2, correlated with a definite quantum transition, namely 

+ Ti Although the radiation process in quantum theory 

occurs in jumps, whereas the classical radiation process is essentially con- 
tinuous, Bohr postulated that statistically the transition probabilities will 
be such that the expected rate of radiation for a particular transition will 
have a similar asymptotic correlation with the corresponding Fourier com- 
ponent of the motion. Likewise the polarization of the radiation is postu- 
lated to be that of the classical radiation due to the corresponding Fomier 
component. 

Thus for the electric-dipole radiation the procedure is to develop the 
components of P for motion in the state specified hy n^, ..., in a 
Fourier series, for example, 

-P®(0 = 2[ni, ...]exp^27ri<STft^^, (6) 

where each t runs over all positive and negative integers. The notation for 
the coefficient is chosen to suggest its analogy with the corresponding matrix 
component in quantum mechanics. Exploitation of this analogy corre- 
sponds to the first step in the formulation of quantum mechanics as it was 
done by Heisenberg.* Since P{t) is real, 

[^1 j • • . I F-j.[ W'j Tj^ , . . . j 5 • • • I (7) 

which is the analogue of the Hermitian condition for matrix components. 
By the correspondence principle, therefore, the rate of radiation of energy 
by quantum jumps in the transition (%-t-ri, ...)-> (ti^, ...) is related to the 
classical rate of radiation by the Fourier components of P whoso frequency 
corresponds to the quantum frequency in the sense of (5). That is, there is an 
asymptotic connection between the rate of radiation of this frequency and 
the classical rate of radiation due to the dipole moment, 

[ni , . . . I P| -f Ti , . . -I- [?ii , . . . I P| Til - Ti , . . . 

= 2^{[wi , .. . |P|Tii + Ti , . . ( 8) 

where and indicates the real part of the expression in 

braces. 

The expected rate of radiation in quantum theory is 

where A is the spontaneous-transition probability for the transition in 
question. It is this which is postulated to be asymptotically equal to the 
classical rate of radiation. 

* Hbisbnbbro, Zeits. fur Phys. 33, 879 ( 1925). 
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For large quantum numbers and small t’s the value of this classical rate 
of radiation does not depend much on whether we use the Fourier com- 
ponents of the motion of the initial state or the final state. But for smaller 
quantum numbers these two sets of Fourier amplitudes may be greatly 
different and the correspondence principle does not say which should be used. 
In addition to these two possibilities one might even consider basing the 
Fourier analysis on some intermediate motion, say one with quantum 
numbers (n^ + , . . . ) when considering this jump. All such schemes 

are equally good asymptotically. 

Bohr never offered the correspondence principle as more than an intuitive 
view that it is in this direction that we should seek for a more complete 
quantum theory — ^it was in this direction that Heisenberg found it. It is not 
our aim here to develop quantum mechanics inductively from the corre- 
spondence principle. Rather we wish merely to sketch its place in the theory 
of atomic spectra. Its importance in leading to the discovery of quantum 
mechanics cannot be over-emphasized; naturally, after that discovery, it no 
longer occupies a prominent place in the details of our subject. It is ready 
surprising how many developments were made with the correspondence 
principle in its original form. The selection rules were obtained by arguments 
concerning the absence of certain Fourier components. If certain of these 
were absent in the initial and final state, and in a certain class of inter- 
mediate states as well, one felt very confident in the prediction that the 
associated quantum jumps had zero probability. For a complete account 
of detailed accomplishments of this kind see Van Vleck, Quantum Principles 
and Line Spectra* 

The lack of symmetry between initial and final states which characterizes 
the above discussion was remedied, and the ‘ verscharfung ’ of the corre- 
spondence principle accomplished, by Heisenberg’s replacement of the 
Fourier components by the corresponding matrix components. We shall use 
the principle in this form. 

Therefore we postulate that the radiation field accompanying a spon- 
taneous transition from a state a of higher energy to a state b of lower energy 
is, as to angular intensity distribution and polarization, the same as that 
given by the classical theory for a charge distribution whose moments are 

where (a| [6) is the matrix component of the kind of electric or magnetic 

moment under consideration. Moreover, the spontaneous-transition pro- 
bability is to be taken as ~ times the classical rate of radiation of this charge 
distribution. 

* National Research Council Bulletin No. 64, Washington, 1926. 
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For an atom the various moments which we shall need are expressed in 
terms of the coordinates of the electrons by the formulas 

P= — eSr^ 

i 

(9) 

i 

It is the matrix components of these quantities which are to be used in 
calculating the radiation. 

We have preferred to put the theory of emission on the correspondence- 
principle basis merely to avoid the lengthy calculations needed to derive the 
results by quantum -mechanical methods. The postulates are justified in 
Dirac’s radiation theory. 


5. The dipole-radiation field. 

Let us investigate the field associated with the terms in 3^9 which depend 
on the dipole moment, P. Using 2*4 we find, on retaining only the and 
r-2 terms, _ 2ik 


3^ 


^27Ti{vi--ar) / 


M) 


roro’P 


( 1 ) 


rnxP, 


where is the unit dyadic it -f jj + Mi/s. 

The flow of energy is given by the Poynting vector, 


( 2 ) 

4:17 

Since ^ and are given by the real parts of (1), the time average radiation 

is given by - _ 

Say = + (3) 

where S and^ are as in (1). Therefore at large distances the flow of energy is 

In the theory of atomic spectra P is nearly always given by formulas like 
9^11. For transitions in which Am — 0, the dipole moment is of the form Pk, 
directed along the z-axis, and the radiation field is that of a simple linear 
oscillator. In this case, in any direction of observation, the radiation is 
linearly polarized with the electric vector in the plane determined by Tq 
and P. The intensity at an angle 6 with the z-axis is 


( 6 ) 
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SO the entire rate of radiation through a large sphere in all directions is 




(*7r 

i 


Bm^0d6 = 


167T^<r^c 


PK 


( 6 ) 


For transitions in which Am - ± 1, the vector Pis of the form VfP (* ± ij), so 

(*cos27rv« Tj8m2Trvt). 

The vector rotates in the asy plane, in the clockwise direction for Am = + 1 
when viewed from the positive ^-direction, and in the opposite sense for 
Am= — 1. In either case the intensity in a direction making an angle 0 with 
the a-axis is j» 

•yav = ^^i(l + COs2^)PVo, (7) 


and the whole radiation in all directions is the same as (6). 

We may now write down the transition probabilities, 
postulate of § 4^, they are 


A(a, b) = 


647T*a® 
■ Zh 


|(«|P|6)|^ 


In view of the 


( 8 ) 


for the transition from the upper state a to the lower state b. For either 
value of Am, we may replace by 4|(a|P|6)p in equations (6) and (7) to 
find the angular intensity distribution. 

Before calculating the polarization in the case Am — + 1, let us consider 
the general question of the type of wave represented by where 

S = + i ^^ , a constant bivector. The variation with time, 


cos27rv« - Si sin27rvi, (9) 

is such that the real <^’s end-point describes an ellipse turning from into 

5.. . If this direction is counter-clockwise on looking at the plane normal to 
Yq in the direction opposite to Yq (that is, as you would be faced if the light 
were to enter your eyes), the polarization is called left-elliptic. In general, 

5.. and S ^ may be oblique, in which case they form a pair of conjugate semi- 

diameters of the ellipse. It is usually more convenient to shift the phase so 
that they are perpendicular and so coincide with the principal axes of the 
ellipse. We may write and choose S so that the real and 

imaginary parts of Se'^^ are perpendicular. This readily leads to the following 
equation for S, 2 <f’ 


tan28 = 


i ^ r 


Usually the form of the calculations is such that the location of the principal 
axes is evident from symmetry. Thus in atomic radiation problems, the 
axes are along the meridians and latitude circles of the polar coordinates. 
We shall denote by Oq and <po the unit vectors at each point in the direction 
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of increasing 6 and <p respectively so that f o j 6© > Vo unit vectors of a 

right-handed system. 

Then, if P=A/}P(f ±^>•), 

<^oc (6oeo-l-<PoVo)*(* ± if) = (0ocosd ± (10) 

The radiation is, therefore, for the upper sign, right circularly polarized in 
the direction ^ = 0, right elliptically polarized in directions O<0<7r/2, 
linearly polarized in the equatorial plane, and left elliptically polarized in 
the ‘southern hemisphere.’ For this case the electric moment’s variation in 
time is represented by a point rotating in a circle in the £c^-plane in the same 
sense as the rotation of the electric vector in the light wave. The factor 
occurring in attends to the obvious detail that the phase in the light 
wave sent in the direction cp has a constant relation to the phase of P relative 
to the direction of observation. 

Next we consider the transport of angular momentum in the radiation 
field. The volume density of electromagnetic momentum in the field is given 
by S/c^, where S is the Poynting vector. The corresponding density of 
angular momentum relative to the origin is therefore r x Sjc^, and as this is 
moving outward with velocity c, the transport of angular momentum 
through unit area normal to ro is r x S/c. 

Another way to find the angular-momentum transport is to consider the 

equation ^ 

g-(S/c2) + div(-^,) = 0, (11) 

in which % is Maxwell’s stress tensor for the electromagnetic field — 

St = -i- [M + . 

4:7T 

This shows that the negative of the stress tensor gives the transport of 
electromagnetic momentum, in the sense that —%’n gives the amount of 
momentum crossing unit area normal to n toward positive n in unit time. 
Hence the momentum transported radially outward is — X*ro and the 
angular-momentum transport corresponding to this is 

— ro X (St*ro)= + y xS^y^'Y^. 

4:77 

Since the leading term in S in the dipole -radiation field is perpendicular 
to r, we need to consider the next term to get the angular-momentum trans- 
port. Using (1), we find the time mean angular-momentum transport at 
large distances to be 
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per unit solid angle. If P is real except for a phase factor as when Am = 0, 
the radiation of angular momentum vanishes. For Am= ± 1, where Pis of 
the form V (* ± ij), the value of Pav is 

Z.3 

Fav = ± ®o • (12) 

From the axial symmetry we see that the result of integration over aU 
directions must be a vector along the z-axis. Its value is 

M /•TT 

+ k—P^27rj ^ain^ade= +fPP2Jfe. 

The radiation for Am = + 1 is thus in the direction — k which is in the right 
direction to compensate for the increase in angular momentum of the atom. 
Moreover the rate of radiation of angular momentum bears the correct ratio 
to the rate of radiation of energy to insure that the angular momentum is 
radiated in the same time as the energy hv. This is very satisfactory for 
the correspondence principle, and was formerly used as a foundation for the 
selection rule in the angular-momentum quantum numbers.* 

It may be objected that we have proved too much, since we foimd no 
radiation of angular momentum for Am = 0. To be sure there is no change in 
the ^-component of the atom’s angular momentum in this case, but there 
may be a change in the resultant angular momentum, according to 9^11. 
The answer is that the classical analogy breaks down here, or better that the 
classical analogue of the quantum -mechanical state for an assigned ^ and m 
must be considered to involve an average over all orientations of the com- 
ponent of^in thea^Z-plane. This time average ofJg. or *7^ is zero by symmetry, 
and also since the diagonal matrix components of and Jy are zero. From 
this standpoint the perpendicular components of J have an average value 
of zero before and after radiation, so there is no change in their value, and 
this agrees with the vanishing value of the angular-momentum transport in 
this case. 


PROBLEM 


Show that the magnetic-dipole radiation field is obtained by writing 3^ for S' and - S for 3^ 
and replacing jP by Af in (1). Hence show that for magnetic-dipole radiation 


A(a, 6) 


3h 




(13) 


6. The q[uadrupole-radiatioii. field. 

The quadrupole-radiation field may be handled in an analogous fashion. 
For brevity we omit the discussion of the transport of angular momentum 

* Rubinowioz, Phys. Zeits. 19, 440 (1918); 

Bohb, Qttantentheorie der Linienspektren^ Part i, p. 48. 
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in this case. The terms responsible for the energy flow are, from the poten- 
tials 3^9, 


i]cZQMvt-OT) 

•^"=-0 — ^0 X ( 9 ^* ro ), 


( 1 ) 


so that the Poynting vector is, from 6^3, 


•^av = - »’o^o)*(9^’»*o)}]^n • 


cAjS 


( 2 ) 


We are not ready-armed from Chapter in with the formulas for the 
dependence of the matrix components of on m, so we must stop to work 
them out. 9^ is a dyadic formed of the sum of dyads — for each electron 

(4^9), and so is a sum of dyads formed from vectors of type T considered in 
§§ 8® et seq. We can find the dependence on m of any such dyad by calculating 
its matrix components from the matrix components of T given by 9®11. 
Thus, 




OL ym 


This enables us to see that the selection rules on^’ and m for are Aj or 
Am = ±2, ± 1, or 0. In this way we may prepare a table of all non- vanishing 
matrix components for any dyadic made up of a linear combination of dyads 
of vectors of type T. If this be done for a general dyadic, the formulas can 
be expressed as the sum of the matrix components of the symmetric part 
and the antisymmetric part. The latter is equivalent to a vector whose 
matrix components show the same dependence on m as a vector of type T. 
Since any symmetric dyadic is the sum of two symmetric dyads, in making 
the calculations we may as well put T^ — T^—T to get a symmetric dyad. 

Calculations of this type were first made by Rubinowicz.* It turns out 
that each matrix component can be expressed as a numerical coefficient 
multiplying basic dyadics, ^(Am), which depend on Am only, except that 
{cLjm\TT\<x.' §m) also includes an extra term which is a numerical factor 
times the identical dyadic, ^ = ii+jj + kk. These dyadics, normalized so 
that ^(Am);5?'(Am)= 1, are 


± 2) = Wi-jj ± i{ij+ji)-\ 

± 1) = \\_ki+ik ± +jk)'\ (4) 

®( 0 ) 

They determine the angular intensity distribution and polarization in its 


* Rtjbinowioz, Zeits. fur Phys. 61, 338 (1930). 
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dependence on Aw. We may readily calculate the values of the vectorial 
factors occurring in (1) for these basic dyadics: 

-- ± 2)*ro == Jsin0 e± 2^9(6^ oo80 ± zcp^) 

(&-roroy^( ± l)«ro = |e±^^(eocos2^ ± z<pQcoaS) 

(S “ = — V|sin0oos08o 

(^-»‘o^o)*S*»’o =0; 

so that the spherically symmetric part of (ay w| rr|a'Jw) does not con- 
tribute to the radiation. With these factors it is easy to see that the polariza- 
tion of the light depends on the direction of observation 0 and on Am 
according to the scheme 


0 


0 

0 to -77/4 
77/4 

77/4 to 77/2 
77/2 


Am =+2 Ajn=-i-l Am =0 

— Right circular — 

Right elliptic Right elliptic 77 

Right elliptic o- tt 

Right elliptic Left elliptic ,7 

O' 'TT IT 


Here the senses right and left are for the positive values of Am. They are opposite for negative 
values of Am and opposite at an angle 77 - 0 in the ‘southern hemisphere.’ <7 and 77 mean linear 
polarization with S along <po and 60 respectively. For Am = ±l the elliptic polarization becomes 
circular at 77/8 and 277/8. 


First we consider Ay = 0 for the dyadic . Here occur three sums, 

Dp — S (ay:V^:a"y+v) (oc''j+v\ri\Qc'j), 

for V = 1, 0 , - 1 . By requiring that x = 0 (cf. 12^4 and 1229b) have vanish- 

ing matrix components, we find a relation between them, 

(2y -h 3)Di - Do - (2y - 1)D_^ = 0. 

If we write D = (j -I- 1 )Di —jD_^ , 

the matrix comj)onents in question become 

(ay m|r,ri la'y w± 2) = DV {j + w)(y + m ~ l)(y ± w H- l')(J+ + 2) 
(ay m|r,irja'y w± 1) = D (2m ± 1)^ (y + w)(y ± ?n +T) ^( ± 1) 

(ay m | r^r.^ | a'y w) = DV'^ ~j (y + 1 )] ^( 0) ^ 

+ M(i H- 1)" (2y + 3) Di -y 2 (2y - 1) D.J^. 

Similarly for Ay = — 1 there occur two sums, 

= 21 {ocj\ri:a."j+v) (a"y +v:rfja'y — 1), 

a"' 

for ><=0, — 1. The vanishing of the matrix of x t-j here shows that 


E = Ea+E.i, 


If we let 
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these matrix components are 

w±2) ^ 

= ± + w)0’ + m — 1)0' + w — 2)(^' ± m + 1) ± 2), 

{(x.jm\riri\a! j—l7rh±\) 

= O' ± + 1 )V0 + w)0 + m - 1) ± 1), 

(a^'wIr^r^laO-lw) = V^EmVf - ?n2^(0). (6b) 

Finally for Aj — —2 the matrix components are multiples of the single sum 

F = S(ajir/:a'0'-l) (aO“ 

(X" 

the complete expressions being 

(ajm|r^rJaO-2 m±2) == lFV{j + m)(jTin- l){j +-w-2)(jT m- 3)^( ± 2), 
(ajm|riri|a0-2m±l)= ± FV {f - m^){j + m - l){j + m - 2) ± 1), 

(ajmlrir^la0’-2m) == V^FVif - - 1)^ - ^{0). (6c) 

The matrix components for AJ == 4- 1 or 4 2 can be written dowri from 
these since the matrices are Hermitian. The dyadic is of the form - e^r,r, , 

so that its matrix components are formally like those given above with new 
D, F, and F which are - eZ of the D, E, and F for the individual electrons. 

To calculate the total rate of radiation wo need to know that the integral 
of the product of each of tlie first three expressions in (5) by its complex 
conjugate over all directions is 47r/5. Hence using the postulate of § the 
total rate of radiation associated with the transition (ajm->a'j' w/) is 

where the square of the dyadic indicates the double-dot product of the 

dyadic with its complex conjugate. 

This gives for the corresi>onding probability of spontaneous emission 

A(oc jm., a j' m') = m')!"- (7) 

Examining the formulas for the matrix components we see that transitions 
between the following values of./: ()->U, .1 -> h and 1 0, have vanishing 

intensity. Likewise in the dipole- radiation formulas the transitions ./ = 0 
— >J = 0 have vanishing intensity. These are special cases of a geneial rule. 
The 2^‘^-pole radiation is (!onnect<‘xl with a change in the resultant angular 
momentum of the electromagnetic field by n units. Since there is con- 
servation of the total angular momentum, the vector sum of that of the 
atom plus that of the field remains constant. We must then have 
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where J is the resultant angular momentum of the atom before radiation and 
j' its value after the transition. 

Brinkman* has developed a group-theoretical method of obtaining the 
quadrupole-moment matrix components. The next term, or ootopole 
radiation, has been considered briefly by Huff and Houston. *1* 


7. Spectral lines in natural excitation. 

When an atom is unperturbed by external fields, its Hamiltonian com- 
mutes with the resultant angular momentum J. As a consequence (3® 8) an 
energy level corresponding to a given value of j is -f- l)-fold degenerate, 
each of the different states being characterized by a different value of m. Such 
a set of {2j -|- 1) states we shall call a levd. When the atom is perttirbed and 
the different states do not aU have the same energy it is still convenient to 
refer to such a set of states by a generic name, so we shall also use level in 
this wider sense. Likewise we define the word line to mean the radiation 
associated with all possible transition between the states belonging to two 
levels. The radiation resulting from a transition between a particular pair of 
states we call a component of the line. All components have the same wave 
number unless the atom is perturbed by an external field. 

The actual emitted intensity of the component from state a to state b in 
ergs/second is equal to j[(a,b) = N(a)hvA(a,b)> (D 


where N{a) is the number of atoms in state a and A(a, b) is the spontaneous 
emission probabiHty for that transition. This equation holds only when the 
radiation density present is so small that the induced emission is negligible. 
In actual practice it is very difficult to know N{a) and hence to make 
absolute comparisons between theory and experiment for emission inten- 
sity. Most work is therefore on relative intensities of related groups of lines. 

In most light sources the conditions of excitation of the atoms are suffi- 
ciently isotropic that it is safe to assume that the numbers of atoms in the 
different states of the same level are equal. This is called natural excitation. 
If the excitation occurs in some definitely non-isotropic way, as by absorp- 
tion from a unidirectional beam of light or by impacts from a unidirectional 
beam of electrons, large departures from natural excitation may be pro- 
duced. The study of such effeGtsJ raises a whole complex of problems some- 
what detached from the main body of spectroscopy. We shall always 
assume natural excitation unless the contrary is stated. 


* Brinkman, Dissertation Utrocht, 1032. 

■j* Hufl' and Hous'roN, Phys. Kov. 33, 842 (1930). 

X For a review of this field see Mitohell. and Zemanskv, Resonance Radiation and Excited 
Atoms, Cambridge University Press, 1934. 

c s 
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The total intensity of a line is the sum of the intensities of its components. 
Hence in natural excitation for the line from level A to level 

6477 -* 0 ^-, 


I{A,B)^N{a)hv 


3 ^ ab 


:^\{a\P\b)\^ 


( 2 ) 


in the case of dipole radiation, by 6^8. The sum of the squared matrix com- 
ponents occurring here we shall define as the strength of the line, S(.4, j5). 
We shall also find it convenient to call |(alPl6)p the strength of the com- 
ponent a, b and to introduce the partial sums over a and b alone, with the 


notation 


S(a, £) = 2 |(a|P16)p. S(^, 6) = S |(o|P|i)P. 

b 


a 


S(^, B) = S S(a, ^) = 2 S( J[ , 6) = S S(a, 6) . 

a h ah 

The intensity of a particular line is therefore proportional to the number of 
atoms in any on© of the initial states, to and to S(J[, B). This represents 
a slight departure from the traditional procedure, where the intensity is 
written as proportional to the total number of atoms in the initial level, 

N(,A)i B)^N{A)hvA{A, B). 

As iV(JL) = {2jj^ - 1 - 1) A'(u), this gives 

Here A is the spontaneous-transition probability of Einstein. It has the 
disadvantage that it is not symmetrical in the initial and final levels owing 
to the factor (2^*^ -1-1)“^ which relates it to the symmetrical S(A, Z?). In later 
work we shall find formulas for the strengths of certain classes of lines where 
one level belongs to one group and the other to another group (o.g. inulti- 
plets). For the strength of a line it will not matter in such formulas whether 
A or J5 is the initial level, whereas if ¥^jji » fli® Finstein A’s are different in 
the two cases. Therefore w© shall regard the strengths as the more con- 
venient theoretical measure of line intensities. 

Before calculating S{A, B) let us consider what properties we e.xpcct it to 
have. First, since the excitation is isotropic and there is no external field 
w© expect the radiation to be of equal intensity in all directions, and un- 
polarized. Second, if the initial conditions are isotropic wo expect the 
physical situation to remain so during the radiation process. 'Fhis means that 
the mean life of each state of level A must be the same. The mean life of a 
state a is the reciprocal of the total transition probability from a to all lower 
states b, Cyd, ... belonging to all lower levels B, C, D, — That is, it is the 

reciprocal of 64 ^ 4^3 

-^^[S(a,^) + S(a, C) + ...l 

This should have the same value for each state a, otherwise if the excitation 
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is out ofE the numbers of atoms in the different states of level A will be im- 
equal after a time, and a non-isotropic situation will have grown out of an 
isotropic one. Since there is no very simple general relation between the 
levels J?, G, ... for all atoms, we expect this to be true for each summand 
S(a, S), Likewise because of the S 3 nnmetry of |(®IjPj&)|® with regard to a 
and b, it follows that if S(a, £) is independent of a, then S(A, b) is indepen- 
dent of 6. 

W’e shall now show that the dipole radiation in the transition J' is 

isotropic and unpolarized. By 6^5 the intensity in the direction 9 of radiation 
plane-polarized in the direction Oq is proportional to 

S \{(x.jm\P\aL' f (Am = 0) (4a) 

There will also be right- and left-elliptically polarized radiations whose 
intensities (5^7) are respectively proportional to 

S |l(aJw 2 lP|a'/ wH-l)p(l -l-cos^d), (Am=-f-l) (4b) 

ni 

S-i-|(a^'w|P|a'J'?n— 1)12(1 +cos20). (Am= — 1) (4c) 

m 

That the sum of these three quantities is independent of 6 follows from 
13^3; hence the intensity of radiation is the same in all directions. The sum 
of the terms for Am = -I- 1 and Am = — 1 is no longer elliptically polarized 
because the right-handed radiation from m — m -f- 1 is of the same intensity 
as the left-handed from — m— 5* — m — 1; it is, however, partially plane 
polarized with relative intensities S |(aj? m|P|a'^’'m-f-l)|2 along <pQ and 
S l(aJm|P|oc^J'm-l-l)pcos20 along Gq (cf. 5^10 and 6^9), When the Gq com- 
ponent is added to that for Am = 0, it follows from 13®3 that the resultant 
radiation is unpolarized. 

The summations over the three values of m,, which go with m^ = m have 
already been evaluated in 13^1', where their independence of the value of m 
was noted. Because of this, summation over m merely introduces the factor 
(2J-f 1), so for the whole strength of the line a.j to a' j' we have 

where = (%’+ 1) KaiiPja i')P S(^', f), (5) 

.?' + 1 ) = (i + 1 ) (%' + 3) ; a{j, j) =j ij+1); j — 1 ) =j {2j — 1 ). 

Everything we have said here about electric-dipole radiation is true for 
magnetic-dipole, if we replace P by M, since the dependence on m of M 
(4^9) is the same as that of P. 

For quadrupole radiation the analogue of (2) is 

( 6 ) 

The strengths for quadrupole Hues are defined exactly as for dipole with 9^2 in 


7-2 
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place of P. Expressions for the strengths of the various quadxupole lines are 
easily calculated from the values of the matrix components in the previous 
section. The results are 

S(oci, ^'j) = fi (i + l)(2i + l)(2i - \){2j + 3) 

S(ocj, = 1)0*- l)(2j+ l)(2j- 1) ( 7 ) 

S(ai, x'J-2) =j (j - l)(2j + 1)(2^- - l)(2i - 3) F^. 

The partial sums here also have the property of giving unpolarized light of 
equal intensity in all directions. The spontaneous transition probability 


analogous to ( 3 ) is 


A(4,5) = 


327r«aSS(^, B) 
5 h 2 j^ + l 


( 8 ) 


8. Induced emission and absorption. 

In view of the relation found in § 1^ between the probability coefficients 
for spontaneous and induced emission and absorption, the formula for 
B(u 4 , 5 ) in terms of the matrix components of dipole or quadrupole moment 
is given by combining 1^7 with 7^3 or 7^8. That gives the result for the 
interaction of an atom with an isotropic unpolarized field. 

There is a further point on which we wish information, namely the pro- 
bability for absorption of light from a unidirectional polarized beam. From 
the following argument, we expect this to be simply related to the A{a,b) 
for a line component. The emission in the transition « 6 is a spherical wave 

whose intensity and polarization in different directions we have calculated 
for the important special cases. Let the angular distribution factor bo 
f{6,cp)doj, where jfda)=l over all directions, and let be the unit 

bivector (/•/= 1) normal to the direction of propagation, n, which gives the 
polarization of the wave emitted in the direction 0, 9. We suppose for con- 
venience that I is normalized so that its real and imaginary parts are 
perpendicular, as discussed in § 5 *. 

If A{a,b) is the whole transition probability (5^8 or O'*?), then w'c can say 
statistically that A{a,b)f{0,(p)da> is the transition probability for processes 
in which the light is sent out in the solid angle dco at 0, 9 . This emission takes 
place with the polarization described by /. Hence for the probability of 
spontaneous transition from a to h with emission in the solid angle dw at 
0 , 9, and with the polarization / we may w'rite 

A{a, b, 0, 9 , l)doj == A{a, b)f{0, 9 ) dco. ( 1 ) 

There will also be stimulated emission. This and the spontaneous emission 
constitute the inverse process to absorption from a beam whose range of 
directions is dco at 9. Of the ^rra^da waves per unit volume (we say waves 
as a short expression for degrees of freedom of the field) there are "la^dcrdcjo 
associated with waves which travel in directions contained in d<x>, the factor 
two arising from the two independent states of polarization associated with 
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each direction of propagation. We are at liberty to choose the independent 
states of polarization in any convenient way. The natural way in discussing 
the transitions a^b of the atom, is to choose I as one of the canonical states 
of polarization and to introduce m, orthogonal to f in the sense = 0, to 

describe the other. 

Let the intensity of the beam be p(cr, 1) dcrdo>. This is the volume density 
of energy in wave-number range da of waves whose directions are in the 
cone dco and with their polarization described by 1. We define the probability 
of absorption (or induced emission) of this radiation so as to cause a transi- 
tion of the atom from a to 6 as 

B(a, b, 9, <p, t) p{a, 1) doi. 

Then, as in 1^6, if a is the upper state, the balance of emission and absorption 
between these degrees of freedom and the atom when in thermal equilibrium 
gives 

iV(a)[A(a, 6 , 9, 9 , 1) + p(a, 1) B(a, b, 9, 9 , /)] = N(b) B{b, a, 9,(p, 1) p{a, 1). 

Using the MaxweU-Boltzmann law 1^4 and the Planck law 1*5 divided by 
Stt to get p{a, 1) and realizing that here the statistical weights are each unity, 
we have B(a,b,e,^,l) = U(b,a,e,<f,l) <2) 

A(a, b, 9, 9 , l)=hca^ B(a, b, 9, 9 , /). 

The same equations hold for the other state of polarization, m, but as we 
have chosen I in accordance with the actual polarization of the wave sent 
out in the emission process, A{a,h,9,<p,m) — 0, and so the corresponding 
absorption coefficient vanishes. Analogous to 1*8 we may write the rate of 
emission processes in the form 

N{a) A{a, b, 9, 9 , 1) [n{a) + 1] doj, (3) 

where n{a) = p(a, l)jhco^ is the mean number of quanta per degree of freedom 
in the beam in the direction and polarization state under consideration. 

Let us consider the description of the polarization a little more closely. 
The bivector I may be written in the form 

/= 60 cos -f- itpQ sin-^S, (4) 

since we have found in § 5* and § 6* that the elliptic polarization always has 
0Q and <Pq for its principal axes when the transitions are between states 
labelled by m. The range 0 ^ 8 < 27r covers all possible types of polarization 
according to the scheme 

Left 

(]OOo=- — =oOOO 

0 — ^ JL ~ 7Tr 3n Sn //rr 2 fr 

6 3 2 3 6 6 3 2 3 6 
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The biveotor orthogonal to / is 

m = 9o sin^S ~ itpQ cos JS, 

which represents a wave of the same ellipticity as that for I but with the 
major and minor axes interchanged and the sense of turning, right or left, 
reversed. 

If the incident light is polarized in some other manner than with regard 
to one of the canonically chosen forms, I and m, say with its electric vector 
a scalar multiple of the unit bivector e, then it may be expressed as the 
resultant of two components polarized as in I and m by the formula 

e = l{t’e)-¥ni{fn’e). (6) 

In this case the absorption is simply times the value it has when the 
polarization is along /. If the incident light is unpolarized, the intensity is 
distributed equally between each of any two orthogonal states of polarization, 
so the absorption is half what it would be if the polarization were along 1. 

Finally let us consider the absorption by a group of atoms in a state of 
natural excitation. The total number of transitions per second from the 
states b of level B to the states a of level A caused by absorption of light 
whose polarization is described by e is 

p(< 7 ,e) do> S B( 6 , a, 8, <p, T) \le\^ N(b) S A(a, b, 0, 9 , 1) \l e\^ N(b). 

b, a tlCa^ 5 ^ a 

Using ( 1 ) and the expression 5^8 for A{a,b) we find, for example in the case 
of dipole radiation, that this equals 

04 : 77 ’^ — 

3/7% JV(6) S I(a|i»|6)p l/-e| 9 ). 

We have seen in § 7^ that the total emission of all components of a lino in 
natural excitation is unpolarized and of equal intensity in all directions. 
The sum here is the total strength of emission per unit solid angle with 
polarization e\ this is accordingly I/Stt times the total strength of the line 
A, B. Therefore we can express the rate of absorption for the whole lino in 
terms of the strength S(^, .S) as defined in § 7* as 

This gives the number of quanta per second absorbed from a unidirectional 
beam of energy density p{a,e)d(yd<xi. As we expect, it depends only on the 
energy density and is independent of direction and polarization of the light. 
The Einstein B for isotropic radiation obtained from this relation, 

bears the proper relation to A{A, B) (cf. 1^*7 and 7 ^ 3 ). 


( 7 ) 
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The results we have reached by the phenomenological method follow jfrom 
the Dirac radiation theory. Another derivation which gives correct results 
for the stimulated processes but does not give the spontaneous emission is 
to treat the electromagnetic field of the light wave as a perturbation, using 
the form of the perturbation theory in which the perturbation is regarded 
as causing transitions.* 

9. Dispersion theory. Scattering. Raman effect. 

In the preceding section we have considered the absorption of light by 
matter. This occurs when the light frequency corresponds to a transition 
frequency to within a small range given by the natural line breadth (1^10). 
We wish now to consider the interaction of light and matter when there is 
no such exact agreement. There are essentially three phenomena: 

(a) The macroscopic light wave is propagated with a phase velocity cjn 
instead of c, where n is the index of refraction. 

(b) There is a scattering of light to all sides without change in the wave- 
number. This is called Rayleigh scattering. 

(c) There is a scattering to all sides of light in which the frequency is 
shifted by an amount corresponding to one of the atomic transitions. This is 
the Raman scattering. It is unimportant in monatomic gases but we 
mention it to complete the picture. 

As subheads under (a) there are special effects like the double refraction 
produced when the gas is in an external electric or magnetic field (the Kerr 
effect and the Faraday effect respectively). 

All these phenomena belong together in the theory, for they are all con- 
nected with the oscillating moments induced in the atoms by the perturbing 
action of the fields of the incident light wave. W^hen these are calculated by 
quantum mechanics it is found that they include some terms which oscillate 
with the same frequency as the light wave. In addition there are terms 
which oscillate with frequencies v±v(A,B), where v{A,B) is the Bohr 
frequency associated with transition from level A to level B. The latter are 
responsible for Raman scattering; they are of different frequency and so 
cannot be coherent with the incident radiation. 

The forced oscillations of the same frequency as the incident light are to 
a certain extent coherent with it (that is, to a certain extent they have a 
definite phase relation to the phase of the incident light), so it is necessary 
to consider the phases in summing the scattered waves^ due to different 
atoms to find the resultant field. This dynamical theory of refraction 
goes back to Larmor and Lorentz, but the best modern treatment is by 

^ Dihac, Q'timtium Mechanics^ p. 173 . 
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Darwin.* The net result of such calculations can be simply stated. The 
induced dipole moment P is related to the electric vector S by 

P=a*<r, (1) 

where a is the polarizability tensor. Then if iV is the number of molecules per 
unit volume, the total dipole moment per unit volume is Na^S. Assuming 
that i.e. that the principal values of iVa are each small compared 

to unity, we may neglect the difference between the effective on an atom 
and the macroscopic hence the dielectric constant, a tensor, becomes 

e = 47riV’a. (2) 

Using the form of Maxwell’s equations for a material medium devoid of free 
charge and of unit magnetic susceptibihty: 

^ = e*<?, div^ = 0, divJ^ = 0, 


curl<S’ = 


ld3^ 
c dt ’ 


curlJ^f = 


1^ 

c dt ' 


( 3 ) 


we may j6nd plane-wave solutions in which each vector is a constant multiple 
of where n is the index of refraction and n a unit vector in the 

direction of propagation. The constant amplitudes must satisfy the equa- 

f 4:^ 

= 0, 7in 

so Sf and are transverse to the direction of propagation. Since the prin- 
cipal values of the dielectric constant differ from unity by small quantities, 
we may write n== 1 + S. Eliminating between the right-hand pair of (4), 
we find that the jjart of ^ which is perpendicular to n satisfies 

= (5) 


If a is simply a scalar a, any value of normal to n is admissil^le and the 
index of refraction is n=l + ^ttNcx. ; (G) 

but if a is not a scalar, then (5) shows that S/27riV' is equal to an eigenvalue of 

the tensor a regarded as a two-dimensional tensor in the plane normal to n. 

The two eigenvalues lead to two values of the inde.x; of refraction, that is, 

double refraction for each direction of propagation, n. The C()iTcs])onding 

eigenvectors give the two typos of polarization associated with tiio waves 

propagated with the velocities corresponding to the two indices of refraction. 

We shall see when we calculate a quantum mechanically that it is always 

Hermitian (with regard to the three axes of space), so the two eigenvalues 

♦ Darwin, Trans. Cam hr. I’hil. 8oc. 23, 137 

800 also Esmarcim, Ann. dor Phys. 42, 1257 (191.3); 

OaiSKN, ibid. 48, 1 (1915); 

Bothio, ibid. 64, 693 (1921); 

Lundblak, Univ. Arakrift, Upsala, 1920. 
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are real and correspond to propagation without absorption. Choosing two 
real miit vectors I and m so that /, m, and n form a right-handed coordinate 
system, a will appear in the form, 

a = Oil// 4- -i- + a22mm. 

There are two cases to distinguish: if ai2 = ^12 the components are all real, 
then the eigenvectors are real and we have ordinary double refraction, 
whereas if the eigenvectors are biveotors and the two fundamental 

states of polarization are eUiptic, or in special cases, circular. It is easy to 

show that the two eigenvectors and ^2 orthogonal: ^1*^2 
Therefore the two states of polarization are orthogonal as discussed in § 8 ^, 
so they have the same ellipticity hut one is right and the other lefb, and the 
major axis of one ellipse is the minor axis of the other. 

The foregoing discussion applies to the effect of the waves scattered by the 
molecules if the medium is absolutely homogeneous, in which case N is the 
number of molecules or atoms in unit volume. Owing to the thermal motions 
of the molecules in a gas the medium is not homogeneous; the number of 
molecules in any volume w at a given instant fluctuates about the mean value 
Nv, where N is calculated by dividing the total number of molecules by the 
total volume. The waves scattered by the number of atoms in each volume 
element which is in excess of the mean do not interfere in regular fashion; 
hence they give rise to scattered light. This, together with some non- 
coherent parts of the induced moment of unshifted frequency, gives rise to 
the Rayleigh scattering. We shall not have occasion to consider in detail 
the scattered radiation. 

The dispersion and the related double refractions produced by external 
fields are of importance in the theory of spectra in that they provide other 
methods for measuring line strength than those based directly on emission 
or absorption. For their theory we need to calculate the polarizabihty 
tensor a introduced in ( 1 ). This is obtained by calculating the perturbation 
of the states of the atom by the field of the light wave. Then we calculate the 
matrix components ((x.jm\P\o(.'j'm')y^ of the electric moment of the atom 
with regard to these perturbed states. Of these the component {a.jm\P\aijm)^ 
gives rise to an electric moment which is coherent with the incident light 
wave and which is responsible for the various dispersion phenomena. When 
the atom is unperturbed by other external fields the energy is independent 
of w, and the matrix components {ccj m\P\(x.jm±\)^ also contain terms 
which are of the same frequency as the incident light, but these are not 
coherent with it and so they contribute an additional amount to the 
Rayleigh scattering without contributing to the dispersion.* 

* See Bbeit, Rov. Mod. Phys. 5, lOG (1S):}3), for an adequate discussion of this point. 
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The calculation is based on a slight modification of the perturbation theory 
of § 8^, required by the fact that the perturbation depends on the time. To a 
first approximation the perturbation is 


— (7) 

where is the electric vector of the perturbing light wave. This 

neglects effects connected with quadrupole transitions. The state {ccjm) 
whose unperturbed eigenfunction is m) e ~ will to the first order 
become ipicnj m) e 4- ^i(a j wi), 

where ^i(aj m) satisfies the equation (6^3) 

{h - + P-^e - ^(a jm)e-^ 

Here we have written jE} = Jhv to represent the frequency of the light, and H 
for the unperturbed Hamiltonian. Assuming the expansion 


m) == I S ilf{cx.'j' m') \{(x! f m' | a^‘ m)+ -f- m' | a j' , 

a'fm' 


we find that this is a solution if 


( 8 ) 




, , ,| . . {(X y rnf\P\aii my ^ 

{X j m \xjm)_ _ \y _ ]^ 


( 0 ) 


The matri.x component of P witli respect to these perturbed states is, to the 
first order, 


{xjm\P\ a J m)p = {xj m |P( xj 7n) + ^i(a / m) P «/^(a J m) e ~ ^ 

Using the results just found for ^i(xj m) and i/^iix j 7n) this can be w'rittcn as 


{xj m\P\xjm) + ^{a{xjmy^e^^>''‘}, (10) 


where a{xjm) is the polarizability tensor of the state xj 7 n: therefore 
a{xj m) 


= s r 


{xjm\P\ x' j'm'){x' j' ni / 1 
~ W 


\<x.j7ri.) {xj7n\P\x' j'7n'){x' j' 7n'\P\xjm) 
^ W'-W-E 


]■ 


( 11 ) 

The dependence of a on rn can l)e found by using O'^ll for the matrix 
components of P. When this is done it is found that the tensor can bo ex- 
pressed conveniently as the sum of three parts: an isotropic part which is a 
multiple of a doubly refracting jiart which is a multiple of ifl^O) of 6^4, and 
a gyrotropic part which is a multiple of i{ji — ij). When there is natural 
excitation and no external fields, the last two parts vanish when the sum is 
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taken over the different m values, leaving only j gaa ia 

shows that in natural excitation, in the absence of exte^ Isoteonio part 
optically isotropic. The matrix components ooc^g m ^ 

aL proportional to the strengths S(«i,«T) of the lines, so that toaUy th 
isotropic polarizabiUty « for natural excitation may be written as 

. -A — , • f 


.. 2 ,c, 

= 3h (2i + i)[v Vi', “i) - ’ 


(12) 


where r(oc' i', aj) = [If («'/) - W(,^mih. This is the av^age, not the of 

the polmdsabilities for the different values otm. J ^ 

posiWe for those energy levels If (a'i') which are higher than W(.g), and 

dispersion formida is obtained at once^®n - 
use this value of oc in (6) to obtain the index of refraction, t. - 1 + 8 T 

Q2^ eives the average contribution of atoms in the energy 

gives mm d,vcAa.g from the distribution 

that the eSective average value of a is obtained trom xne 

JV(aj) of atoms: a= iXa(ai)iV'(aj). 


aj 


In case aU the atoms are in the lowest energy level we need 
one term like (12). In this all the v(a'i', ocj) are positive. The dis^m^ 

“ris 

strated by Ladenburg and his associates^ , / , 21 it is convenient to intro- 

,.a .,.u .,r. ^ 

. yf .4 *“ p-”.-* ‘y ““ 

electric vector is f + [ 2 nv(,^'«.)Tr = ^^e^’^'^, 

where the actual motion is «{r}. The solution of this equation represents 
* Ii.-MiMNUi'iifi, ZoitH. fiir l+ys. 4, 451 (1921). 

-I- Kkamkhk, Naluro, 113, (>73 (y.l24). firtl [1925^ 

1 Kramrus and 1 1 ..SKNiihiin., 31. 081 (U-o). 

Laoion nil lUJ, Zeits. fiir rhys. / 4Q~9tj 51 (1928); 

Koin.KRMANN and Laokniuiko, 

Cakst and LAnnwituRa, tlml. 48, 19.-. (1J^8)- 
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the sum of free and forced oscillations. For the latter we find that r = 


where 


ea — 




47T^/t v^(a' oc) — v^' 
so the classical value of the polarizability of the oscillator is 

W a; 47rVv2(oc'a)-v2- 

Comparing with (12) we see that the quantum theoretical formula for a(aj) 

a(aj)= Sf(a'/,«j)ac(a'/,a^*), (14) 


can be written as 


where 


f/_' K*'/. « J) S(a a'/) 

' J 3e% ^+I • 


In other words, each spectral line contributes to the polarizability a term 
whose form is that of the contribution from a classical oscillator, multiplied 
by a dimensionless quantity f(a^^‘', ccj) called the oscillator strengih. Like the 
Einstein A’s and B’s, the f’s are not symmetric in the initial and final states 
owing to the occurrence of the factor (2j+ l)-i. From the symmetry of S 
and the antisymmetry of ocj) we find that 

(2j+ l)f(a'/, aj) = - (2/ + 1) f(«^*, oc' j'). 

Using (13) and (14) it is possible to express the effective polarizability in 
terms of the f’s as the sum of contributions associated with each spectral line : 

a = aj) o,j) N(aj) [^1 - • ( l-'5) 

in which ocj refers to the lower energy level of each line and oc'j' to the 
higher, and the sum is over all the lines in the spectrum. The negative term 
in the brackets is the correction due to the negative dispei’sion arising from 
atoms in excited states. 

The oscillator strengths j', ocj) satisfy an interesting sum rule which 
was discovered independently by Thomas and by K.uhn* from consideration 
of the dispersion formula from the standpoint of the correspondence prin- 
ciple. It is a simple conseq uence of the law of commutation of p and r and 
is important historically in that it was used by Heisenberg'J' to find this 
commutation law in his first pa|>or on matri.x mechanics. The rule states 
that for a system containing a single electron the sum J^f{oc'j', ccj) is equal to 

unity. The proof is very simple. From the commutation law 5^1 we have 

P'r — r'P — — 3i7f . 


* Thomas, Naturwis-s. 13, 027 (I92r)); 

Kuhn, Zeita. fiir Phys. 33, 408 (1925). 
t HisiSENBuna, Zeita. fiir Phys. 33, 879 (1925). 
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For a single electron in an arbitrary potential field the Hamiltonian is 

firom which by the commutation law we find that 

p= -i{fj,in){rH^Hr), 

so that the matrix components of p in terms of those of r are 
{(x.j 'm\p\oc' j' m') = — 27Tifi v{<x.' a) {cx.j m\r\<x! j' mf). 

Hence a diagonal matrix component of {p’r — r‘p) is 

4^ix S v(a'a)|(a^'m|r|a'/w')P = 3^.* 

affm’ 

This is independent of m and can therefore be summed over m by multiplying 
by 2j + l. Substituting the oscillator strengths f{<xf from their 

definition in (14) this becomes 

Sf(a'/,ai) = l. 
which is the required sum rule. 


10. Natural shape of absorption lines. 

Let us now consider the actual shape of an absorption line in a gas, taking 
account of the finite width of spectral lines as given by 1^10. The finite 
width arises in the coupling of the atom and the radiation field and so 
apphes to absorption as well as emission. When we take account of 1^10 we 
find that the absorption probability varies with a over the natural width of 
the line. Measuring a from the centre of the line we may write 

b(5, A, 0) 


hiB,A,<x) = 


( 1 ) 


1 + (cr/<7o)^ 

for the probability that a quantum between o- and (T-\-dcr produces a tran- 
sition in unit time. Then, if p{a) is essentially constant in the neighbourhood 
of the line, the total number of transitions produced by radiation in the 
neighbourhood of the central frequency is 

J —CO 1 ■+■ 


■■ p{or) N{JB) ttctq h{B,A, 0). 


In the ordinary treatment in which we neglect the natural width this total 
number of transitions is written p{a) N{B) B(J?, A), hence we have 

b{B,A,0) = B{B,A)l7rcT^. (2) 

The intensity of a light beam is measured by the energy I (cr) crossing unit 
area normal to the direction of propagation in unit time in the wave-number 
range da at a. Since p{a) is the volume density of energy, evidently 

l{a) = cp{a). 


* Sums f)f t his t.ypo, but with v®, and written in place of v(ix' a), have been evaluated 
by ViNTi, Phys. Rev. 41, 432 (1032). 
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The beam goes through thickness Aa; in time Aa;/c, so that its diminution in 
intensity can be found by multiplying the number of transitions it produces 
in this time by the average size of quantum, hv^ to give the relation 


-A7(a) = /(a) N{B) 


hvh{B,A,0) 


Aa;. 


c H-{or/ao)2 

Hence the intensity after going through a finite thickness x of absorbing 
material is ^ 

(3) 


where 


I {a) = 1^6 

hvB{B,A) 


? = — 
^ c 


TTOTr 


N{B)x. 


The coefficient of iV'(jB) a; in the exjjression for ^ is an area that is character- 
istic of the line in question. We shall call it the effective area for absorption 
of that line. Then ^ is the number of atoms in the initial level of the absorp- 
tion process contained in a cyfinder whose base has this area and whose 
height is the thickness of the absorbing matter. 

The amount of energy removed from the incident beam in dcr at a is 



/o[l-e l-Ka/or„)«]. 

If we are dealing with a small amount of absorbing matter, we may calculate 
the total absorption by expanding the exponential function, saving only the 
first two terms and integrating with respect to cr. This recovers the result 
or 7ivB{BjA)N{B)xjc which applies when we ignore the natural 
line width. 

But if there is a larger amount of absorbing matter, so that ^ '--1 or ^ .-•> 1, 
we have to calculate 


^oO’o (* [l — c i + dajcFQ = /□ CTo J{Q 

J —CO 


(4) 


to get the total absorption. The integrand gives the shape of the absorption 
line. In Fig. 1* it is plotted for several values of 1. For large ^ the absorption 
becomes essentially complete in the centre of the band and the curve be- 
comes much broader than the natural breadth. Although tlie absorj)tion 
coefficient bec<)mes very small as wo go away from the centre of the lino, the 
large amount of matter present giv'os rise to ap{>rcciable a])sor[)tion at fairly 
large distances from the centre. The abs<)r|)tion is r>0 per cent, for 

(a/o-„) = V(^/log^2)-l. 

For large values of I we can estimate the integral by supi)osing the integrand 
equal to unity out to this point and zero beyond. This gives for the total 
absorption = 2- 39/„o„Vi . 

This is remarkably close to the true asymptotic value. 
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Considerations of this kind were first developed by Ladenbnrg and 
Reiche* on the basis of the classical electron theory. They evaluated the 
integral in (4) and found 


M) = Vo (»£/2) - iJiiimi (5) 

where the e/’s are Bessel functions. Using the known asymptotic expansions 

we have, for £> 1. f^C)=.V^C = 2-506VC, 

SO that our rough estimate was about 5 per cent, too low. 

Adopting any convenient definition for the * width’ of the absorption 
line, such as the wave-number interval between points where the absorption 
amounts to some fraction of the total intensity, we see that the width varies 
as the square root of the active number of atoms in the line of sight. Out on 
the ‘wings’ of the line, where the absorption is small, we may develop the 



Fig. 1^. TJio natural shape of an absoi’ption lino for several values of 


exponential function, retain only the first two terms, and thus find that for 
<T the absorption is given by 



1 + (<t/o-o)2' 

Thus the strength at a given point in the ‘wing’ is directly proportional to 
the number of atoms in the line of sight. These results have had important 
astrophysical application^ to the theory of the Fraunhofer lines in the solar 
spectrum, but we cannot go into this interesting toj)ic here. 


* IjADENnuKu and ItmcUE, Ann. der Pliys. 42, 181 (1913). 
•j" Htewaut, Astropliys. J. 59, 30 (1924); 

Soiiii'j'z, Zeits. fur Astrophys. 1, 300 (1930); 

Minnajsht and Mulueks, ibid. 2, 165 (1931); 

Unsolu, ibid, 2, 199 (1931). 




CHAPTER V 

ONE-ELECTRON SPECTRA 


The simplest atomic model and the only one for which all details of the 
spectrum can be accurately calculated is that of hydrogen and the hydrogen- 
like ions, He II, Li III, etc. This model consists of a heavy nucleus of charge 
Ze and a single electron, interacting principally according to the Coulomb 
law. We shall see in later chapters that the spectra of the alkali metals may 
be treated by regarding one electron as moving in a central non- Coulomb 
field determined by the nucleus and the average effect of the other electrons. 
In this chapter we treat the hydrogen-like spectra and the alkali spectra, 
anticipating for the latter the justification of the assumption that these may 
to a good approximation be regarded as one-electron spectra. 


1. Central-force problem. 

Wo consider the motion of an electron of mass fx in a central field in which 
its potential energy is given by 17 (r), where r is its distance from the centre 
of force. Neglecting electron spin and relativity effects the Hamiltonian for 


tlio electron is 




( 1 ) 


From S'* I we see that II commutes with Ly, and L^, and therefore 
and any component, e.g. may bo taken as constants of the motion. We 
look tlHa’cfore for simultaneous eigenstates of H, and L^. The Schrodinger 
(^<juat.ion for tins Hamiltonian is 

-■^-A4>+U4>=w<i,. 

2jJL 

If we express the Laplace operator in polar coordinates and use 4®27, this 

bccomeH 1 3 / 

- - - 2 T + 5 — 2 '^ +U<^^W4. (2) 

2fi'ndr\ dr; 2jLt,r“ 

I’lu^ nxjuitxaiumt that </> he an eigenstate of and L, determines its de])end- 
enee on 0 and 9 acc^oj'ding to 4'* 12, so we may write 


(:i) 


r 


In this (!ase thc! e(juation for the radial factor of the eigenfunction becomes 
'Phe a Ilo\\’cd vuilucs of the energy W are tlie values for which this equation 
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possesses solutions which vanish at the origin and remain jGboite at infinity. 
It will be noted that the value of Lg, does not occur in the equation for W, 
hence each value of W associated with the quantum number I will be (21 + 1)- 
fold degenerate. (This result follows also from 3®8 since H commutes with L.) 

The equation (4) for the radial eigenfunction is formally that of a one- 
dimensional motion under the effective potential energy 




the second term corresponding to the effective potential energy of the centri- 
fugal force. Starting with the lowest value of W determined by this equation 
for a particular value of I, it is customary to distinguish the states by means 
of a ‘ total ’ quantum number n which has the value Z + 1 for the lowest state 
and increases by unity for each higher state, so that 9^ — Z — 1 is the number 
of nodes of the radial eigenfunction, not counting the origin as a node. 

Also in accordance with custom among spectroscopists we introduce a 
letter code for the values of I, according to the scheme 


Value of 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 ... 

Designation; spdfghi/clmn o q r t u 

The energy levels will be labelled by the quantum numbers n and I according 
to the scheme ir(ls), PF(5cZ), etc. This scheme arose in connection with the 
interpretation of various series of lines in the alkali spectra, known as the 
sharp, principal, diffuse, and fundamental series. The quantum numbers nl 
will be said to specify the configuration of the electron. 

The preceding discussion has been for a fixed centre of force. Let us now 
consider the two-body problem in which the electron moves under the in- 
fluence of the same field due to a nucleus of mass M. Let X, F, Z be the 
coordinates of the centre of mass of the system and x, y, z the coordinates of 
the electron relative to the nucleus. Then, as in classical mechanics, the 
kinetic energy of the whole system becomes 

T=^l(jj. + U){X^+ + + = 

wdiero p,' is the so-called reduced mass. Expressing this in terms of momenta 
as in classical dynamics and substituting the Schrodinger operators for the 
momenta, the Schrodinger equation of the two-body problem becomes 

where is the La])lacian with respect to the internal coordinates and Ajy is 
that with respect to the centroid’s coordinates. The variables may be 
se[)arated by writing </» as a product of a function of the internal coordinates 
by another function of the centroid’s coordinates. The separate Schrodinger 

C S S 
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equation for the internal coordinates is then found to be just (2) with the 
reduced mass in place of the electronic mass, while that for the external 
coordinates is simply the Schrodinger equation for a free particle of mass 
Jlf. The total energy E breaks up into the sum of the internal energy W 
and the energy of translation. The energy of translational motion does not 
need to be considered further as it does not change appreciably during a 
radiation process and thus does not affect the line frequency. Hence we may 
allow for the finite mass of the nucleus simply by using the reduced mass in 
place of the electronic mass in equation (2). 


2. Radial functions for hydrogen. 

We shall now consider the radial equation 1®4 for the Coulomb potential 
fimction U(r)~ — Ze^jr: 




( 


W-\- 


2 /a d/r^ 

By making the substitutions 


r 2 (jl 


ji2 = 0. 




this equation takes on the more concise form 


a = 




dp^ 


+ 




( 1 ) 


( 2 ) 


(3) 


which is recognized as the equation of the confluent hypergeometric 
function.* From the form assumed by the equation near p = co we see that 
the solution which remains finite there contains the factor An attempt 
to solve the equation with a power series in p shows that the solution which 
is finite at the origin starts off with This suggests the substitution 

R=p^+^e-P^^f{p), 
which leads to the following equation for f{p) : 


r + - 1 )/' +^/= 0 - 


(4) 


If this equation be solved in terms of a power series in p, it will be found that 
the series breaks off as a polynomial of degree n — l—\ if is an integer 
greater than 1. The polynomials obtained in this way belong to the set usually 
known as associated Laguerre polynomials. If n is not an integer the power 
aeries defines a solution which becomes infinite like e^P as p -> co, so the finite 
solutions are defined by the requirement that n be integral. In this case, (2) 
gives just the well-known Bohr levels for hydrogen-like atoms: 


W 

or = T— = — R- 




he 




47r^®c‘ 


( 5 ) 


* Whitt AKEE and Watson, A Course of Modem Analysis, Chapter xvr. 
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The ordinary iLaguerre polynomials may be defined by the equation 

LJx) = e® (6) 

where D is the symbol for diflEerentiation with regard to x. An equivalent 


form is 


L^{x)^{D--lY{x'>^). 


(7) 


( 8 ) 


If the indicated differentiations are actually performed, this becomes 

L.n{x) ^{-1)”'^^- 1 w ij . 

The associated Laguerre polynomial L^(x) is defined by 

L^(x) = D”-L,,{x). (9) 

It is the polynomials so defined that satisfy (4), the solution being 

= ( 10 ) 

a polynomial of degree n — l—l. An equivalent definition for the associated 
Laguerre polynomial is 


Lnip) = —.ePp~^ D»(e--Pp'^+^), 

7^/ 1 


( 11 ) 


Applying either of the definitions we find that the polynomials are given by 
the general formula: 


( 12 ) 


H-.VJ A!(n-«-l-A)!(21+l + A)I 

From this form they are easily seen to have the following relation to the 
hypergeometric function: 




[(» + «)!? 


)imF(-n + l+l,P,2l+2,p/P). (13) 


'n+z vr/ (n-l- 1)1 {21+ 1)1 
Another form of the solution for the radial functions which is due to 
Eckart* is useful in some calculations. He showed that to within a norm- 
alizing factor the radial wave function li{nl)/r is 

Z V^+^] 


, ,, 7 -^ / ZY+^] 


(14) 


in which z is set equal to —Z/na after the differentiation is performed. 
Carrying out the indicated differentiations, it is easily seen that 


X(nl) 




pl^- 


,L+}(p). 


(15) 


\naj '' ■ (« + ^)! 

The Laguerre polynomials may also be studied with the aid of their 
generating function, according to the following expansion 

xt 

e“(r=o 


y 


'^+y(*)i 


iy 


= (-!)“; 


(^+y)! ' *' (!-«)“«■ 

* Eokart, Phys. Rev. 28, 927 (1926). 


( 16 ) 


8-2 
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This is the relation used by Sohrodinger* for calcidating certain integrals 
involving Xiaguerre polynomials. 



Fig. 1®. Radial probability distribution a for sovoral of tho lowest levels in 

hydrogen. (Abscissa is the radius in atomic units.) 

In order to normalize the radial functions we need the result 

which is readily obtained from the generating function or from Eckart’s 

* SohbSdingbr, Ann. der Phys. 80, 485 (1926). 
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formula. Therefore the final formula for the normalized radial function 
R{nl) is 

i jLd \ itj It — j. I 1 . _ oY I t v: ^inr 

( 18 ) 


R(rd) = J ^ — 


■I yiv — V — ju;: , , >-22+1/ v 2Zr 

- 2 a[(? 2 , + Z)!]3® P -^n+z (p)> ^=- 


na. 


which is normalized in the sense / R‘^{ril)dr= 1. Several of these functions 

J Q 

are given explicitly in Table I®. The probability of finding the electron in 
dr at T is R'^(nl) dr', this distribution function is plotted in Fig. 1® for some of 
the lowest states. 


Tabuo 1®. Nomuilized Tadial eigenfunctions for 2 =:!.* 


It(ls) = —2re~’‘ 

Jt(2s) = —~^e~i’’(l -ir) 

2 

jB(3«) = — 1 ~ 

E(4s) = -ire-i^(l - Jr + ^^r® - ^ 
B(2p)= 

2V6 

The average values of various 
functions are given in Table 25.f 


B(4p) = - ^Tj^V§r2e-i»-(l - Jr + gJ^r^) 

B(3d) = 

81V 30 

- -,V) 

i2{4/) = ^=.r«e-i^ 

768V 35 

powers of r for the hydrogenic wave 


A 


Tablu 2b. 



dr 


1 

2 

3 

4 

-1 

-2 

-3 

-4 


^[3«=>-Z(Z + l)] 

+ 1-31(1 + 1)] 

^~[:i5n\n"- - 1) - 30n-(l + 2)(l - 1) + 3(Z + 2)(l + 1)1(1 - 1)] 

— ■ [C3»* - 35«“(2P +2Z - 3) +5Z(Z + 1)(3Z2 + 3Z - 10) + 12] 

Z 

n^ 

Z^ 

n»(Z + i) 

n^(l + l)(l + i)l 

ZmSn^- 1(1 + 1)] 

n\l + ^)(lTlKi+ h)Ki - i) 


* In this table r is measured in atomic units. The general eigenfunctions for any Z and 

arbitrary length unit are obtained by multiplying the functions of this table by ‘Vz/sl and 
replacing r by Zrja.. 

t The average values of r~® and r~® may be found in Van Vleok, Proc. Roy. Soc. A143. 
679 (1934). 
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3. The relativity correction.* 

We shall now investigate the effect of the relativistic variation of mass with 
velocity in the central-force problem, particularly in the case of hydrogen. 

To obtain the wave equation we take the relativistic expressions for the 
Hamiltonian (total energy) 


and for the momenta 




fJLX 


Py = 






[xz 


vr=j2= 

where {x is the rest mass and v the velocity of the electron. Then 

P i_^z j’ 

_fi2 ^| 


( 2 ) 


so that 

Hence 


Vl-j8^ 


— — *2 






(3) 


Six^c^-^ 

The third and succeeding terms of this expression are very small (in atomic 
units, P'^1, c = 137, ix=l, cf. Appendix) compared to the second and 
hence may safely be regarded as a perturbation. We shall keep only the 
third term. 

We shall thus solve the equation 


U{r) + 






i}j=^Etp, 


(4) 


under the assumption that the «/r’s and energies do not differ much from those 
of the non-relativistic equation 


\u{r) + ^p^]^xlj{W)=Wxls{W) 


(5) 


which we have considered hitherto- Under this assumption we may set 


Now from (5) 


1 


4,/,= _ 










p^il,{W) = {W-U)iP{W); 


* See the sketch in § 6 of Dirac’s more rigorous treatment. 
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8jL6®C 

or to our approximation 




2p.C' 


:(Tr-rr)V(W"), 


1 =p‘^=-5^,(®-i7)V- 


Sfjb^c^ ^ 2ixc^^ 

Hence the relativistic central-force equation becomes 


( 6 ) 


^2 


2)a 


+ -j 


(U-:ej) 


^fic' 


xu--Er 


ip^O. 


( 7 ) 


Just as in § 1® we may take this tp to be an eigenstate of angular momentum 
with the quantum numbers and I, and obtain the radial equation 


2fi dr^ 


+ 








( 8 ) 


In the case of hydrogen and hydrogen-like ions we may solve this 
rigorously. We set U = — Ze^jr to obtain 

d^R { 2aE 2u,Ze^/- E\ 1 tvt) r. ^ /rvv 

where a denotes the fine structure constant e^jfic — 1/137 -Z. We see that for 
c^oo this equation reduces to the equation 2®1, and that it may be dis- 
cussed in the same way. For simplicity we rewrite the above equation in the 
form 


d^R 

dr^ 


B G\ 


-I-M + — + 


i? = 0. 


( 10 ) 


Near r = oo, the solutions of this become asymptotically 

—Ar ^ 

of which the solution with the minus sign remains finite for the energies in 
which we are interested. At the origin if we attempt to find a power series 
solution starting as r^, we find the indicial equation 

y{y-l)=-C = l{l+l)~ a2Z2, 

whence y± = ± V(Z -I- -|)2 — 

Of these it is which gives our previous solutions in the limit c->-oo. 
Hence we proceed to find a solution of the form 
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This leads to the following recursion formula for the coej 0 S.cients 64 ,: 


35 


_ 2V—A(y^ + k)~B 

{'yj^’\‘h+\){yj^ + h) + G * 


( 12 ) 


The series determined in this way converges as except for the 

particular values of E which cause it to terminate as a finite polynomial. 
Setting the coefficient 63^.1 = 0 gives the value of B which gives a polynomial 
of degree 5 in place of the infinite series. This value of E is found to satisfy 







If we take the negative sign for the square root in this expression we get a 
set of energy levels just greater than — 2/iC^, and converging to a limit at 
that point, with a continuous spectrum below E = — 2fjt,c^. Such states of 
negative hinetic energy occur of necessity in any relativistic theory, but here 
we may just ignore them by falling back on our treatment of the relativistic 
variation of mass as a mere perturbation on the ordinary energy levels to 
which (13) reduce if we take the positive square root and let c 00 . 

If we expand (13) in powers of a^, we obtain, to terms in a'*: 

2 \ 

(^ = 5 -j- Z + 1 ) or, in wave numbers 

E RZ^ 




he 





f n 

3\ 

(14) 


+ 

1 


oc^Z^I 

' n 

1 

(15) 

( 

■ 

i) + -j 


4. Spin-orbit interaction. 


We shall now complete the picture of the fine structure in tlie ahsence of 
external fields by considering the effect of the electron sjun. Tho cii’oct of the 
spin in one-electron spectra arises from the interaction of the niagnetic 
uioment of the electron with the effective magnetic field set up by its motion 
around the nucleus. Here, as in all considerations involving electron spin, 
we must in the last analysis choose the term in the Hamiltonian whicli re})rc- 
sents this interaction to agree with experiment. IVom the picture of an 
electron as a spinning top Thomas* and Frenkclf have obtained a foi-mula 
which gives experimental agreement, and is of the sort occurring in Diratj’s 
theory of the electron, § 5®. Their result for the spin-orbit intcrac^tion energy 
of an electron in a central field with potential U (r) is 




1 /I 8 17(r) \ 

2ii\"^\r dr ) 


L-S=i{r)L‘S, 


where L, is the orbital and 5 the spin angular momentum. 

* Thomas, Nature, 107, 614 (1926). 
t Frenkel, Zeits. fur Phys. 37, 243 (1926). 


(I) 
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We must then consider the energy levels and eigenfunctions for the 
Hanultonian where is the (relativistic or non-relativistic) 

Hamiltonian without spin interaction. We shall use a representation in 
which L^, S^, Lg, and are diagonal. The eigenvalues of are in- 
dependent of nig, the ^-component of spin (this follows from 3®8 since H® 
commutes with S), so we may form an eigenfunction characterized by 
H®' = W^i, s, I, nig, and nij merely by multiplying l^S by 8(0-, nig) as in 5®2: 

4(n I m, mi) = 0(?m,) OK) 8(o-, m,). (2) 


The matrix components of in this scheme are 
{n I nig nii\H^n' V m'^ m\) 

= 'Lj j jf{nlmg mi) [i{r)L^S] <l>{n' V m' m\) r^^mddrdddf^ 


= J“j2(tiOI(r) R{n'V)dr 

( n2'rr 

Sj J ® ^(^/) ^(<^5 ^a) ® ^(o’j sin^ti^dcp ■ . 

The expression in braces is just the matrix component of L’S which was 
evaluated in 7®3. This matrix component contains a factor S(Z, V), Hence 
we can write* 

{nlmgmi\I-P\n/ I'm^rn'i) — 8{l, V) {lmgmi\L'S\V wi' m^)J* R{nl) |(r) R{n'V) dr. 

(3) 


This shows that our matrix is rigorously diagonal with respect to 1. 
Although it is not diagonal with regard to n, the perturbation theory shows 
that the non-diagonal elements in which 9i’s differ have a negligible effect 
on the energies since states of the same I but different n have large energy 
differences. This shows that the first approximation of the perturbation 
theory in which these elements are neglected will be a good approximation. 
On the other hand if it had turned out that there were matrix components 


* This method of calculation is given to show the relation between the Schrbdinger and the 
matrix type of calculation. We should ordinarily say 

(n I nig mil |(r) L’S\n' I' m' m') = S ^ I* m" 1" m" m1\L'S\n' V m'). 

nW'm'ml 

Since r commutes with L and S, the first factor in the summand contains S(l w, mjj T m" m*); by 
7®3 the second factor contains n'V). Hence the whole sum reduces to 

h{l, V) (n I Trig mi\^{r)\n' I nig mi)(n' I m, mi\L'S\n' I m' mf^), 

which is seen to equal (3). 
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joining states of different I and the same n this approximation would have 
been very poor, at least for hydrogen, where these states lie very close 
together. 

IVe thus consider the diagonalization of that portion of the matrix of H 
which corresponds to a given configuration nl. With the notation 


(»•)*•, ( 4 ) 

this portion of the matrix of H may be written as 

'n^i\L'S\nl ( 5 )* 

To our approximation, then, the eigenstates of H are not only eigenstates 
of Zir® and with the values and but also eigenstates of 

L'S', hence they are eigenstates oi J^= From 6®4 we see that the 

quantum number j =j(j + 1) ^2] ^ay have either of the values l + h^-h 

except for Z = 0, when we obtain only j = Since 


2{L-Sy = (S+ Lr = )]Ji\ ( 6 ) 






when 

3 = 1 - 1 - 


( 7 ) 


Hence all except s configurations split into two levels, corresponding to 
j = l^^ andj = Z— Each of these levels is still ( 2 J-f l)-fold degenerate, 
corresponding to the 2^+1 values of m[e/^ = wZi]. Since all reasonable 
potential functions are increasing functions of ?*, the, 'pciTdTnete.Ts nve 
csseTiticdly positive. Therefore the level of the higher^’ lies above that of the 
lower; the centre of gravity of the two levels remains at IF,,/ if in deter- 
mining the centre of gravity the levels are weighted according to tlieir 
degeneracy. 

The (one or) two levels into which each configuration is split are 
together said to constitute a doublet teviTi,. The tevTus are designated as 
S ( doublet S )y ^-Z), ... according to the Z value of the configuration 
from which they arise. The separate levels are designated by adding the 
value ofj as a subscript, thus 2^^; The quantum 

number n or the configuration label nl is frequently prefixed to these 
symbols, and to specify an individual state the value of m is given as 
a superscript, thus 2^p\ or 2 p^P~^. 


* ^ nl ropresonts tho matrix whoso diagonal clemonts have tho constant valuo , and whoso 
non-diagonal elements vanish, i.o. W times the unit matrix, * 

t Not only to this approximation, but in general, are the eigenstates of H eigenstates of JL", 
and , since H commutes with these three observables. The only non-rigorous quantum number 
IS the quantum number n. 
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The eigen-^’s going with these states are given by 14®6 and Table 1®. 
!For 1=0 


=<^(nsiO) 

^{ns = 4>{m8 - J 0), 

and for Z > 0 


(8a) 


j) = + i m-i) + -i m+J) 

(8b) 

<Knl j) = i m-i) - -i m+i), 


where the 9^’s on the right are those of (2), labelled by the quantum numbers 
nlnugini. This transformation is of importance in many-electron spectra, 
where we shall speak of it as the transformation from the n I scheme to 
the nljm scheme. In obtaining (8) we have correlated s with^\, I with ^2? 
altering the phases in Table 1® according to 14 ® 7 ; it is easily verified that the 
non-diagonal elements are positive as in §10®. This 

correlation of S, L, J to J^, J^, J respectively we shall adopt as standard. 

For zS levels one must not conclude from ( 7 ) that the displacement due to 
spin is zero since Z = 0, for in this case the integral ^ diverges at the origin. 
This follows from the fact that near the origin the screening of the orbital 
electrons must become zero, so that U (r) must represent the full potential 
due to a charge Ze, and hence have the form — {Ze^jr) + const. With such a 
potential B starts as just as in hydrogen, so that the integrand of ( 4 ) 
becomes essentially 1/r for small r when 1 = 0 . Hence the spin displacement 
of an 8 level is essentially indeterminate in this calculation. We shall return 
to this point in the next section. 

In the case of the Coulomb potential, U{r)= — Ze^fr, the value of is 
given at once by Table 2®: 


CnZ — 


Ze^h^ 

2 yLt®c®a® 


J oo 

0’ 


r“® R\nl) dr 


em^ Z^ 

2/x®c®a® nH{l -1- \){l -f- 1 ) ’ 


( 9 ) 


With this value of the two energy levels given by the spin-orbit inter- 
action are ^ „ „„ ^ 

n /• r i\' 


H' = W 


ni' 




2 71 ® 71 ® (2Z-f-l)(Z-f- 1)^ 
juc® a®2z® a®-Zr® n 


2 7i® 7^® (2Z-i-l)Z 




( 10 ) 


It will be noticed that the spin-orbit interaction gives a correction of the 
same order of magnitude as the relativity correction 3 ® 15 ; using the value 
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of there found we obtain for the fine-struoture levels of the hydrogen-like 

atoms the formulas 






(7 = 


cr = 


R^r 

j_ 72,2 










( 11 ) 


n 

C: 




/7 





n 

c; 








It 


c:: 




I 

C: 


f 

s 





Fig, 2^. Fine Htruoturo of hy drogc mi- 1 ike ^ onorgy loveils. 

These formulas show that the two levels having the same j value but 
diflferent values of I have the same wave number 


or ; 


_ ^ _3\“ 

91“ L u' + i S/_ ’ 


( 12 ) 


This system of levels, which wc have ol^tained by perturl)ation theory, is the 
same to this order of accuracy as that given by a rigorous solution of Dirac’s 
relativistic equations (§ 5 ^‘) and agrees with experiment (§ 7 -'^). The relativistic- 
spin displacements 


Ra2Z4 
4 / 2 ,^ 
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of tKese levels are shown in Fig. 2 ® for n— 1 , . 5, using 'R(x?Z^j4n*‘ as a unit 
in each case. The relativistic displacements given by 3® 15 are indicated, by 
the broken lines; each of these splits to form a spin doublet as in ( 10 ). 
Because of the occurrence of in the unit, the actual splitting decreases 
very rapidly as n increases. 

5. Sketch of the relativistic theory. 

Dirac* has developed a theory of the electron in an electromagnetic field 
which satisfies the relativistic requirement of invariance under a Lorentz 
transformation. The characteristic feature of it is that the Hamiltonian 
operator is made linear in the momenta in order that the operators djdx 
be on an equal footing with the djdt which occurs linearly in the funda- 
mentsil equation 5^3. 

In order to factorize the non-relativistic quadratic Hamiltonian into two 
linear factors it is found necessary to introduce some new non-commuting 
observables. It turns out that this introduces changes in the theory which 
are akin to the electron spin. In other words, the spin is not introduced 
ad hoc but is a consequence of the relativity requirements. If the energy 
levels W are reckoned to include the rest energy /xc^ of the electron, besides 
the usual energy levels in the neighbourhood of + /xc^ the theory also gives 
negative levels in the neighbourhood of This was for some time 

regarded as a serious difficulty for the theory, but now it appears likely that 
these are connected with the positive electron or ‘positron* recently dis- 
covered by Anderson. t 

In this section we shall give a brief account of the one-electron atom pro- 
blem as it appears in Dirac’s theory. The wave equation for an electron of 
charge — e in an electromagnetic field whose potentials are 9 , A is 

I — afcc^ — cp*^j^ + ^i4^~e9 0 = ( 1 ) 

which in the case of a central field, with no magnetic field, becomes 

{ — — oP*j> + U {r)}ip =Wtp. ( 2 ) 

In these equations a and the three components of the vector (3 are real 
observables whose squares are equal to unity and which anticommute with 
each other J and commute with the positional coordinates and momenta. 

* Dirac, Quantum Mechanics, Chapter xn. See also a report by Rumbr, Phys. Zeits. 32, 601 
(1931). 

t Andrrson, Phys. Rev. 43, 491 (1933); 

Blaoxbtt and Oohialini, Proc. Roy. Soc. A139, 699 (1933). 

t That is, Pg.cc=0, + ^yP-a—O, etc. 
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Each quantity has the allowed values ± 1. The quantity a we shall call the 
aspect of the electron. In problems in which relativistic effects are small the 
first term in (2) is the largest; hence the allowed energy levels are near to 
the allowed values of — cufic^, that is, near to ± fxc^ as stated before. The 
vector is the quantum analogue of the ratio of the velocity of the electron 
to the velocity of light, as Breit* has shown. 

The states ip for this problem are required, in order that we may find four 
anticommuting matrices, to have four component functions of position. 
(This is analogous to our use in § 5® of ^’s with two component functions of 
position to allow for the spin degeneracy.) Hence a and p are represented 
by fourth-order matrices acting on the coordinates which distinguish the 
four components of and these we write as a matrix of one column and 
four rows. We may work with a representation in which a is diagonal and in 
which a and p have the forms 

1000 0001 000- i 0010 

0 1 0 0 0010 B ~ ^ ® ^ 00-1 

00-1 0 * 0100 " O-iOO 100 0 

000-1 1000 iOOO lo-loo 

(3) 

It follows directly from the properties of the components of p that the 
vector p X p satisfies the commutation rule 

[pxp,pxp] = 4(pxp)x3. 

By comparison of this with 1^3 we see that p x p is a constant times an 
angular momentum. In fact, the components of this vector are proportional 
to the components ol the spin vector of §5® written twice over: 

5=-i^7ipxp, (4) 

that IS, 

0 i 0 0 0 -Ai 0 0 J 0 0 

s.= i ® 0 0 * s,= ¥ 0 0 0 ,, 0 -i 0 

0 0 0 i 0 0 0 - 0 0 J 

0 0^ 0 0 0 0 0 0 0 
= - • 

It may be shown (Dirac, §72) that because of the form of the Hamiltonian 
(1) the electron must be considered as having a spin angular momentum 5 

and a magnetic moment S, exactly the values postulated by Uhlenbeck 

and Goudsmit. is diagonal in the scheme we are using. Hence we may say 
that the first component of 4, refers to a' = l, S'^ = m/i= + yi; the second 
component to a' = 1, the third to a'= - 1, m^= + and the fourth 

to a'= — 1, Tiig — — 

• Bbeit, Proc. Nat. Acad. Sci. 14, 553 (1928). 
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Dirac s Hamiltonian (2) commutes with so we may introduce a 

set of states labelled by J and m. For a definite value of^* and m there are 
two possible values of a' and two possible values of Z, namely j ± The 
labelling by {jmlcff) determines the state except for a function of the 
radius. We denote such a state by The forms of these states are 

given by 458. For a' = 1 the third and fourth components of x vanish and for 
the first and second components vanish. The non- vanishing com- 
ponents of a-re 








— m+ 1 


2j + 2 




li±i 

N 2j 


m+1 


2j + 2 




(5) 


for ~j — I ^ 


where is written for the spherical harmonic ©(Z <I>(m 2 ). These 

states may be regarded as labelled by Z or by ^L-S. They are not suitable in 

this form to be eigen-</r’s of energy since does not commute with the 
Hamiltonian. The quantity 


K 




( 6 ) 


whose eigenvalues we denote by k, does commute with the Hamiltonian and 
so its eigenvalues may serve as quantum numbers. The allowed values of k 
are ± {j+ }) and the states labelled by {jmkoc') which we shall denote by 
^{jrnkcff), are related to the ;\;’s by 

*p{j ±^'± i + 1 ) = xU '^^3 + + 1 ) 

^{3m±^±\ -l) = x(i^.?±i — !)■ 

It is convenient now to transform (2) by introducing the operator 
where Vq = tIt. Since ^^=1 the second term becomes 


(7) 


- = - c^rro^^’P = - c8^{rQ'p -H ~ 


. The last form here follows from the fact that the dyad pp = x 

"th 

On introducing the Schrodinger operator ( - ih grad) for p, this becomes 

= ■ (8) 
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Let Tis now consider the action of on tft{jmh a'). In the initial representa- 
tion has the form 


^r = 


with the aid of 4®21 we readily find that 

Pytp{jmkx') = i/j{jmk~<x.'). (9) 

The eigen-i/f of the Hamiltonian going with definite values of k, j, m will 
he a linear combination of tp{jmk + l) and ^{jmk-l) which we write in 
the form TP('r\ iO(r\ . _ 


0 

0 

COS0 

sin^e-^'P 

0 

0 

sin0e^'<p 

— COS0 

COS0 

Qm.6e~^ 

0 

0 

sin^e^f 

— OOS0 

0 

0 




r ' ' r 

Substituting this in (2) and using (8) and (9) we find the equations which 
determine F{r) and G{r): 

-,u:^F+<^i(^ + ^a^ + U(r)F=WF, 

+ lji/:^G-ch(^-^F^ + U{r)a=Wa. 

These equations may be discussed in the usual way for U{r)= — Ze^/r by 

writing G{r) — e~^^^g(r), a = ?ilVin^c^— W^jc^ 

and seeking the conditions for polynomial solutions for /(r) and g(r). The 
details are given in Dirac (§ 74).* 

The allowed discrete energy values found in this way are 


W= +IXC^(l + 


.)■' 


( 11 ) 


{s + Vk^-oL^'Z^fj 

where cx. = e^jfic, the fine structure constant introduced in 3®9. In this equa- 
tion the allowed values of s are 

5 = 0, 1, 2, 3, ... for /^<1 
1, 2, 3, ... for k ^ 1. 

The relation of the quantum number 7c to the ordinary doublet notation is 
given by the scheme: 

^Pk "n "A "^>5 - n3) 

Jc= -I 1 -2 2 -3 ... 

The levels which lie close together are those for a definite value of the total 
quantum number n = s+\k\. (14) 

* See also Gordon, Zeits. fiir Phys. 48, 11 (1928); 

Darwin, Proc. Roy. Soc. A118, 054 (1928). 
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The lack of symmetry of ( 12) with regard to the sign of Ic is just such that for 
a given value of n we have the same doublets occurring as in the non- 
relativistic theory, e.g. for «. = 3 we may have 


5 = 2, A= ± 1, giving ^8^, 

±2, giving 2p^, 

0, 1:= —3, giving 

so that the lack of the allowed value s = 0 with positive k is just what is 
needed to prevent the appearance of half of the term and so preserve the 
structural similarity with the non-relativistic theory. (11) gives, to terms in 
a^, the same system of levels as we found in 4^12; (13) and (14) show that 
levels of the same n andy have rigorously the same energy. 

For small values of Z the energy levels (11) are close to In the 

iff’s belonging to these levels, the third and fourth components, which 
refer to a' = — 1, are large compared to the other two, which refer to 
states in which a' = 4- 1 . In other words, the aspect is an almost exact 
quantum number. Besides the discrete levels there is an allowed con- 
tinuous spectrum for W> + (juc^ and for W < — {mc^. We shall not have 
any use for the exact radial functions and so do not work out the detailed 
expressions. 

It is instructive to discuss the Dirac equation for the central-field problem 
(2) in a way which exhibits the connection with the relativistic and spin- 
orbit effects as discussed in §§ 3® and 4®. Replacing Why E + (2) becomes 


1 

0 


0 

-1 


fJiC^ — cp' 


0 


a 

0 






= (P-l-/iC^) 


*A- 


in which the dependence of a and p on the values of a' is shown explicitly in 
terms of a vector cr whose components are {2jK) times the spin matrices of 
6^1. The first equation of the pair implies 



— c 




which may be used to eliminate from the other equation of the pair to 
obtain as the equation for ip_ 


in which 


■^P'o f{r) P’a U (r) = Pj/r_ 



E- xr \-^ 

2fxc^ 


(15) 


In actual atoms (E — U) 2fjLC^ everywhere except very close to the nucleus, 
so/(?)'~l. If we simply treat f{r) as exactly equal to 1, iff _ satisfies the 
Schrodinger equation for the non-relativistic problem without spin-orbit 
interaction, since (jp>-a)"=i>2. However, if we save the first term in the 


C S 
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development of /(r) we get both the spin-orbit interaction and the first 
approximation to the relativity correction. 

We write p'of(.‘r)p*Oip—f(r) 

The first term of this becomes simply /(r) p^^^l. By a simple application of 
5^5, we find that 


so the second term is 

fifir) 


lp-o,mi=V-^r-a, 
(r-o) (p-a)'p=-f'{r) ( 




Now to the first approximation 

/(r) = l- 


E-U 


P^ 




U'{T) 


Hence the equation for is 


1 idu 

2fL^c^r dr 




h^U\r)d^__ ^ , 

A. ,2^2 




(16) 


The first two terms constitute the simple non-spin non-relativistic Hamil- 
tonian, the third is the first approximation to the effect of variable mass as 
considered in § 3®, the fourth is the spin-orbit term as considered in § 4®. The 
last term is peculiar to the Dirac theory and does not have a simple classical 
inteipretation. This last term, in the case of a Coulomb field, U = —Ze^jr 
gives rise to the following change in the energy by a first-order perturbation 

calculation: K^e^Z 1 dn h^e^Z 

” ^22 -j-r^dr = ;t~^2 ^ 

since r(oo) = 0. (Here R(r) is the whole radial factor Ii{nl)fr of the wave 
function.) Hence this term contributes nothing except to S terms, for they 
are the only ones for which r(0) is not zero. Using the value of the radial 
factor from 2® 18, the amount contributed to the ns energy by this term is 

8;u.‘-^c^ 2 'n^ ’ 

which is the value of the spin-orl)it correction of S terms as given in 4® 10 
if we suppose those formulas to hold without cliange for 8 terms. On the other 
hand, as already remarked, the term in L*S becomes indeterminate for 8 

terms since the integral J ^ U'{r) ifj^dv diverges and L'S vanishes. We now 

see that that is simply a consequence of the approximation procedure which 
implies {E — ?7)<2p,c^. Near the nucleus we can have {E — £/) >> 2/ic- and 


now 
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for S states this is important because of the relatively large probability 
of the electron’s being close to the nucleus in these states. If we avoid using 
the expansion of/(r) we see that 



U'(r) 

2ju,c^ J 2ju,c2 


so near the nucleus the quantity /'(?*) approaches a finite limit, hence the 

radial integral J* R^dr is really finite, so this term vanishes on account 

of the vanishing of L*S. Hence we have shown that the approximation pro- 
cedure for Dirac’s equations when properly applied leads to 4® 11 even for 
the energy of the S terms. It is of some interest to note that Darwin had 
discovered (16) prior to the work of Dirac but without the term in dtffjdr; 
as a result his equations gave the hydrogen levels correctly except in regard 
to the JS levels. 


6. Intensities in hydrogen. 

In order to calculate the transition probabilities or the line strengths in 
the hydrogen spectrum we need the matrix components of the electric 
moment, P= — er. Since the results of § 9® and § 1 1® are applicable to P, all 
of the hydrogenic intensities are expressible in terms of the integrals 

r R{n 1) R{n' l~l) dr. 

0 

The evaluation of these integrals is rather difficult. Schrodinger* calculated 
them by use of the generating function for the Daguerre polynomials. Other 
simpler calculations have been made by Epstein, Eckart, and Gordonf. 
BatemanJ has generalized Epstein’s result. According to Gordon the in- 
tegral above is equal to 

a( _ /(^+1)T {4.nny^^ {n - 

4(2Z-1)! V + 

^ — — —n'^, 21, — 

( 1 ) 

in which the P’s are hypergeometric functions and n^. and are the radial 
quantum numbers n — and n* ~ I respectively. 

Special cases of the formula have been written out and simplified, and 
numerical values of the integrals liave been calculated by several persons, 

♦ ScHBODiNaER, Ann. dor I’hys. 79, 3G1 (1926). 

•f Epstein, Proc. Nat. Acad. Sci. 12, 029 (1926); 

Eokabt, Phys. Rev. 28, 927 (1926); 

Gordon, Ann. der Phys. 2, 1031 (1929). 

J Bateman, Partial Differential jEquations, Cambridge University Press, p. 453. 


4tnn' \"| 


_/ , 4nn' \ ln — n'\^ „ 
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most fully by Kupper.* In Table 3® we give some of the most important 
formulas for special series and in Table 4® numerical values for the most 
important values of the quantum numbers, the latter being based on Kup- 
per’s work as revised by Bethe.f The expression (1) is not applicable for 
n' = n. In this case the integral is easily found to have the value 

r R{nl) R{nl—l)dr==^^n'\/n^ — l^. (2) 

This integral, of course, does not occur in the intensity problem in hydrogen, 
but is important in the Stark effect (Chapter xvti). 

Let us now consider the strengths of the lines in the fine structure of 
hydrogen. J We could go at this directly by calculating the matrix com- 
ponents from the eigenfunctions (4®8) : this would provide ample exercise in 
calculation of matrix components. But it is more instructive to work them 
out as an application of the general results of Chapter in. In applying § 11® 
we identify with the electron spin, so and J ^2 with the orbital angular 

momentum, so ^*2 = Z. The strengths of the lines nl^Lj-^n' l— \ ^{L— 1)^/ are 
given by 7^5 in terms of the quantities The 

dependence of these on j' and J is given in 11®8, where they are expressed 
in terms of the {nl\P\n' l—\). According to the discussion just following 
11®8, this quantity is really independent of the spin and so, as in 1169, we 
may express it in terms of the nlm^mi scheme of states in which the spin 
and orbital angular momenta are not coupled. Since Pa= —ercosd we have 
{n I mi\ I— 1 

= — ef r R{nl) R{n' l—\)dr { cos0 0(Zm^) 0(^—1 sin^c?^. 

Jo Jo 

Using 4^21, we integrate over 6 to obtain 

{n I m^P\n' I— 1 — f r R{n 1) R{rb' I— 1 ) dr-'s/P — . 

V 4Z6 — 1 J 0 


Similarly {nlm^mi\P ^\n' = 0, 

so for a non-vanishing component I must change by one unit. Using 9®! 1, we 
have Pr.\n' I— 1 = { 7 i l:P\n' Z— 1) — m'f ; 

hence, finally, 

(71 l\P\7i' Z- 1 ) = - ^ ^ J% R(7i 1) R (n' Z- l)dr= s(w Z, n' I - 1 ). (3) 


* Kui'X'KR, Ann. <kir l‘hys. 86, .^>1 1 (1928); 

.SuouiIlA, .lour. <lc l*hyH. 8, 1 l.‘i (1927); 

Slaok, rhya. Rov. 31, .927 (1928); 

Maxwkll, Phya. Rov. 38, 11K»4 (1931). 
t Bethk, Handinich cler I'hyaik 24./1, 2'> ed., 442 (1933). 
j SoMMKRKELD and UwadOD, Zoiks. fiir Phya. 36, 269; 38, 237 (192(J); 
BisciiEUT, Ann. dor Phya. 6, 700 (1930); 

Saua and Banekji, Zcits. fiir Phya. 68, 704 (1931). 
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The quantities occurring in 7^5 are thus completely expressed in terms of 
the integrals over the radial eigenfunctions. 

The calculations may be exemplified by a detailed consideration of the 
line strengths in the fine structure of the ensemble of the w = 3 -»- 72 . = 2 


r /■« -12 

Table 3®. Values of I r R(n 1) R{n' Z— 1) tZr in atomio units for n'=^n. 

L7 0 J 


n 1 

n' Z-1 



Is 

2W(n - l)2n-B(7i + l)-2n-5 


2s 

- 1 )(»i - 2)2«-*(w + 2)-2«-« 


3s 

283»TO»(n2 - l)(n - 3)*«-«(7»i2 -27)2(w + 3)-2«-8 


4s 

2a«3-2n’(«2 _ 1 )(w - 4)2«-W(23»« - 28871® + 768)^(n + 4)-®”-i® 


5s 

2«3-®5»9i’(7ia -l)(n- 5)®«^i®(91w« - 2545n* + 2062571® - 46875)®(7» + 6)-a«-“ 

nd 

2p 

2“3-Mw® - l)(7i -2)2«“’(7 i +2)-®”-’ 



2ii3»7i9(7i® - 1 )(7i® - 4)(71 - 3)a»-®(7t + 3)-®"-® 


4p 

2303-15-1^9(^2 - _ 4){71 - 4)2«-“(97i2 - 80)2(71 + 4)-®«-“ 


5p 

2113-3597^9(7^2 _ 1)(^2 _ 4)(^ _ 5)271-12(07^4 _ 1650»2 ^ 9375)2(71 + 5)-2»a-i2 

M 


213305-1^11(^2 _ 1)(^2 _ 4)(^ _ 3)2«-9(7^ + 3)-2”-9 



2333-25-1^11(^2 _ 1)(^2 _ 4)(,^2 _ 9)(^ _ 4)2n-10(„ ^ 4)-27l-10 

■ 


2133-25117-1^11(^2 _ 1)(7j2 _ 4)(to3 _ 9)(^ _ 5)271-12(11^2 _ 175)2(71 +6)-2«“« 
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transitions. This is made up of three d<yuhlets, Z^P->2^S, and 

Z^S-^2 ^P. Using 1 l^S we have 

(3 ^Di\P\2<‘Pi) = ■s/l{Zd\P\2p), 

(3 2i)|iP|2 “f>|) = VA(3rfiPi2i>), 

(3 *Pj:P|2 !>Pi) = Vi(Zd\P\2p). 

^2^2 02208 

From Table 3® and (3), (3d:P:2p)2 = — — ; 

1 5 5-**'^ 


hence from 7*5 we find for the strengths of the lines, 

(a) S(3 2Z>.»-^2 2P|) = 9.22*375-i*e2a2 (6912) 

(b) S(3 2P|->22P|)=l. „ ( 768) 

(c) S(3 2P^.->22P^) = 6. „ . (3840) 

In the same way, (d) S(3 2P|-^22/S'j) = 2.22i365~*2e2a2 (1600) (4) 

(e) S(3 2 P |,->2 2;S'j) = l. „ ( 800) 

(f) S(3 2>S4^2 2P^) = 1.2i63’5-i2e2a2 ( 75) 

(g) S(3 2;S'i-^2 2p.2) = 2. „ . ( 150) 


It will be observed that the relative strengths of the lines in the same doublet 
bear simple integral ratios, 9:1:5 and 2:1. This is a special case of a general 
result for multiplets discussed fully in § 2®. The relative strengths of the 
different doublets are not so simple since these involve different radial in- 
tegrals. The figures in parentheses at the right in this table give the relative 
strength of each line, the common factor being 2^‘^3‘’‘5~**c2a2. 

We next consider the theoretical values of the Einst(Mn A transition 
probabilities. For a particular line these are cx])rcsse<l in terms of the 
strengths by 7*3. It is convenient to exjU'ess a with the Kydherg constant as 
unit, and the strengths in atomic units, e^aP-. I’lien the numerical coefficient 


in 7*3 becomes 


647t*R» 


3/i 


e^aP 




2-062 X 10»sec-i. 


(5) 


where a is the fine-structure constant and t the atonu(^ thno unit (see 
The absolute values of the transition prol>ahilitics involved in 
the first Balmer line arc therefore 


(a) A (3 2/).j->2 2Ps) = 0-043 x lO^scc 1 

(b) A(3 ^P \ ) = 0- 107 

(c) A(3 2Ps->2 27 >j) = o-53() 

(d) A(3 ^Pi~>2 ^S},) = 0-223 

(e) A(3 2P4->2 2,S'i) = 0-223 

(f ) A(3 2^j->2 2Pj) = 0-021 

(g) A(3 2;Sj->2 2P|) = 0-042. 


(sum = 0-013) 


(G) 
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The values illustrate several important properties of the A’s. The sum of the 
two transition probabilities from is equal to the single transition pro- 
bability from This is a general result true in more complex spectra 
(§ 2®). The two transition probabilities in are equals but the intensity 

ratio of the two lines is 2 : 1 because the A’s have to be multiplied by the 
statistical weights of the initial levels to give intensities. On the other hand, 
for the ratio 2: 1 appears in the transition probabilities themselves, 

so that in both cases the intensity ratio is 2; 1 although in the jSrst case it is 
‘ due to ’ a factor in the statistical weights while in the second it is ‘ due to * a 
factor in the transition probabilities. The quantities {2J + 1)A, which are 
proportional to the strengths, are thus symmetrical with regard to initial 
and j&nal states, while the A’s are not. 

Suppose we have an experimental arrangement whereby at i=0 equal 
numbers of atoms are put into each of the 1 8 states belonging to n = Z and 
that the atoms are not subject to any external disturbance. Then the relative 
intensity of the different doublets would depend on the time after the 
excitation at which the observation is made. The number of atoms in any 
level A after time ^ would be reduced by the factor where hj^ = SA(4, J?), 

B 

the sum being taken over all of the levels B of energy lower than A . In the 
particular case of the first Balmer line, the 3s and Zd states can only go to 2jp, 
but Zp can go to Is as well as 2s. We may calculate that 


A(3 1*64 X 108 sec-i 

for either S^Pf or 3®P^, and so the mean lives [the reciprocals of the total 
transition probabilities k^=k{nl)'] of each level of the three initial con- 
figurations have the values 


Configuration 

3s 

3p 

3d 


Moan life 

16-0 X 10“® BOO 

0-54 X 10“® sec 
1 *56 X 10~® soc 


Since the mean lives of the two component levels of ®P and are equal 
respectively, the relative intensity of the lines originating from them will not 
change with time. But the relative intensity of the lines originating in levels 
of different L value does change with time. The 3 ®>S'->2 will be emitted 
for a much longer time than the others on account of the greater lives of 
their initial states. 

Such an experiment has never been performed. The actual studies of the 
relative intensity of the lines are made with an electrical discharge where 
the excitation and emission reach a steady state. The atoms are subject to 
disturbing electric fields and to collisions which tend to produce a mobile 
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equilibrium between the states of differing I and the same n. The result is 
that when the disturbance is sufiGlciently great all of the states of the same n 
have the same mean life, corresponding to a total transition probability 
1c{n) which is a weighted average of the individual total transition 
probabilities: i w-i 

k{n) = ^^^^{2l+l)k{nl). 


TabIjH 6®. Transition proiboAilities and wean lives for hydrogen. 


Initial 

config. 

h{nl) 

10® sec~*- 

Life 

10“® 800 

Total transition probability (10® sec~') 
to final configuration indicated:* 




2p 

Zp 

4p 

Bp 

2s 

0 






Ss 

0*063 

10 

0*063 




4^8 

0*043 

23 

0*026 

0*018 



Bs 

0*0277 

36 

0*0127 

0*008b 

0-006b 


6s 

0*0176 

67 

0*0073 

0-0051 

0-0035 

0-0017 




Is 


Zs 

4^ Bs 






Zd 

4d 5d 

2p 

6*26 

0*16 

0*25 




Zp 

1*86 

0*54 

1-04 

0-22 



4p 

0*81 

1*24 

0*08 

0-095 

0-030 







0-003 


Bp 

0*415 

2*40 

0*34 

0-049 

0-016 

0-0075 






0-001 5 

0-002 

6p 

0*243 

4-1 

0-195 

0-029 

0-0096 

0-0045 0-0021 






0-0007 

0-0009 0-0010 






Ap 

Bp 






4/ 


Zd 

0*64 

1-56 

0-04 




4d 

0-274 

3-65 

0-204 

0-070 



Bd 

0-142 

7-0 

0-094 

0-03-1 

0-014 







OOOO 5 


6d 

0-080 

12-6 

0-048 

0-0187 

0-0086 

0-0010 






0-0002 

0-0001 




Zd 

Ad 

Bd 









4/ 

o-i:i7 

7-3 

0-1,37 




6/ 

0-07 1 

14-0 

0-045 

0-026 




0-0-112 

24-3 

0-0210 

0-0129 

0-0072 







0-0001 





■*/ 

•y 



% 

0-0425 

23-5 

0-0425 




6(7 

0-0247 

40-5 

0-01.37 

0-01 10 






•"if/ 




6h 

0*0104 

01 

0-0164 





V-\-i 

* This is^^ S ->■ n'Vj'), a quantity which is independent of the vnluo of j. 
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In Table 5® some of the important values of the transition probabilities 
for hydrogen are given together with the mean hves of the individual states, 
and in Table 6® are given the average mean lives for several values of n. The 
discussion of the experimental results of intensity studies in hydrogen is 
taken up in the next section. 


Table 6®. Av&ro/ge mean life l/£(ra). 


n 

(10~® sec) 

2 

0-21 

3 

1-02 

4 

3-35 

5 

8-8 

6 

19-6 


7. Experimental results for hydrogenic spectra. 

Let us consider briefly the relation of the foregoing theoretical results to the 
experimental data. We have found in § 2® that the energy levels in hydro- 
genic atoms are given by ^g 4 ^2 


W = 




where fx is the reduced mass (§1®). In spectroscopy we are concerned directly 
with the wave-numbers of the hues which are obtained as the differences of 
the term values 


<T= — 




Riar = 




( 1 ) 


The universal constant occurring in this expression is known as the 
Rydberg constant for hydrogen. The quantity obtained by using the 
reduced mass of the electron with respect to any other nucleus is known 
as the Rydberg constant for that atom and we write Roo (or R) for 
the Rydberg constant obtained by using the electronic mass in this 
formula. 

The spectrum of hydrogen divides itself naturally into a number of series 
of ‘lines’, each series being the set of lines having a common final n value: 


Final n Name 


Wave-lengths (Angstroms) 


f 

First member 


^ 

Series limit 




1 Lyman 

2 Balmer 

3 Paschon 

4 Brackett 


1216 

6662 

18571 

40500 


912 

3648 

8208 

14600 


The Lyman series lies deep in the ultra-violet, the Balmer series is the pro- 
minent feature of the visible hydrogen spectrum, the other two are in the 
infra-red. 




138 ONE-ELEOTBON SPEOTBA 7 ® 

The Rydberg constant is one of the best known atomic constants. A 
critical study of all the data made by Birge* led him to adopt the values 

Rh = 109677*759 ± 0*05 cm-i 
Rne = 109722*403 ± 0*05 „ 

Rco =109737*42 ±0*06 „ . 

The smallness of the difference between R 2 [ and R^e means that some He II 
lines are very close to certain H I lines. Thus for the first Balmer line, , 



and close to it, in the He H spectrum, is 

By making an accurate measure of the separation of these lines and taking 
the ratio of the nuclear masses as known from the chemical atomic -weight 
determinations, it is possible to measure the mass of the proton in atomic 
units, that is, the ratio of its mass to that of the electron. The most accurate 
study of this kind has been made by Houston*}* who finds 

1838*2 ± 1*8. 

Taking this in combination with the Faraday constant in electrolysis, the 
value of ejfx for the electron becomes 

e//x= (1*7602 + 0*0018) X IO^emu. 

This is in good agreement with the recent precision incasnrenients on free 
electrons in deflecting fields by Perry and Chaffee, and Kirch ncr.:|: Thus the 
theoretical effect of the finite mass of the nucleus is fully verified. This effect 
was the means used in the discovery of the hydrogen isotope, douteriiini, by 
Urey.§ 

The relativity -spin structure for hydrogen and Hell is very line, the 
distance of the extreme components of the energy level being 

Act = (n — 1) 

according to 4®12. For the final states of the Balrnor scu’ies in hydrogen 

Aa = 0*365 cm“^, 

while the states of 92. == 4 in ioniyed helium have a splitti ng tliroe times as gi’eat. 

Since the higher levels show a much smaller splitting, the obscrvcfl ])attern 

in a Balmer line is that of two close groups of lines with this separation. 

* BiRaM, Rov. Mod. Rhys. 1, 1 (1929). 
t Houston, Rhys. Rov. 30, 608 (1927). 
j Pbrhy and Chabtee, Rhys. Rev. 36, 904 (1930); 

Kiboiiner, Ann. dor Rhys. 8, 976 (1931); 12, 503 (1932). 

§ Urey, Brickwedde andMuBPiiY, Rhys. Rev. 40, 1, 404 (1932); J. Chem. Rhys. 1, 512 (1933). 
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Sommerfeld and Unsold* liave discussed tlie modem interpretation of the 
fine structure for several lines. We confine our attention to . The theo- 
retical pattern for this line is shown in Fig. 3®, w'here the ordinates are 
proportional to the relative intensities of the lines as calculated in the 
preceding section. 

The broadening of the lines by the Doppler effect due to the thermal 
velocities of the atoms in the source is considerable, so the experiments are 
performed with the discharge tube immersed in liquid air. According to the 



theory of the Doppler effect, an atom emitting wave-number ctq if moving 
toward the observer with speed u will appear to emit radiation of wave- 


number <7 where 


a = OQ{l+ujc). 


If the distribution of velocities is according to Maxwell’s law for absolute 
temperature T, the fraction of all atoms whose speed toward any direction 
is between u and u + duia given by 


dn = 


2tt1cT 


Q~^nv?IZJcT^^.^ 


hence the intensity of radiation between a and o- + dcr is proportional to 


27rkTal 


(g — go)» 

da. 


\ mc^ J 


* Sommerfeld and Unsold, Zeits. fiir Phys. 36, 269; 38, 237 (1926); 
see also Slater, Proc. Nat. Acad. Sci. 11, 732 (1925). 
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Numerically, if T is expressed in tliousands of degrees and m is expressed in 
atomic weight units, ^ 0.958 x lO-WTjm. 

The liquid-air bath does not prevent some warming of the gas during the 
discharge and the observed widths correspond to a temperature of about 
200° K., that is, a~0*07 cm*"^, so the width of the lines is comparable with 
some of the intervals in the pattern. With this in mind we expect that (g) 
will be too weak to show, that (a) and (b) will be lumped together and that 
(e) -h (f) will produce an asymmetry on the curve produced by (c) + (d). 

This is exactly what was found experimentally.* Especially important is 
the occurrence of (e)-t-(f), since on the original jfine-structure theory of 
Sommerfeld this component is forbidden. Its presence therefore lends support 
to the present interpretation of the fine-structure levels. The relative 
intensities are found to depend somewhat on the discharge conditions. f 
The relative intensities of the absorption of the first three Balmer lines 
has been studied by Snoek.J He found the relative values to be, for the two 
fine-structure groups arising from the two initial levels, 

100: 18*8: 7-4 (from j = f) 

100: 20*2: 8*5 (from ^* = 4). 

The theoretical ratios for absorption from the j = f or from 22)^ are 

100: 17*6: 6-3, 

while those for absorption from the 25^ are 

100:24:0-9. 

The experimental values from j = f are in good agreement with the theory 
and those from j = | correspond quite closely to a mean between the theo- 
retical values for 2s ^ and 2pf ^ . 

The same question was studied by Carst and Ladenburg§ by measuring 
the amount of the anomalous dispersion around and . The uncertain 
element here is the amount of correction for negative dispersion due to 
atoms in the w = 3 and n = 4 states. They conclude that the oscillator strength 
ratio is between 4-66 and 5-91 for Since the oscillator strengths are 

proportional to tlie absorption, we see from the foregoing figures that the 

* Tho principal papers are: 

Hanskn, Ann. dor Phys. 78, ( in2r>); 

Kent, Taylor and Pkarson, i’hys. Kov. 30, 200 (1927); 

Houston and Hstkh, J^hya. Kov. 45, 26;» (1934); 

Williams and Ginns, Phys. Rov. 45, 475 (19.34); 

SnunniNO, Shank and Grack, Phya. Rov. 47, 38 (19.35). 
t Soo Bethe, Handbuch der Physik, 24/1, 2'^ od., 4.52 (193:1). 

j Snobk, Dias. Utrecht (1929); Archives Ncorlandaises, 12, 164 (1929); Zeita. fiir Phys. 50, 600 
(1928); 52, 654 (1928). 

§ Caest and Ladenbueo, Zeits. fiir Phys. 48, 192 ( 1928). 
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theory gives 4- 16 if all atoms are in the 2s states and 5*68 if all are in the 
2p states, while the average according to statistical weights is 5’37. 

Omstein and Burger* studied the relative intensity in emission of Bahner 
and Paschen lines having the same initial states so as to eliminate the un- 
certainty as to the number of atoms in the initial states. The results were 




Obe. 

Theory 

H^/Pcc 

(4-J-2):(4->3) 

2*6 

3-65 

Hy/Pp 

(5->2):(5->3) 

2-5 

3-4 

Hs/Py 

(6-s-2):(6-s-3) 

20 

3-2 


The theoretical values are based on assumption that each initial state has 
the same number of atoms in it. The departures indicate that this is not the 
case and that there must be an extra supply of atoms in /states since these 
contribute to the Paschen Hnes but not to the Balmer lines. 

An interesting absolute measurement of the life time of the excited states 
of He+ was made by Maxwell, f He excited the heUum by electron impact 
occurring in a narrow electron beam. The excited ions produced were drawn 
out by a transverse electric field which did not sensibly affect the original 
electron beam because of the presence of a controlling longitudinal magnetic 
field. The ions move various distances in the transverse field before radiating, 
corresponding to the probability distribution of life times. By studying the 
spatial distribution of intensity of light he was able to infer the mean lives 
of the excited atoms. For the n = 6 states of He+ he found a mean average 
life of ( 1- 1 ± 0-2) X 10~® sec, while the theoretical value is 1- 17 x 10~® sec. The 
mean fife is that of hydrogen since the frequency cubed varies as and the 
radius squared varies as in the expression for the transition probability. 

8. General structure of the alkali spectra. 

In the next chapter we shall formulate the problem of the motion of iV" 
electrons in the field of a nucleus and shall see that there is a limit to the 
number of electrons of each nl value that can occur in the atom. When for 
a given value of nl the maximum number is present, we speak of these as 
forming a closed shell (§ 5®). If we have an atom in which all the electrons 
but one are in closed shells, the mutual interaction of the electrons is greatly 
simplified and the energy -level scheme is, to a good approximation, just that 
of a single electron moving in a central field (§ 10®). This effective central 
field for the extra electron outside closed shells is the resultant field of the 
nucleus and of the other electrons, so for neutral atoms it is of the form 
— e^jr at large distances from the nucleus and is equal to — {Ze^/r) + C at 
small distances, where C is the constant potential at the origin due to the 
electrons in closed shells. 

* Obnstkin and BuiiOEB, Zoits. fiir Phys. 62, 636 (1930). 

I Maxwell, Phys. Rev. 38, 1664 (1931). 
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Since this is a central-field problem, we may apply § and classify the 
states by quantum numbers n and 1. The angular factors will be those corre- 
sponding to precise values of angular momentum. Since the potential energy 
at each distance is less than in the simple Coulomb law, the energy corre- 
sponding to each nl is lower than for the corresponding hydrogen state. 
Moreover, since the difference between the potential energy and the Coulomb 
law is greater at small values of r, the difference is greater for smaller values 
of Z. 

It is convenient to discuss the empirical data by introduction of the 
effective quantum number n* defined by 

a{nl) = — R/n*^, (1) 



Fig. 4®. Energy level diagram for sodium. The iS series is Icnown to n= 14, the P to 
71 = 69, the JD to n=15, and the P to n. = 6. The only doublet terms which have 
boon resolved are the first seven of tho P series. 

where R is the Ifydberg constant for the atom in question. The dependence 
of n* on n is almost linear, so that tho difference {71 — 7 t*) = A, which is called 
the quantum defect, is almost constant in a particular series (constant Z, 
varying n) of terms. These facts are illustrated in Fig. 5^ where tho empirical 
values of the quantum defects are plotted for the various series of the al kali 
Fach plotted point on this scale is big enough to cover the variation 
of A with 71 along a series. This shows clearly that the/ terms even in Cs are 
hydrogen-hke although all others in Cs show large displace- 
ments from the hydrogenic values. 
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The much smaller dependence of A on w in a given series is shown in 
Fig. 65 for several typical series. This shows the difference, A(wZ) minus the 
A for the first member of the series, as a function of n. It will be noticed that 
A increases with n in the d series and decreases in the s and p series. 

The various empirical formulas for the terms in a spectral series which 
^e m use among spectroscopists may all be regarded as formulas for the 
dependence of n* or A on n. The simplest 
is the Rydberg formula which simply 
regards A as a constant. Other special 
formulas which are in use are 

A = a + ba{nl) (Ritz), 

A^a + bln^ (Ritz), 

A = a + bln (Hicks). 

In the first of these the deviation of A 
from constancy is proportional to the 
term itself which means that the quantity 
represented is contained implicitly in the 
formula which represents it. 

In considering the variation of the 
one-electron spectra along an iso-elec- 
tronic sequence, it is desirable to take 



degree of ionization by writing 


^ Wll/XX 0 diZlLL ^ OI 

quantum defect A in alkali spectra. 


<r{nl) = - RZlfn*^ ( 2 ) 

as the equation defining where Zq is the net charge of the ion around which 
the single electron moves (one for neutral atoms, two for singly-charged ions, 
etc.). For higher values of the nuclear charge in an iso-electronic sequence 
the departure from the Coulomb law caused by the inner group of electrons 
is smaller in proportion to the whole potential energy. Therefore we expect 
the terms to become more hydrogen-like as Z^ increases in such a sequence. 
This means that the A{nl) tend to zero as Zq increases. This is illustrated in 
Fig. 75 where A for the s and p terms of the eleven-electron sequence, Na I 
Mg II, A1 III, and Si IV is plotted against Zq . 

In the orbital form of the atomic theory there was a sharp distinction 
between penetrating and non-penetrating orbits, the former being those 
which extend into small enough values of r that the field has a non-Coulomb 
character. This distinction is not so sharp in quantum mechanics as all of 
the eigenfunctions have non-vanishing values near the origin. Nevertheless 
the states of the higher I values penetrate less, as in the old theory. For the 
non-penetrating orbits the old theory gave an explanation of the slight 
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departoes from hydrogenio values by assuming that the core of the atom, 
composed of the inner groups of electrons, is polarized by the field of the 
outer electron, so that the electron’s motion was perturbed by an interaction 
term, — ae2/2r^, where a is the polarizability of the core. Using values of oc 
inferred from ion refractivity data, this gives a fairly satisfactory account 
of the deviations. 

The alkali spectra have, of course, a doublet structure caused by the 
spin-orbit interaction discussed in § 4®. Since t-ni is essentially positive, 
i-e. the level with higher j value is higher in energy. This 



numliurs of torn is. 


or 


...Tier is called 7 iorwaL For fields not deviating too greatly IVoni (Nmlomb 
fields wo may expect the value of the doul)lot interval to ho given roughly 
bv 4511, which can bo written in the form 


‘I T 2 /' 

W\\— 


a 


iiR " =r>-S22 ,,em 

??/*/(/-!- I ) /r‘/(/ -l-l) 


( 3 ) 


If this form has any kind of api)roximato validity for the alkalis, we expect 
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that the doublet interval wiU vary about as l/n^. The absolute value of the 
intervals we do not expect to he given at aU by the formula. The approximate 
variation as 1 /to® is shown in Fig. 8®, in which is plotted, on logarithmic 
scales, the doublet interval as ordinate and to 
as abscissa for all the known doublets of the 
alkalis. From this it is clear that in the 
the variation is like to"® or but the diagram 
also shows some striking exceptions, thus far 
unexplained. For example the D series of both 
Rb and Cs show a remarkable discontinuity 
in their values so that in the case of Rb for 
TO = 1 1 the interval takes a jump from an ex- 
pected value of about 1 cm-^ up to 6 cm"^, which 
is twice as big as the interval for to = 5, the first 
member of the series. In the case of Cs the 



intervals for to = 13 and 14 take a similar sudden jpjg ^6 Variation of A in 
jump upward and become nearly equal to the 'fch® Na-like iso-electronic se- 
P intervals for the same to’s. quence. 



Fig. 8». Variation of doublet interval with n in alkali spectra 


lO 
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Data on doublet intervals for F series are scarce, indicating that the 
interval is usually small. But in the case of Cs it is definitely known that the 
doublet F terms are inverted, that is, the level with the higher^’ value has 
the lower energy. The separations, however, are very small: 


in Cs. 


n 

4 

5 

6 

7 

8 

9 

10 

Act 

- 0-2 

- 0-2 

- 0-1 

-00 

- 0*1 

-01 

- 0-0 


The first order perturbation theory is quite inadequate for explanation of 
this inversion since ^ is essentially positive. 

We turn now to the relative intervals of corresponding terms in D and P 
series. According to the hydrogen formula these intervals should be as 1:3. 
We expect them to be less than this in the alkalis, since the p eigenfunctions 
have appreciable values for smaller values of r than the d eigenfunctions . Since 
the deviation from the Coulomb law is in the sense of stronger fields than 
Coulomb at smaller distances, this tends to make ^ for a state greater than 
for a d state in a larger ratio than for hydrogen. That those expectations 
are borne out is shown in a table for Cs: 


n 

G 

7 

8 

9 

10 

11 

12 

13 

14 


0-078 

0-115 

0-1 ;i5 

0-182 

0-104 

0-192 

0-090 

0-904 

1-02 


The anomaly of the last two terms, already inentionecl, is here striking. 

In the case of the iso-clectronic sequence Li I, Be 11, etc. the interval for 
2p is known and agrees quite well in absolute value with the value given by 
the theory for hydrogen: 



Li 1 

lie II 

Ji 111 

C IV 

N V 

O VI 

2p interval is 

0-:}4 

0-0 

:}40 

107-4 

259- 1 

533-8 

Value by (3) 

8 

o-:t04 

5-82 

29-5 

9:{-2 

227-4 

471-0 

2-019 

1-937 

I -884 

i-8r>8 

1-838 

1-810 


Various somewhat empirical modifications of tlic doublet interval formula 
(3) have been ]>roposed. Laiidef from an analysis <3f the classical penetrating- 
orbit picture proposed replacing Z''^ by wliere is the net ion charge 

as in (2) and Z^ is an effective nuclear charge in the inner region to which the 
orbit penetrates, and replacing by Another modification that has 
been used a great deal by Millikan and Bowenij: regards the entire orbit as 
determined by a Coulomb field of effective nuclear charge {Z — 8), where *S' 

t LandIs, Zoits. fiir I’hys. 25, 40 ( 1924). 

X Millikan and Bovvkn, I’hys. Ilev. 23, 704 (1924); 24, 209, 2 :j:J (1924). 
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represents the amount by which the full nuclear charge is diminished by 
screening of the field by the inner electrons. If one chooses values of JS to fit 
the observed 2p intervals in the Li I to OVI sequence, they are found 
(third row in the above table) to be nearly equal to two, which is a reasonable 
value. In the older theory the formula (3) was derived as a relativity effect 
and therefore should have applied to the interval between s and p terms 
rather than to the interval. This puzzle was solved by the interpretation 
of the doublet formula as due to the spin-orbit interaction. 


9. Intensities in alkali spectra. 

After we have found a central field which gives a satisfactory representa- 
tion of the energy levels of a one-electron spectrum, we may use the eigen- 
functions of this field to calculate the radial integrals 


J* r R{nl) li(n' l—l)dr 


which are needed for the intensity problem. The theory goes exactly as for 
hydrogen (§ 6®) with these integrals replacing the ones based on hydrogenic 
eigenfunctions. 

The first point to be noticed is the 2: 1 strength ratio in the principal 
series n ^P->-^S, which was already calculated in our discussion of hydrogen. 
This value* is observed for the first doublet in Na and K. For Rb the ex- 


perimental ratio for the second doublet is 2*5 while in Cs the ratios for the 
second and third doublets are 4-0 and 4-7, although it is 2-0 for the first 
doublet. The explanation of these departures, due to Fermi, is considered 
in § 5^®. 

Next we consider the relative strengths of the doublets in the principal 
series. Most of the experimental data is expressed in terms of effective 
f values for the unresolved doublets, defined in a way exactly analogous to 
the definition in 9^14 of the f values for lines. For the doublet of wave 


number a connecting the low-energy configuration ill and the higher con- 
figuration »T. S(»T. «/) 




t(s) 


2 (2^ -hi) ’ 


where S is the total strength of the doublet. Calculations of the f values 
for the principal series 2s — np of Li have been made by Trumpyf using 
radial eigenfunctions based on a Hartree field (§ 8^*). The ratios of the f values 
of successive doublets were measured by FilipovJ by the anomalous- 
dispersion method. The striking thing is the very large ratio, 136, of the 
first to the second doublet. In Table 7® the experimental values of Filipov 


* Tho experimental data are Buiuniarizod by Kobii’f and Bkeit, Rov. Mod. Phys. 4, 471 (1932). 
t TitUMpy, Zoits. fiir I’hys. 61, 54 (1930); 66, 720 (1930). 

X Fiiiipov, Zoits. fiir Phys. 69, 520 (1931). 
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are given as calculated from the measured ratios assuming the first one to 
have the theoretical value calculated by Trumpy. To show how much the 
values are affected by the departure of the Li eigenfunctions from the H 
functions, we have given in the last column the values obtained by using 
hydrogenic radial integrals together with the la frequencies in the theoretical 
formula. 


Table 7®. f values in the lA 2a — np series. 


n 

Pilipov 

exptl. 

Trumpy 

theory 

Li cm“^ with 

H integrals 

2 

76000 X 10-® 

75000 X 10-® 

123000 X 10-* 

3 

649 

551 

86000 

4 

478 

471 

18000 

5 

314 

253 

7000 

6 

192 



7 

128 



8 

91 



9 

67-6 



10 

620 



11 

40-6 



12 

32-7 



13 

26-6 




Similar calculations for the 3s — np series in Na have been made in- 
dependently by Prokofjew, Trumpy and Sugiura.* Prokof Jew’s method of 
obtaining the central field is discussed in § 3^^; Sugiura’s method is similar. 
Trumpy used a Hartree field. The experimental ratios were measured by 
Pilipov and Prokofjewf and as in the table for Li have been reduced to 
absolute values by assuming agreement with Trumpy’s calculations for the 
first line. These are given in Table 8®. The small inset table gives the values 
as calculated by Prokofjew for several other doublets. 

Values for the principal series of Cs (for which no theoretical calculations 
have been made) and of the ratios of the first two doublets of the principal 
series in El and Rb are given in the report by Korff and Breit (loc. cit.). 
ZwaanJ has calculated the spontaneous transition probabilities 

A(4p->3<il) = 0- 13 X 10®8ec~^ and A(4p->4i*) = l-.'iJ.') x l()®scc—^ 

for Ca II using eigenfunctions of a field determined by the method of § 3^^. 
The values are of interest in connection with Milne’s theory of the sup] )ort 
of ealcium in the solar chromosphere by radiation x)rcssui'e.§ 

* Pkokofjhw, Zoits. fiir Phye. 58, 255 (1929); 

Trumpy, ibid. 61, 64 (1929); 

SuaiuitA, Phil. Mag. 4, 495 (1927). 
t p-mipov and Prokopjew, Zeits. fiir Phys. 66, 458 (1929). 
t ZwAAN, Biss. Utrecht, 1929. 

§ Milne, Monthly Notices R.A.S. 84, 354 (1924); 85, 111 (1924); 86, 8 (1925). 
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n 

Ezptl. 

3 

97650 X 10-8 

4 

1403 

5 

205 

6 

63-1 

7 

26*6 

8 

13*4 

9 

8-11 

10 

6-37 

11 

3-84 

12 

2-84 

13 

2-17 

14 

1-73 

16 

1-40 

16 

1-16 

17 

0-92 

18 

0-76 


Trumpy 

theory 

Prokofjew 

theory 

Sugiura 

theory 

97650 X 10-8 

97960 X 10-8 

97280 X 10-8 

1440 

1426 

1440 

241 

221 

660 

98 

73 

280 


Transition 

Prokofjew 


3i>— 4a 

0-163 


Zp-Zd 

0-832 


Zp — 4ed 

0-108 


4a —4p 

1-35 


10. Zeeman effect.* 


When an atom with one valence electron is placed in a magnetic field, the 
energy levels are split into several components, giving characteristic Zeeman 
patterns. The interaction energy which produces these displacements con- 
sists of two parts, that arising from the spin of the electron and that arising 
from its orbital motion. 


On the spin hypothesis (§ 5®) an electron has a component of magnetic 
moment of magnitude + e^/2/^c in the direction in which the component of 
spin angular momentum is + Since the energy of a particle of magnetic 
moment M. in a field 3^ is — the interaction energy of the magnetic 

electron may be written 


juc 


S-3^ 






( 1 ) 


The effect of the magnetic field on the or})ital motion of the electron is best 
obtained by using the vector potential A, where = curlyl. The Hamil- 
tonian for a particle of charge -e in the field of potential A is obtained by 
writing p -|- {efc)A in place of the momentum p in the Hamiltonian for the 
case without the magnetic field. f Then, in place of the term p^j2jx, we have 


^{p+IaJ^^p^+^(p.a+a-p)+ 


2[xc 


.A‘‘ 


Now since p= —ih grad, we obtain, using a formula of vector analysis, 
P'Ailf — — ifi div{Aip) = — ihxfj div.4 — i^.4*grad^ = 


* Hrisionburg and Jordan, Zeits. fur Phys. 37, 263 (1926); 

C. G. Darwin, Proo. Roy. Soc. A115, 1 (1927); 

K. Darwin, ibid. A118, 264 (1928). 

t See Condon and Morse, Quantum mechanics, pp. 26—27. (Not© that their dovelopment is for 
a particle of charge +e.) 
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if we choose A as Sb solenoidal vector (i.e. so that div^i = 0: this may always 
be done). Hence the energy due to the magnetic field may be written as 




( 2 ) 


For a uniform magnetic field we may take A — x r).* 

We shall now make a rough calculation of the order of magnitude of the 
terms in (2) which wiU show that the second is entirely negligible for all 
magnetic fields thus far used in the laboratory. In atomic units (see Ap- 
pendix), e— 1, 1, c— 137, r and p for an electron are of the order of 1. 

The usual magnitude of in Zeeman-efiect measurements is from 10,000 
to 30,000 gauss, i.e. from 0*6 to 1*8 x 10~^ atomic units. The larger of these 
values gives .4 0*9 x 10~3 atomic units, and the first term of (2) ~0-65 x 10“® 
atomic units of energy 1-5 cm-^. This is an energy which may easily be 
measured spectroscopically, since the limit of spectroscopic accuracy in the 
visible is of the order of 0-001 cm“^. On the other hand, even if we take.?^ as 
200,000 gauss (which is about the highest field anyone has ever succeeded 
in using), the second term represents an energy of only 0-0002 cm"^. This 
magnitude is certainly at present undetectable. 

Hence we shall consider only the first term of (2). Whenweset.<4==^(.5^f^x r), 
this interaction becomes 


—A'p = X rp = y.p — 

/xc 2^c 2/xc ^ 2fxc 


( 3 ) 


When this is added to (1) we obtain as the whole effect of the magnetic 

field the energy ^ 

= (4) 

In particular if we take the z axis in the direction of ^ this interaction 
energy becomes 

where o is a coefficient proportional to the magnetic field strength 

eje 


2fjic' 


(«)t 


Thus the energy (5) arising from the interaction of the atom and the mag- 
netic field is diagonal in a representation in which and are diagonal, 
i.e. in the representation 4^2. 


* To show that this represents a uniform magnetic field wo have 

curl^ = Jcurl(.??’ x r) — - r dxv3^ - Jiff’-gTaclr -f- J^^’div*-}. 

Since oSf’ is constant, the first two terms are zero. Tho third term is - and the fourth hence 
curL4 = .32^. Similarly div.<4 =0 as required. 

t Note that this is 27r times the o as usually defined (the classical Larmor frequency). 
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Weah-fidA case. 

In th.e cd>S6 in wliicli t]i6 ZeeinBiii splitting is small compared to tlie spin 
doubling we can consider ( 5 ) as a perturbation on each of the two levels 
obtained by the spin interaction separately. We must thus calculate the 
matrix components for the difEerent degenerate states 

of the level nl . These are easily obtained from 4^8 : 

■ IV i i) ± — i) — 4 m'+i) |- 

4 

= noB{m,m ) I (m + ^) ^ ^ ■ 


— fhom 


2Z +1 + 1 

2 z+r“ 




( 7 ) 


This matrix is already diagonal so that the displacements of the different 
Zeeman components of the level are given by 




2Z +1 + 1 
2Z + 1 


! Jiomg, 


The factor - ^ ^ is known as the LaTide g-factor. This derivation holds 

for s levels as well as for those with Z > 0. 


Thus, for weak fields, to the accuracy with which 4^8 represents the eigen- 
^’s of the components of the spin doublets, each level is split symmetrically 
into 2j + 1 equally spaced states, the splitting being proportional to the 
magnetic field, and being independent of the value of the total quantum 
number n and of the atom in question. I^he interval between the states after 
splitting is determined completely by r/, which depends only on Z and j. For 
a given Z, the level of higher j is more widely split than the level of lower j. 
A table of <7- values is given below: 


fj-vahie/i for doublet fipecira. 

‘S ~P 2Z> '^F m HI 

+ i 2 % :« .? 1-4 

\i-h — n i ? 0 IV 

In terms of wave-numbers the displacement (8) is given by 

o-= 4-670 X 10-5 jf’mgr, (9) 

where .ylf is in gauss.* The accuracy with which this formula holds for all 

* Note the accuracy of our ostiinatc of l-.T cm-^ as the magnetic perturbation caused by a field 
of 30,000 gauss. 
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doublets of all one-electron atoms and ions was early discovered experi- 
mentally, and is expressed by Frest(m*s Rtde,* Indeed, one of the methods 
of obtaining is by the accurate measurement of this Zeeman effect. 


The atrong-jidd case — PcLschen-Bach effect. 


We have been considering the case where the Zeeman effect is small com- 
pared to the spin interaction. We shall now consider the other extreme, 
where the magnetic field is so strong, or the spin-orbit interaction so small, 
that the spin splitting is negligible compared to the magnetic splitting. In 
this case we start with the degenerate configuration nl and the system of eigen- 
functions <f>{nlmgmi) in which is diagonal. The magnetic energy is then 


given by 


Sg)\nlmsmi) = ho{m-\- mj. 


( 10 ) 


Hence each configuration is spHt symmetrically into 2Z -f- 3 equally spaced 
components corresponding to the 2Z -h 3 possible values, l+l, I, . . . , — (Z + 1), 
of m + mg{ — mi+2mg). Of these the two highest and the two lowest are 
non-degenerate, while the others are doubly degenerate corresponding to the 
two ways of obtaining a given value of (m^) + (2m^) ; (m^) + ( 1 ), 4- 2) + ( — 1). 

If we now superpose a small spin-orbit interaction we get a displacement for 
the non-degenerate components represented by h-^l^{mgmi\L* S\mg 7 ni) = Z,m{mg 
(cf. 7®3). For the degenerate components we note that because of the 
S(w,m') in 7^3 there are no matrix components of h'S joining the two 
states, so that each state is displaced by the amount which may or 

may not split the component. 

This state of affairs is known as the Paschen-Back effect, the eigen- 
functions in this case being those labelled by nlm^i. 


The transition case. 


We have been able to determine very sinijily the Zeeman splitting in two 
extreme cases, that in which the magnetic interaction is small compared to 
the spin-orbit, in which case the eigenfunctions are label lot! by and w-; and 
that in which the magnetic interaction is large compared to the spin-orbit, 
in which case the eigenfunctions are labelled by and m^. In order to 
obtain the transition between these two extreme cases we must apply the 
spin-orbit and magnetic perturbations simultaneously, treating 

HI + ^ J^.s H- o ( J, -4 B,) (11) 

as a perturbation. 

We use the fundamental system of eigenfunctions labelled by nhugmi, in 
which the matrix of is diagonal and the matrix o^ W is given by 453. Wc 
shall again consider just the matrix for a given nl. From 7^3 we see that this 
matrix will split up according to m. The values m = Z -|- 1 and —{1+ |) are 

* This rulo applies also to atoms with more than one electron outside of closed shells. See § 2^®. 
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realizable in just one way, namely with mi= ±1^ ^ 3 = respectively. 
Hence tbe energies corresponding to these states are obtained immediately 


from 753 : 


w= — (Z + l) 


e = \lt + no{l+l) 
€=lii-no (z+i). 


(12a) 


For the other values of m we obtain the second-order secular equation: 




which has the two solutions 


4e± = 4^om — ^ ± V (4^om — 4)^ — 4{^^o^ i4m^ — 1) — 4^^om — (I + 1)}. 

(12b) 


Here ^ represents the magnitude of the spin perturbation while fio 
represents the magnitude of the magnetic perturbation. If we neglect 
(hoj^)^ compared to 1, we obtain 



which agrees with the weak-field case as given by (8) and 4^7. If we neglect 


(?//(o)2 we obtain + j) + j { 

€_ = ?io {ni - '^) — l{m + -|) t. 


(14) 


which agrees with the results obtained in the strong-field case. 

The complete transition (12) is plotted in Fig. 9® for the case of a term. 
The splitting is plotted in units of ^ as a function of hoj^, the ratio of magnetic 
to spin interaction. The broken lines at the loft are given by (13) while those 
at the right are given by (14). 

The best experimental data on the complete Zeeman effect are furnished 
by the work of Kent* on the Li doublet AG7<)8, which arises from the transition 
22) 25 ‘^jS. For most doublet spectra the doublet interval is so large, i.e. 

I is so large, that the highest utilizable jnagnetic fields will correspond to only 
small values of hence a good Paschen-Kack effect is not obtainable. 

But the doublet splitting of lithium is very small; the 2p^P has a splitting 
of only 0*338 cm-^ ( = 10* Kent used a maximum field of 44,200 gauss, and 
since ho = 4*070 x 10-5„:5f’cm-i, this corresponds to hojC — a value even 


beyond the limits of Fig. 9®. 

The best way to compare our curves with Kent’s data, which is not of 
sufficient accuracy to bo fairly reduced to term values, is by plotting the line 
pattern which should result from a transition between the of Fig. 9® and 


* Kknt, Astrophya. J. 40, 3.‘J7 (1914), 
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a !From (12a) we see that a is split uniforraly into two states with 
energies fio and — ho] hence to the scale of Fig. 9® a would he represented 
hy two lines through the origin of slopes + 1 and — 1 corresponding to 
m= + 

““ A 

In Fig. 10® we have plotted the line pattern for transitions between a> ^JP 
and a using full lines for perpendicular (a) components (Am= ± 1) and 
broken lines for parallel (tt) components (Am = 0). Kent’s observed patterns 
are plotted on the same figure, using circles for a components and crosses for 
7T components. The abscissas are fixed by the relation ^o/C = 20-8x 10~®J^ 



which holds in this particular case. For most of the patterns, the absolute 
values of the ordinates were obtained by Kent by comparison with another 
line in the same exposure, but the relative values are certainly to be taken as 
of more value than the absolute. For example, the pattern at abscissa 1'12 
is certainly to be shifted bodily toward the red. 

The agreement of these experimental values with the theory is excellent 
in view of the difficulty of accurate measurement of such fine patterns. It is 
pleasing that the theory of the Zeeman effect gives, purely from symmetry 
considerations, the absolute values of the perturbations, so that the pattern 
of Fig. 10® is completely determined in absolute value if one knows the 
doublet splitting. 
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Fig. 105. Kent’s data on the Zeeman effect of the Li multiplet 2 2 ^S. 
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Intensities. 

The relative strengths of the allowed transitions in the weak-field case 
may be obtained by use of the matrix components calculated in §§ 9® and 11®. 
The details are given in § 41 ®. Fig. 11® shows the expected line pattern for 
with the relative strengths for observation perpendicular to the 
magnetic field indicated by the lengths of the lines. 



(T 

Fig. 11®. Allowed transitions and 
strengtlis in the weak -field Zeeman 
effect. 


a 

Fig. 12®. Allowed transitions 
and strengths in the Paschen- 
Back limit. 


In the Paschen-Back limit we have the selection rule Am^ = 0 in addition 
to the rule Am ( = Am^) = ±1,0. The allowed components for are in- 

dicated in Fig. 12®. The strengths in this case are readily obtained from 
formulas like 1139. For large fields lines 2, 5 and 3, 4 respectively become 
asymptotically parallel to and equidistant on either side from the outer com- 
ponents of a normal Lorentz triplet of interval ho. Hence Kent’s pattern in 
which these lines are unresolved forms almost exactly a Lorentz triplet. 

For intermediate fields, we may at once obtain the strengths from the 
eigenfunctions. Since ^P(np^Pl) = 4>(npil) and ^(n's^sl) = cf>{n's ^0), the 
eigenfunctions for these states are independent of field; hence the strength 
of component (5) is independent of field. Similarly the strength of (4) is 
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independent of field. For m— ±i, we may find from a set of eq[uations like 
7^2 the coefficients in the expansion 

X{np m 6+) = a <f>{np m4-|) + P<f>inp | 
x{np m€_) = ^(f>{np-^m+^)-(x.<l>{npim-i). 

From these we find 

\{npm€^\P\n'8—\0)Y==cL^\{np-\m-^l\P\n's-\0)Y, 

|(?ip m €_|P|9i's — ^ 0)|2 = ^ m+||P|?t's — J 0)p. 

So the strength of the component from one of the states to is a®, from 

the other, jS^ times the strength from np — | in the Paschen-Back limit. 

Since ^8^= 1, the sum of these strengths is a constant. 



Fig. 1 TIjo variation in strongtli of tho cornpononta of in 

a l^iKcla'n-Jiac!k tranaition. (Tho iiumborH aro vahios of 

In Fig. 13'’, which is taken from tho paper by K.. Darwin, are indicated 
roughly l)y the widths of the lines the intensities of the transitions of Fig. 
1(F*. Referring to the mimbering of Fig. lO**, lines (4) and (5) are of constant 
strength; the sums of tlie strengths of (0) and (2) and of (3) and (1), for the a 
eorn|)onents, of (7) and (U), and of (10) and (8), for the tt components, are 
independtiiit of./f . VViiilc no intensity measurements have been made with 
HufTi(‘iont accuracy to check cjua.ntitatively these changes in intensity, we 
may note that Kent observes none of the lines which are forbidden in the 
i^ischen-Back limit at values of fioj^ greater than 2-1. 




CHAPTER VI 


THE CENTRAL- FIELD APPROXIMATION* 

We shall now proceed to lay the foundation for the theory of spectra of atoms 
containing more than one electron. The mode of describing spectra that is 
used by working spectroscopists everywhere is based on the idea that the 
atoms can be treated to a fairly good approximation by regarding the elec- 
trons as moving in a central field and not interacting with each other. This 
is made the starting-point for a calculation in which the interactions actually 
occurring are treated as perturbations. We shall see that the relative import- 
ance of different kinds of interactions varies a great deal from element to 
element, and that this is in a sense the origin of the different spectroscopic 
and chemical behaviour of different elements. In all atoms there will be 
terms in the Hamiltonian which represent the magnetic interactions of the 
electronic orbits and spins and terms which represent the Coulomb repulsion 
of the several electrons. At present it is not known how to give a satisfactory 
theory of atoms with more than one electron which takes into account 
relativity effects: in fact, even the exact relativistic treatment of hydrogen 
which allows for the finite mass of the proton is not known. But relativity 
effects are usually small so that one can give a fairly satisfactory treatment 
of the subject in spite of this defect. 

In this chapter we shall also study some of the features of the atomic 
problem which have their origin in the fact that all electrons are believed to 
be dynamically equivalent. This fact provides a natural place in the theory 
for an empirical rule known as Pauli’s exclusion principle and makes possible 
a fairly complete understanding of the periodic table of the elements. 

1. The Hamiltonian, for many-electron atoms. 

According to the nuclear model, we regard an atom as made up of a central 
massive positively charged nucleus, surrounded by a number of electrons. 
This dynamical model is described in the theory by a Hamiltonian function 
whose proper values give the allowed energy levels and whose proper func- 
tions are of use in calculating various properties of the atom. Since for all 
atoms the nuclear mass is more than 1800 times that of the electrons, we may 
approximately regard the nucleus as a fixed centre of force instead of treating 
its coordinates as dynamical variables. This amounts to treating the nucleus 
as of infinite mass: the correction to finite nuclear mass is treated in § D®. 
The principal interactions between the particles are due to the Coulomb 

* Tho method used in this and the next chapter is due to Slatee, Phys. Rev. 84, 1293 (1929). 
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electrostatic forces. For most purposes we can neglect the relativistic 
variation of mass with velocity; thus for a system of N electrons moving 
about a nucleus of charge Ze we are led to the approximate Hamiltonian 




( 1 ) 


Here subscripts 1, 2, iV serve to distinguish the different electrons, is 
the distance of the electron from the nucleus and is the mutual distance 
of the and electrons. 


In addition to the terms written down it is essential to treat the magnetic 
interactions of the electronic orbits and spins. The exact way of doing this 
along the lines of a generalization of Dirac’s relativistic theory of the electron 
to a system of several electrons is not known; some work in this direction and 
its relation to the helium spectrum we shall report in § 7?. An approximate 
allowance for the spin-orbit interaction may be made by including for each 
electron a term of the form ^(r^) L^-Si such as we have introduced in § 4® for 
the doublet structure of one-electron spectra. We shall adopt this as our 
working hypothesis and to a large extent base the theory of atomic spectra 
on the quantum-mechanical properties of the approximate Hamiltonian 


H 


N 

s 


i(v 




Ze^ 


+ S{r,)L,-Si 


) 


N ^2 

+ S — . 


( 2 ) 


In this Hamiltonian, the terms expressing the mutual repulsion of the 
electrons prevent a separation of variables. These terms cannot very well 
be neglected as ‘small’ and treated later by perturbation theory, for 
although if Z is fairly great any one of them is small compared to a Ze^jr^ 
teiin, there aie so many of them that their total effect is comparable with the 
interaction between the electrons and the nucleus. The procedure generally 
used is based on the idea of screening, according to which the greater part 
of the mutual repulsion terms is taken into account in the approximate 
solution on which a perturbation theory treatment is based. 

Hie mutual lepulsion terms, being all positive, tend to cancel the negative 
teinis which represent the attraction of the nucleus. If is large compared 
to all the other then and Since there are N- 1 values 

of j associated with a particular value of i, one 
sees that at large distances the electron moves 
in a field that approximates to {Z — N + l)e'^/r ^ . • 

Wo say that the other (iV— 1) electrons have 
screened off the force field of the nucleus. Now 
as diminishes to a value comparable with the 
values of the other r’s, this comi>ensation becomes less exact. From poten- 
tial theory we know that if the other electrons have a distribution with 
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spherical symmetry, then inside a shell of radius a and total charge —e' 
the potential due to the shell is constant and equal to —e'fa; hence the 
potential energy of an electron inside such a shell is ee' /a. For an electron 
near the nucleus, is small compared to the other so its potential energy 
as a function of will approach the form 

Ze^ {N-l)e^ 
a 

in which a is the harmonic mean of the radii of the shells in which the other 
electrons are distributed. From these general remarks we see that a large 
part of the effect of the mutual repulsion of the electrons can be allowed for 
by starting with a Hamiltonian in which the potential energy of each elec- 
tron at distance r from the centre is such a function XJ{t) that 

Z^ 

XJ{r)vsi — ~ - 1 - G for r small. 


{Z-N + l)e^ 
r 


for r large. 


Later we shall see that in this characterization of Z7(r), r small and r large 
mean respectively r<^ajZ and af(Z — N+l), where a is the Bohr 

hydrogen radius of 2®2. 

Our programme will be to build up a systematic theory of the spectra of 
atoms based on the use of such a screened potential-energy function as the 
starting point of the perturbation theory. We shall see that a large amount 
of general information about spectra can be obtained with hardly any more 
detailed assumption about U (r) than this. In Chapter xiv the theory will be 
extended by detailed consideration of the question of the best assumptions 
for U (r) and the actual evaluation of quantities that depend on the choice 
made. 

The approximate Hamiltonian £/ which we make the starting point of our 
calculation takes the form 

^?=sr~/.i+i7(n)i, (3) 

i J 

while the perturbation potential will consist of the difference 

V r 7 jo'^ “1 N 

y/ - A’ = F = S f (r j LrS, - --- - U(r.,) + S - - (4) 

L J i>J=^l^ij 


2. Equivalence degeneracy. 

The Schrodinger equation for the allowed values of JS (1®3) takes the form 

N f -| 

= ( 1 ) 

Since the left side of this is the sum of a number of parts each of which refers 
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to the coordinates of only one electron, it is evident that the variables can 
be separated if we write 

N >1 

r (2) 

JS'= S E'(a^). 

i=l 


Since the Hamiltonian ^ is a symmetric function of the coordinates of the 
different electrons, the N equations for the N factors of the wave function are 
all of the same form so that it is not necessary to carry a subscript to show to 
which electron’s coordinates we refer; each u is the same function of its 
coordinates for the same set of quantum numbers a'^. Physically this means 
simply that in the absence of interaction each electron moves in the central 
field U{r) exactly as it would move if the other electrons were not present. 
The equation for each u is 

u(a^) = u(a‘^). (3) 

For convenience, we denote by an individual set of four quantum num- 
bers which specifies the state of motion of a single electron in a central field. 
Thus represents a set of values {n I or {n Ij m) according to the way 

in which we wish to treat the one-electron problem. 

It is clear now that the Hamiltonian E possesses a high degree of degen- 
eracy, which may be regarded as of two kinds. First, there is that which 
arises simply from the fact that the Hamiltonian for the individual electrons 
does not depend on spin or on spatial orientation — the energy E'{a^) is 
really independent of mi and . This kind of degeneracy we have already 
studied in connection with one-electron spectra. Second, there is the 
degeneracy that goes with the fact that the N individual sets of quantum 
numbers of the complete set of 4,N necessary to specify the state ^ can be 
associated in any way with the electrons 1, 2, 3, ... to give a ^ which belongs 
to the same total energy. This degeneracy arises because the Hamiltonian 
is a symmetric function of the coordinates of the several electrons, i.e. 
because of the dynamical equivalence of the electrons, and is therefore 
known as equivalence degeneracy. 

A convenient notation for the different associated with a particular 
set of quantum numbers is now desirable. We shall let A stand for the com- 
plete ordered set ...a^ of one-electron quantum numbers, and shall 
understand by <^{A) the particular function 

<f>{A) = u^{a^) u^ia ^) . . . Uj^{a ^) , (4) 

in which the first electron is associated with the second with a®, the third 
with a®, and so on. Then let the operator P stand for a particular permutation 


cs 


XX 
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of the electron indices relative to the quantum numbers in <}>{A). A particular 
P can be specified by the scheme 


/12345...\ 


(5) 


which means that after the permutation has been earned out the coordinates 
of the second electron appear where those of the first were, the fifth replaces 
the second, the third remains, and so on. Thus with P as in (5), the result of 
operation by P on ^(A) is 

P<f>{A) = (S') 

With N electrons, there are Nl such permutations.* Any state associated 
with the quantum numbers ... is thus of the form 

x(^) = S(7pP^(4), (6) 

P 

where the Cp’s are an arbitrary set of coefficients. 

The next problem is that of determining the particular values of 
which correspond to the states of the atom as observed in nature. Before 
considering this question we may note that unless a number of the G /s 
vanish, the occurrence of the summation in (6) makes it impossible to speak 
of a definite electron, say the first, as having a particular set of quantum 
numbers. There are N electrons and N sets of quantum numbers, but there 
is not a definite correlation of electron identities with quantum numbers. 


3. The dynamical equivalence of the electrons. 

We recognize immediately that all physical observables are symmetric 
functions of the coordinates of all electrons in the system (in fact, of all 
electrons in the world). If this were not so, the particular electron which 
occupied an unsymmetrical position in the form of some observable would 
be observably distinguishable from the rest, contrary to experiment. 

There is, however, another phase to the complete dynamical equivalence 
of the electrons. If a particular electron occupied an essentially unsym- 
metrical position in a iff function representing the state of a system, that 
electron would behave differently from the rest, even under the action of a 
symmetrical disturbance. We therefore postulate that a physical i/j function 
be such that all electrons have exactly the same properties — the same 
probabihties of being at various places, of having various momenta and 
spins, etc. The idea of the last sentence is formulated by the requirement that 
the mean value of any algebraic or differential function f of the electronic 
coordinates be the same as that of the function P/, where P represents a 
permutation of the electrons. 

♦ If two or more sets of quantum numbers are identical, these do not all load to distinct eigen- 
functions; the permutations are considered distinct nevertheless. 
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The form of an observable has physical significance as such; hence a 
physical observable must be a really symmetric function of the electrons. 
A xfs fimction has physical significance only through the probabilities which 
may be calculated from it. Hence we do not postulate that 0 be actuaUy 
but only that 0 have sufficient symmetry that 

( 1 ) 

for all permutations P and operators /. Applying the inverse permutation 

P~^ to aU factors in the integral on the right, which does not change its value, 
we obtain ’ 

( 2 ) 


Now it seems obvious that if for all operators/, then <^=e'^ip, 

where 8 is a real constant; for if ^ and ^ were otherwise related we could find 
some operator to bring out the distinction.* Hence we req^uire that 

Pilf = e^^ils, ( 3 ) 

lor any permutation P. 

Let us write our eigenfunction as the function which is obtained 

from this by interchanging the coordinates of electrons i and j as etc. 

(3) then requires that • J^y interchanging i a,ndj again we 

see that , and hence that . In the 

same way, the interchange of any two electrons in ^ merely multiplies the 


immediate proof of this may be given for the case in wliich the coordinates take on only 
discrete values so that the integral becomes a summation, as for the case of the spin coordinates 
A fomal generalization of this proof to the case of continuous coordinates may be made by use of 
the 8 function. Denote the coordinates hy Then if /=8(a:i -Oi) 8(0^2 -a^)..., the 




becomes ... ... =^ai.aa, ... ... 

or ^ = ^ 

If we take/=S(a:i -a^) 8{x2 -ct^...dldxif we find that 


at all points, (a) 


... — ^ai,Oa, ... ... » 

or 

at all points, (b) 

Dividing (b) by (a) gives A log 0 at all points, 

or log^ = log (^gr), 

where gr is a function of .Ti, rr^, ... which does not involve a:< (for any i) and which is therefore a 
constant. Then 1 , „ . 

tfi = ^g +27Tm, 

or since ^ is a continuous function which vanishes at infinity, to satisfy (a) 


II-2 
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function by + 1 . Since the functional form of ifs is completely determined by 
the position of the indices, let the interchange of the first two indices multiply 
0 by CiaC = ± 1), the interchange of the second and the third indices by Cgg, 
of the first and third by c^s, etc. Then 


But 




Ci2~0 


13 


Hence, since cfg = 1, 

In the same way all the c*s may be shown to be equal, so that a tp function for 
® physical state must be either completely symmetric or completely antisym- 
metric in all the electrons j i.e. the interchange of any two electrons must leave 
the function unchanged in the one case, or multiply it by - 1 in the other.* 
In the particular case of eigenfunctions 2«6 of the Hamiltonian E, the 
choice 

is seen to give us a symmetric state, while 


— for all P 


( 5 ) 


gives us an antisymmetric state . Here p has the parity of the permutation P. "f 
The antisymmetric eigenfunction (6) can be written as a determinant 


(S>{A) = s/ 4,(A) = ^'L{-l)vp^A) — ^ 

VN\p VN'. 


Ui{a^) u^ia^) ...ujf{a^) 
u^(a^) u^{a^) ...u^{a^) 


ufa^) U2,{a^) ,,.Ujfi{a^) 

( 6 ) 

in this form the antisymmetry follows from a known property of deter- 
minants. 

From any eigenfunction tp, not necessarily of the form 2®4, we may build a 
symmetric eigenfunction and an antisymmetric eigenfunction by the use of 
the operators 




1 


ViV! p 


J3^=-7=2( - 1)*>P, 

VN\p 


( 7 ) 


Seo PauXiI, ££a>ndbucli cler Physik, 24'/l, 2^ed., p. 191, for a group-thoorotical discussion of tliis 
restriction. 

t Any pernautation can be regarded as made up of a number of simple interchanges, i.e. of 
permutations in which (N -2) indices are left unaltered and the other two simply interchanged. 
The niimber of such interchanges for any given permutation is uniquely even or odd, and the per- 
mutation is accordingly said to be even or odd. p is an even number for an even permutation, an 
odd number for an odd permutation. 
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which we shall call the symmetrizer and the antisymmetrizer, respectively. 
These operators may he studied by purely operational methods. From the 
definitions we have the relations 

I (8) 

From the first two it follows that the eigenvalues of ^ and are V "H ! and 0. 
From the third it follows that if ^ is an eigen-^ for 's/NX of jaf it belongs to 

the zero eigenvalue of and if an eigen-^ for ! of it belongs to the 
zero eigenvalue of 

Now a symmetric ^ is one for which = j/r for all P. If = VN ^ is 

seen to be symmetric, since — PS^ = S^. But S^{S^ifj)=VN\S^iff, hence 
for any ijf, S^xfs is symmetric. That is essentially the only symmetric 
linear combination of the N\ P^^s is shown by the following argument. 
Suppose that S CjpPtp is symmetric, i.e. that PS GpPtjj = S GpPtp for all P. 

Then P’S GpP^ = VWl S GpP^p by (7). But ^ S OpP^ = (S Gp)3^^js. Hence 
if S Gp Pift is symmetric. 

Similarly, from the fact that ja/P = Pj^ = ( — 1)ps/ we see that is the 
unique antisymmetric linear combination of the N ! P^’s. 

Hence P* produces a symmetric, ji/ an antisymmetric eigenfunction if it 
is possible to do so. If it is not possible to do so the functions or 
vanish. 

The factor 1/VNI is placed in P and so that if all N! of the Pi/»’s are 
mutually orthogonal, then Pj/t and will be normalized if iff is. Thus the 
state (6) is normalized provided that the N sets of quantum numbers are 
all distinct. 

Now we may show that if an atom is at any time in an antisymmetric 
state, it will always remain in an antisymmetric state. For according to 
5^3, if an atom has at a certain moment the antisymmetric eigenfunction 
the rate of change of its eigenfunction with time is given by HxJPy which 
itself is antisymmetric. Similarly, if the atom is at a certain moment in a 
symmetric state it will always remain in a symmetric state. A symmetric 
observable operating on a symmetric state gives a symmetric state; oper- 
ating on an antisymmetric state it gives an antisymmetric state. 
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4. The Pauli exclusion principle. 

In the empirical study of atomic spectra which preceded the development 
of quantum mechanics, Pauli* discovered a simple generalization applying 
to all atomic spectra. He noticed that if four quantum numbers be assigned 
to each electron, then states of atoms in which two electrons have all four 
quantum numbers the same do not occur. This was a rather perplexing 
discovery at the time it was made because it preceded the hypothesis of 
electron spin, so that an interpretation of the fourth quantum number was 
lacking. Although the interpretation of this quantum number in terms of 
electron spin was soon given, the curious fact remains that the two individual 
sets of four quantum numbers of each of two electrons cannot be alike. This 
is known as Paulies exclusicm principle. 

We see at once that the quantum mechanics provides a natural place for 
the introduction of this principle. We found in the last section two systems 
of functions appropriate to equivalent particles such that which ever one 
actually occurs in nature must be the one that always occurs, since transi- 
tions between states of different type are impossible. It is now evident that 
the antisymmetric system of states satisfies the exclusion principle, since if 
any two individual sets in 3®6 are identical the determinant vanishes. 
Nothing of the sort occurs for symmetric states. Hence Pauli’s empirical 
principle is introduced into the theory by the requirement that the ip function 
describing the state of a system must be antisymmetric in all electrons. This 
requirement is substantiated in other ways — for example by its equivalence 
for free particles to the experimentally verified Fermi electron-gas theory of 
metals. For this reason particles having antisymmetric eigenfunctions are 
said to obey Fermi statistics. Particles having symmetric eigenfunctions 
are said to obey Bose statistics — photons are j)articles of this nature. 

We shall, as a matter of convenience, reserve capital Greek letters 
(T*, O, X, T, . . . ) for states satisfying the exclusion principle, i .e. for completely 
antisymmetric states. 

The simplest case in which the Pauli principle makes a restriction is in the 
lowest energy levels of helium. One would expect that the lowest levels 
would be given by states in which each electron is in a l.s state. This gives 
four possible sets of quantum numbers, according to tlie four choices of the 
values of and m ^ , 

A\ (0+0+); B'. (0+0-); G: (0-0+); D: (O-Q-); 

where the sign of is written as a superscript to the value of nii . When one 
forms antisymmetric functions 3® 6 from these sets one sees that A and D are 
ruled out by the exclusion principle, while B and C do not give independent 

* Paxtu, Zeits. fur Phya. 8t, 766 (1925). 



46 


THE PATJIil EXOXiTJSIOH PEIHOIPLB 


167 


functions. Thus there is left but one set, say B, and since for it the 
sum of the values of m, and of are both zero, it is a term of the type 
i/So (see § V). 

It is to be observed that, although we have found a natural place for the 
Pauli principle in the theory, we have not a theoretical reason for the 
particular choice of the antisymmetric system. This is one of the unsolved 
problems of quantum mechanics. Presumably a more fundamental theory 
of the interaction of two equivalent particles will provide a better 
understanding of the matter, but such a theory has not been given 
as yet. 

In the zero-order scheme* which we have been considering, certain other- 
wise acceptable states, namely those in which two electrons have the same 
individual set of quantum numbers, are prohibited by the exclusion prin- 
ciple on the ground that one cannot find a non-vanishing antisymmetric 
function characterized by those quantum numbers. In the same way in 
other schemes, in which one has no criterion so simple as the identity of the 
individual sets, one will find certain otherwise acceptable states prohibited. 
There is however one important theorem concerning this exclusion which we 
can prove here, namely: 

7 / J ^ ® symmetric angular momentum^ and if in any scheme 
the state yj m is allowed for one m, it is allowed for all m. 

This means that if we can find a non-vanishing antisymmetric function 
characterized by the quantum numbers yjm°, say '^{yjm°), then we can 
find non-vanishing antisymmetric functions W(yjm) for allm. The proof is 
very simple; consider the equation 

( Ja, ± iJy)W(yj m) = nV {j + m){j ±m+l)^{yjm±l). 

Here J^-\-iJy is assumed to be a symmetric operator, and T'(yjm) an anti- 
symmetric function. Then ^Y{yjm-^\) will also be an antisymmetric func- 
tion which will not vanish unless + iJy has a zero eigenvalue for the state 
y^m. But J^ + iJy is easily shown not to have a zero eigenvalue unless 
m=j, for if J^ + iJy has a zero eigenvalue, so also has 

has the eigenvalue [j [j ->r\) — m{m->r\y\h^, which is zero only if m=j 
(or —j — 1). A similar consideration holds for the operator J^~iJy, which 
steps the m value down. 

* We shall call any scheme in which the state of a system is specified by giving a complete set 
of one-electron quantum numbers as in 3®6 a zero-order scheme, since such states are eigenstates only 
of the central-field problem, but furnish a useful starting point for perturbation calculations. 
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5. Conventions concerning quantum numbers. Closed shells. 

In the central-field approximation the state of an j^-electron atom is 
specified by a complete set of quantum numbers, which consists of a list of 
N iTidividual sets of quantum numbers. Each individual set contains four 
quantum numbers of the one-electron problem, usually the quantum num- 
bers n I mi or n Ij m. Now the Pauli principle requires that all individual 
sets be distinct, and it is this requirement which gives rise to the occurrence 
of closed shells of electrons. In a complete set there can be only two in- 
dividual sets with the same n, I, and mi , since m^ is restricted to the two values 
± For a given nl there can be but 21+1 different values of mi, so that 
altogether only 2{2l+l) individual sets may have the same nl.* When a 
complete set contains the maximum number of individual sets of a given nl, 
we say it contains a closed shell or complete shell of that type. It is to be 
noticed that for a closed shell a negative value of and m^ occurs for every 
positive value so that the sums of the and of the m^ values are zero. 

We have seen that the antisymmetry of the eigenfunction makes it im- 
possible to speak of a definite electron as having a particular individual set of 
quantum numbers. However, before the theory was fully developed, spectro- 
scopists formed the habit of speaking of a state of the atom as involving, 
say, two Is electrons and one 2p electron; and there is no harm in con- 
tinuing this convenient mode of expression if it is understood that in such 
a statement the term ^nl electron’ refers to the occurrence, in the complete 
set, of an individual set having quantum numbers nl. In the same way we 
may say that an atom has two electrons in the Is shell and one electron in the 
2p shell. Here, as was done early in spectroscopic theory, we let the nl 
values label the different shells, complete or incomplete. 

Since the energy in the one-electron problem depends only on nl, the 
energy in an unperturbed state of the central -field approximation depends 
only on the distribution of the electrons among the shells, i.e. on the list of 
nl values of the individual sets. This list of nl values is said to specify the 
electron configuration. Then the first-order perturbation theory will need to 
consider only that part of the perturbation matrix which joins states 
belonging to the same configuration, and v)e may to the first order treat the 
energy-level 'problem, configuration by configuration. In specifying a con- 
figuration of an atom a notation of the following type is used: 

Ti II ls2 2^2 3^2 3p« Zd^^p, ( 1 ) 

which indicates an atom (really the ion Ti^) with Z — 2\,N = 20, closed Is, 
28, 2p, 35, and Zp shells, two electrons in the Zd shell, and one in the 4p. 

* If we calculate this using the scheme: j may be l + f or 1 - J, the first of which has 21 + 2 
values of m, the second 21 — ^total 41 -t- 2 sots as above. 
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Now the order of listing of the individual sets in a complete set does not 
affect the state in an essential way, but two different orders may lead to 
eigenfunctions (3®6) with opposite signs, i.e. with different choices of the 
arbitrary phase. For this reason we must for definiteness list the quantum 
numbers in a specified way. In the first place, the sets will be listed shell by 
shell, all the sets of a given shell being placed together. The order of listing 
the shells will in each case be specified by the order of nl values in the con- 
figuration designation of the type (1). Within a shell, we shall for con- 
venience adopt a standard order of listing the quantum numbers. In the 
nlm^mi scheme, the sets will be listed in decreasing order of values, the set 
with being placed before that with = — I-, in case both have the 

same In the nljm scheme, the sets will be listed in decreasing order of 
m values, first all sets with^* = 2 + then those with^* = l — \. Having agreed 
on this standard order, the sets for a closed shell need not be listed explicitly, 
and only the rngTYii or jm values need be listed for the incomplete shells. In 
the scheme we shall use a notation of the type 

Nel ls2 252 2p5 3c?(l+l-0--l+-l-2-), (2) 

where the numbers specify the kyIi values and the superscripts the values 
first of the five 2p electrons, then of the Zd. 

6. Matrix components for 

We need to know the matrix components, in terms of eigenfunctions based 
on the central-field approximation, of certain symmetric functions of the 
coordinates of the N electrons. The symmetric functions which actually 
occur in atomic theory are fortunately of two very simple types. The first is 
that in which there exists a function of the coordinates of a single electron 
which is written down once with each electron’s coordinates taken in turn as 
the argument and the results added. Let F be such a quantity. Then we may 
write N 

^’= S/W, (1) 

where /(i) operates only on the coordinates of the electron. It is easy to 
reduce the matrix components of this type of quantity to those for the 
motion of a single electron in the central field. 

The matrix component {A\F\B) connecting states of the antisymmetric 
type whose eigenfunctions are given by 3®6 is given by 

(4 1 1’l^) = J J'<l)(B) = isSS( - l)»>+3>' J P f(A)f(i) P' 4,{B), (2) 

where the integral means integration and summation over the ZN positional 
and the N spin coordinates respectively, as in § 5®. 

* Condon, Phys. Rev. 36, 1121 (1930). These matrix elements follow also from the considera- 
tions of Jordan and Wioner, Zeits. fur Phys. 47, 631 (1928) on second quantization. 
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When we are considering only antisymmetric states, since all the in- 
dividual sets of quantum numbers are distinct, it is immaterial whether we 
regard P as a permutation of electron indices relative to quantum numbers, 
or of quantum numbers relative to electron indices. The latter point of 
view will usually be the most convenient. We may think of P as an operator 
acting on the quantum number of each electron and turning it into a different 
quantum number. We can thus denote the quantum number of the 
electron in P^(JL) by Pa^. 

The summand in (2), 

J P P' u^(P'b^) SujiPa^) u^(P'b^) 

.. . r ili(Paf)m UiiP’b^).. . r ii^iPa^) u^P'b^), (3) 

J i J N 

contains integrals simply of products of eigenfunctions of single electrons in 
every place except the Therefore it vanishes unless {N — 1) of the in- 
dividual sets in A agree with those in B, since the non-vanishing of the 
summand requires that 

P'b^ = Pa\ P'b^ = Pa\ ..., P'b^=Pa^, (4) 

except that P'¥ need not equal Pa^. It follows therefore that all matrix 
components {A\F\B) of a quantity of the type F vanish if A and B differ in 
regard to more than one individual set of quantum numbers. 

Continuing the calculation, we may suppose that A is the same as B 
except for one individual set, which is the set a* of A when an*anged in 
conventional order. Denote by P' the set obtained when the individual sets 
of B are arranged in the order 

B ' : a^a^ ... a^~^ b^ ...a^. 

This will not in general be the conventional order for the set B but we can 

0 von ^ 

pass to the set B by an - ■ number of interchanges. We then have 

0(P) = {±}<I>(P'), and hence (^|P|P)==( ±}(J |P|P'). (5) 

We may calculate {A\F\B') quite simply. In order that the summand 
corresponding to (3) should not vanish, P' must be the same permutation 
as P, and must be such as to put the unmatched individual quantum num- 
bers with the i^^ electron s coordinates. Since P' is the same as P the sign 
of each term in (2) will be positive. For a given i there are (iV' — 1)! P’s 
satisfying this condition, so we obtain 

for the sum over P and P' in (2). The same argument applies for each value 
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of i from 1 to N and gives the same result, since a definite integral does not 
depend on the name of the integrated argument. The summation over i thus 
multiplies the above result by N, giving a total of which cancels the 
1/.^! of (2). Hence we obtain finally 

I J-l 5) = + fu,(a’‘)f(i) (0) 

In the case of the diagonal element {A\F\A)y the argument is similar. 
Here P' must equal P or the summand corresponding to (3) vanishes. Hence 

■a,{Pa^)f{i) u,(Pa% 

Now of the permutations P there will be {N — 1) ! for which Pa'^ — a^ {j—1, 
..., N). Hence on summing over P we obtain 

% 3 i 3 — 

since the value of the integral is independent of i. 

To summarize — the matrix component (^|P|P) of the quantity 

J’=S/W. 

«=1 

(a) vanishes if B differs from A by more than one individual set ; 

(b) has the value {A\F\B) = ±(a*|/|6*) (8) 

if all the sets in A agree with all those in B except that ^ 6*. The sign is positive 
or negative according to the parity of the permutation which changes the con- 
ventional order of B into one in which sets in B which match those in A all stand 
at the same places in the lists ; 

(c) and if B = A, the diagonal element is 

(^|J'|^)= 2 (a'|/|a<). (9) 

i=l 

This completes the reduction of matrix elements of F in the N-electron 
j)roblem to those of/ in the one-electron problem. From the form of the 
results it is evident that if/ is a diagonal matrix in the one-electron problem, 
then F is diagonal in the iV-electron problem. Thus the sums of the z com- 
ponents of spin and of orbital angular momentum are each represented by 
diagonal matrices in the N-electron problem if the representation is based 
on the nlm^i scheme. 

7. Matrix components for f). 

The second type of symmetric function which occurs in atomic theory is 
that in which one has a symmetric function of the coordinates of two elec- 
trons, g{i,j) = g{j, i) which is summed over all pairs of electrons. We suppose 
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that for terms of the type i), if present, constitute a quantity of 

the type F whose matrix components have already been calculated. It will 
now be shown how the reduction from the .A?"- to the 2 -electron problem can 
be made in this case. 

Corresponding to 6 ® 1 , a quantity G is defined by 

G= S (1) 

The most important quantity of this type is the Coulomb -repulsion term 
which occurs in the Hamiltonian 1 ® 1 , in which = The matrix 

component of O joining the states A and B becomes 

= i S S (-!)»+*>' f { ■a,^Pa■‘)u^(Pa,^)g(i,j)uAP'¥)u^(P'b^) 

' i>j BP' J iJ j 

. 8 (Pai, P'61) h{Pa\ P'b^) . . . S(Pa^, P' 6 ^), ( 2 ) 


where the continued product of delta functions contains a term for each 
index except i and J. In order that there be some non-vanishing terms in the 
expression one sees that B can differ from A by at most two of the individual 
sets. We shall have three cases, those in which B differs from A by two sets, 
by one, and by none. 

Considering first the case in which A and B diffei' by two indiindual sets, let 
us deal with the eigenstate B' in which {N — 2 ) of the sets are matched with 
those in A with the latter in conventional order: 


A: a^ ... a* ... ... 

B': ... ... b^ ... a^. 


(3) 


Then B' is generally not in its conventional order, so we shall have to multiply 
by plus or minus one according to the parity of the permutation from the 
conventional order for B to this order to obtain the correct sign for the 
matrix component. 

Consider now the expression ( 2 ) for a definite i and 9 . Since we deal with 
a double integral we see that for each P there are two P'’s which contribute 
non-vanishing terms to the summand. We must have P such that Pa' =a^ 
or and Pa^ = or a^. Then P' must agree with P with regard to the {N — 2 ) 
electron indices other than i and j. There are {N — 2 ) ! of the P’s for which 
Pa'^ = a* and Pa’ = a^. For each of these we get two terms : first we may have 
P'b^ = y^, P'W =^b^ and P' otherwise the same as P; then P'= P, hence this 
term is positive — second, we can have P'b'' = b^ and P'W = 6 * but P' otherwise 
the same as P; here P' and P differ by one interchange, so this is a negative 
term. Similarly there are (27 — 2 ) ! of the P’s for which Pa^ = a* and Pa’ = a^. 
For each of these we can have P' s P, giving a positive term, and P' differing 
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from P by one interchange, giving a negative term. Altogether then the 
summation over P and P' gives 

\J I 9{hj) 

-/ f 9(iJ) Ui{b*) u^{b^) +JJ Ui(a() g(i,j) u^ib*) u^(b^) 

-/ %(«*) W/60J . 

Since these terms are definite integrals, the first and third are equal and the 
second and fourth are equal. Moreover, the sum over i, j merely multiplies 
by the number of terms in the sum, which is N (N — 1 )/2, so altogether we have 
(Ai^P) 

= ± 9(hj) Ui(b^) ^Ui{a^) Uj{a^) 9{i,0) %(60 . 

( 4 ) 

the ± sign being determined by the parity of the permutation necessary to 
change the conventional order of B into that of (3). 

Next if B differs from A by but one set, we can take a permutation on the 
conventional order in B which will match up corresponding individual sets 
with the conventional order in A, 

A: ... ... , 

B': a?- b^ ... 

By arguments similar to those already used, it is then easy to show that 
{A\G\B) 

= ± S [yy^ ufa^) u^(a^) g(i,j) u^ib^) Uj{a*) -jj Uifa^) %(a0 g{i,f) Uifaf) 

( 6 ) 

in which runs over the (iV — 1) individual sets that are common to A and B. 

Finally, the diagonal element may be shown by similar arguments to be 
given by 

(A\a\A) 

“;•>?-! [// (®') 9{i>3) %(«') ■ 

( 7 ) 

In ( 7 ) we shall call the integrals with positive sign direct integrals and those 
with negative sign exchange integrals. 

If g{i,j) is independent of spin, then in the nlm^mi scheme the sum over 

the spin coordinates o-^ , Oj implied in the Jj sign in (7) may be carried out at 

once. This gives a factor unity on the direct integral and a factor S(mJ,mJ) 
on the exchange integral, so we have exchange integrals only for electrons 
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of like spins. Inspection of (4) and (6) shows that if g{i,j) is independent of 
spin there are no matrix components connecting states A and B if these 
differ in regard to their . This is consistent with the fact that in this case 
G commutes with Sg, the z component of resultant spin. 

8. Matrix components of electrostatic interaction. 

The most important quantity of the type considered in the preceding 
section is the Coulomb-repulsion term 

«= S 3(i,i)= S eVui 

i>3=‘l i>J=l 

which occurs in the Hamiltonian of the many-electron atom. T7e wish now 
to carry out a computation of the integrals involved in this problem in the 
nlm^i scheme. The most general integral occurring is one in which four 
different individual sets, a, h, c, d, are involved. Hence we shall have to 
calculate r ^ ^2 

(a6|g'|cd) = J J %(a)i72(6) — Wi(c)w 2 (<^). (1) 

The single-electron eigenfunctions are given by 4®2, which in the present 
notation becomes 

u^{a) = - ©i(Z“mf)Oi(wf) S(c7i, m“). 

Thus ( 1 ) can be factored into the product of a sextuple integral over the six 
positional coordinates and a double sum over the two spin coordinates — 

S S(o-i , m“) 8(cri, m«) S(<t2 , m\) S(ct 2 , mj) = 8 ( 7 / 1 ^ , m^) 8(mJ , ) (2) 

0*1 a2 

— so the spin components of a and c, and of b and d, must be the same or the 
integral vanishes. 

For further progress we make use of the relation 

J 1 

^12 Vr| + — 2 rjr^ cosco * 

where co is the angle between the radii vectores of electrons 1 and 2 from the 
origin. This can be developed in a series of Legendre polynomials 


■= S 


^12 A=or 


< 

./c-f-l 
> 


PfcCcosco) 


(3) 


in which is the lesser and the greater of and . Therefore the part of 
(1) independent of spins can be written 


00 { T 

^1 "aTi d7\dr^ 

/£=o iJ 0 j 0 


> 

/'TT PTT P27T 

* J 0 J 0 J 0 J &^{l^7nf) 

. sin^i sin^g . (4) 
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The second factor, depending on the spherical harmonics, can be further 
expanded by making use of the addition theorem (4322). This expansion 
permits us to write the angle factor occurring in the term of (4) as 

^ /*^ /*27r 

sin^id^ij ^ Oi(m) d<p^ 

J TT /*27r 

^ 02 (* m) © 2 (^& mf ) © 2 (Z‘* mf) amO^ dd^j ^ OgCm) ^ 2 (^?) dcp^ . 

The 9 integrals can be evaluated at once. They give 

^ S(m, mf — mf) S(m, mf — mf) . 

Hence in the summation over m everything vanishes unless 

mf + mf—mf+ mf\ 

that is, there are no matrix components connecting states which differ in 
the value of the z component of the total orbital angular momentum. This 
is consistent with the commutation of Q with L^. For states which do not 
differ in this value, only one term of the sum over m remains, namely that for 

m = mf — wf — mf . (5) 

When this condition is satisfied, the angle factor reduces to 

mf , mf) mf , '^rif), 
where c is defined by the equation 

c*(Zm^,rmJ)=^-^q^ mj)0(/m;) m'f)amBdd. (6) 

This expression is not symmetric in I mi and V m\, but from 4318, 

c*(Zm^, V m;) = ( - 1)"^-"^; c^{V mflmi). (7) 

If we now introduce the abbreviation 


R^nH^ nnPP nH^) 

' f* R4:nAP) R^inH<^) R^inH^) dr^dr^, (8) 

«/ 0 «/ 0 ' > 


= 6" 


we obtain as the final value of our matrix component 

{ab\q\cd) — S(m“ , mf) 8(mf , mf) B{mf + mf , m^ + mf) 

00 

. S c^{P‘mf,Pmf)c^{l^mf,V*mf)R^{nH^nH^,nH^nH^). (9) 

The range of k may equally well be written from 0 to co, since the c* vanish 
identically for h < |m|. 

The values of the RA here depend on our initial choice of central field and 
hence must be calculated independently for each different choice. But the 
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c’s are essentially definite integrals of three associated Legendre poly- 
nomials and may be calculated once for all. Gaunt* has given a general 
formula for the integral of the product of the three functions ©(Z w), ©(Z' m'), 
©(/"m+w"), for 0, m' ^0. Our integral is seen to be reducible to this 
form by means of 4® 18. In the first place vanishes unless k, I, and V satisfy 
the so-called trian.gular condition, which requires that k, I, and V equal the 
sides of a triangle of even perimeter. Expressed analytically, in order that 
have a value different from zero, k must satisfy the conditions 

k + l-k-V=^2g {g integral) 

\i-r\^k:^i+r. ^ ^ 

'^rhese conditions limit the range of k to a few values in any practical case 
and serve to limit the seemingly infinite series occurring in (9) to the sum of 
a very few terms. 

(Jaunt’s formula gives, for m ^ 0, m' >0, 2g = l-\-V + 1" , 

r’rr ( — 1 '\o-i-fn' (<2xj — 2V\ I a * 

£ B(lm) ey W)0(rm+mOsingdg = 

/('2?+~ l)p''T r)'r 2r + \)( r -m-m ' )\(l + m ) ! (I' + m ') ! (V - rrif)] 

N 2 (//'-1-m-f m') ! (Z — m) ! 

^ {I" -Vrti + m' -^-lydl + V — 7n — 7n' — t)\ 

where, in t he sunimation, f takes on all integral valncs consistent with the 
faetorial notation, tlie faxdorial of a. iK\gative nuinl)er being meaningless. 
This iorinula cannot l)e sunmuMl (^xe(‘|)t in certain sj)e:cia.l cases. Localise of 
its cnnd»(.‘I•sonH^ nat inx‘, a. table of valu(‘s is needed for acdiual coin[)utations. 
'fable f’ givc's t bc! valiums of th<“ r’s lor .s‘, <1, and J electrons. 

'fbe particular matrix (‘Uanents wliiidk (K’ciir in the cahmlation of the 
dijigonal ideimmt of Q ria-iir s<> friajuently that it is convenient to introduce 
the special notation: {a b\<i\ab) J {a,h) | 

{ab\g\b(i):.-- K{a,b).\ 

.According to (9), we may writ<^ 

b) m‘i ‘ , /'• mj') nH'') 

h- <1 L / 1 


and 


K{<i,b) ^ //¥'). 

/( u 


Mere uA' and fd arc ditined in tci’ins of our {)revious d by 

(d{l“ w'l , 1‘' wj') (’'*■ (/" , b‘ in '/ , I'' in'/) j 

//*'(/" fn/ , /'* in'/) - \ d'{/" III */ , /'* 1“, ) 


(14) 


Cai NT, TnuiM. Hoy* A228, l.M (I'.H’U) in jmrt iotar, cqnaiion (D), p. lUl. 
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wliile and are special cases of the JS* of (8), namely 
nH^) — nH^nH^) 


/*00 /•« 

=n 

JoJo 


■ R\{nH°') R\{nH^) d/r-^dr^y ( 1 5a) 


riPV*) — nH^y nH^) 

/•rrt /^rr\ 


= f -fer R^{nH^) R^iinH°‘) R^{nH^) d/r^dr^ 

J 0 J 0 

= 2e^ r dr 2, f R^{nH^) R^^nH^) R^inH^) R^inH^) dr^^ . 

Jo Jo 

(15b) 

Tables 1® and 2® give the values of 6* and a* for s, p, dy and / electrons. To 
avoid the occurrence of fractional coefficients for the J?”s and (?’s in the 
evaluation of J and K matrix components, we define 

Fj^^F^IDj, and G^ = G^lDj,y 

where Dj^ is the denominator occurring in Tables 1® and 2®. The formulas of 
the succeeding chapters will usually be expressed in terms of Fj,. and Gjg . 

It is seen that the i?’s which are obtained in taking a matrix element 
between two states of the same configuration will always reduce to these 
jp’s and <7’s. Tor a pair of equivalent electrons, F’a and G’a of the same h 
are equal : F^nH^, nH^) = G^(nH^y n“Z«). 

We also note, from its definition, that F^ is essentially positive and a de- 
creasing function of k. Although from its definition we cannot make such a 
statement, we shall find (?* to share these properties when we calculate its 
values in special cases. 

We shall use later the fact that 

I ,71,^1^^1^171^) = I —in^^ —mf ,71^1^ ~w^)» (16) 

where 1 equals J or K. 


9. Specialization for closed shells. 

If we are dealing with configurations involving closed shells of electrons, 
certain simplifications in the matrix components follow which are of im- 
portance for atomic theory. This case will now be investigated. 

First, let us consider a diagonal element for a quantity of the type F, 
In 6®9 the summation extends over all the individual sets of quantum 
numbers. Consider separately the sum over the 2(2Z-|-1) individual sets 
associated with the nl shell. This has the value 

'hi -VI rco pTT F2>'n 

S S S R(nl)e{lrrii)^{7rii)h{<j,ni^)fR{7il) 

nis— “ i — Zajo JoJo 

. 0(Zm^)O(md S(cr, Trig) aixiddrdddtp. 

C S 


12 
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If / is a function of the coordinates r^cpa only and not an operator, this 
becomes 

J J J +-^)4-/(r0cp — ^)] — ©^(Zw^)^sin0<^rd50dip. 

Now the sum in parentheses has the value (2Z+ l)/47r; this follows from the 
addition theorem 4^22 by writing = ^2 > ” ^2 > <*> = 0, and 1 ) = 1 . Hence 

our final result is 

2, {21+ l)j°° ^[fir 09 +i)+f{r 69 -^)'\sined6dcp^R\nl)dr, (1) 

that is, the matrix component of the function/ averaged for all directions in 
space, calculated as if the eigenfunctions of the states in the nl shell were 

Table 1®. Vmi) and Vni’i). 

We write i'v/x/Z)*, where depends only on I and V . In the table are listed only the sign 

preceding the radical and the value of a:, Z)*, being given at the head of each column. Since 
+xlDj^. Note that Zmj) =( - V ml). 

V ml) for l + l' odd 


IV 

»t{ 


/j= 1 

3 

5 

s p 

0 

+ 1 

-Vvfi 




0 

0 

+ i 



SJ 

0 

+ 3 


-Vi]! 



0 

+ 2 


4- 1 



0 

± 1 


- 1 



0 

0 


+ 1 


p d 

4- 1 

+ 2 

-Visim 

-hV 3/245 



-h 1 

± 1 

1- 3 

- <> 



± 1 

0 

- 1 

+ 18 



0 

±2 

0 

+ 15 



0 

4~ 1 

- 3 

- 24 



0 

0 

+ 4 

+ 27 



dt 1- 

+ 2 

0 

45 



ii 

+ 1 

0 

- 30 


df 

±2 

+ 3 

- V 

+ V 10/315 

l/l524-r) 


±2 

±2 

•I- 5 

- 20 

-1 5 


4-2 

± 1 

1 

-1- 24 

1 5 


4-2 

0 

0 

- 20 

1 .35 


± 1 

+ 3 

0 

-1- 25 

i 


± 1 

H-2 

10 

15 

i 24 


4“ 1 

± 1 

-1 s 

-1 2 

r>o 


± L 

0 

,3 

+ 2 

1 so 


0 

±2 

0 

■1 25 

2S 


0 

+ 2 

0 

0 

} i\:\ 


0 

± 1 

r> 

0 

00 


(► 

0 

1 

1 10 

1 1(»0 


±2 

hF3 

0 

0 

-- 210 


4 2 

+ 2 

0 

0 

H* 12t> 


4-2 

+ 1 

* 0 

-1 10 

70 


4- 1 

+ 3 

0 

0 

84 


± 1 

+ 2 

0 

-I- 25 

1 112 


i ^ 

+ l 

(1 

- 15 

1 Of) 
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TabIiB 1® — continued. 


Vm't)for l-vV even 


IV 

mi 

m'l 

&= 0 


2 


4 


6 

3 3 

0 

0 

+1 







s d 

0 

+ 2 


-i-Vl/5 






0 

4-1 


— 

1 






0 

0 



1 





PP 

±1 

4-1 

+ 1 

-V'l/25 






±1 

0 

0 


3 






0 

0 

4-1 


4 






±1 


0 

— 

6 





Pf 

+ 1 

±3 


+ V 4.51115 


1/189 




±1 

±2 


— 

30 

4- 

3 




+ 1 

4-1 



18 

— 

6 




+ 1 

0 


— 

9 

4- 

10 




0 

±3 



0 


7 




0 

4-2 



15 

4- 

12 




0 

4-1 


— 

24 

- 

15 




0 

0 


-h 

27 

4“ 

10 




+ 1 

+3 



0 

— 

28 




+ 1 

+2 



0 

4- 

21 




±1 

+ A 



3 

- 

15 



dd 

±2 

i 2 

+ l 

-V 4:14:9 

4-V 

1/441 




+ 2 

± 1 

0 


0 

— 

5 




+ 2 

0 

0 

— 

4 

4- 

15 




+ 1 

4-1 

+ l 

-h 

1 

- 

10 




+ 1 

0 

0 

4- 

1 

4- 

30 




0 

0 

-Hi 

-f 

4 

4- 

36 




+ 2 

-i-2 

0 


0 

4- 

70 




+ 2 

• T1 

0 


0 

— 

35 




±1 

=F1 

0 

— 

6 

- 

40 



ff 

±3 

4-3 

4-1 

-- 

V'25/225 

4V 

9/1089 

-a/ 

1/7361-64 


±3 

±2 

0 

-f- 

25 

— 

30 

-H 

7 


±3 

4-1 

0 

— 

10 

4 

54 

— 

28 


+ 3 

0 

0 


0 

— 

03 

4 

84 


+ 2 

4-2 

4-1 


0 

— 

49 

4 

36 


+ 2 

±1 

0 


15 

4 

32 

— 

105 


+ 2 

0 

0 

— 

20 

— 

3 

4 

224 


+ 1 

4-1 

-H 1 

+ 

9 

4 

1 

- 

225 


± 1 

0 

0 

4- 

2 

4 

15 

4 

350 


0 

0 

4-1 

+ 

10 

4 

36 

4 

400 


i 3 

+3 

0 


0 


0 

- 

924 


+ 3 

T2 

0 


0 


0 

4 

402 


4-3 

4-1 

0 


0 

4 

42 

- 

210 


±2 

-l-2 

0 


0 

4 

70 

4 

504 


±2 

+1 

0 


0 

- 

14 

— 

378 


± 1 

+1 

0 

— 

24 

— 

40 

— 

420 


spherically symmetric, and multiplied by the total number of electrons in 
the shell. 

Let us consider next the diagonal elements of the quantity 

<2=Sg(iJ)=Se-'=/ry 

i>i 


12-2 
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Table 2*. a^{l mj, V mi). 

The value of this coefficient is independent of the signs of mj and mj . As in the preceding table, 
we print the common denominator of several related values but once at the beginning of each 
group. For Z=0, a*(00, Z'' 0) for all Z' mi'; for ^ = 0, I"" mj) = l for all values of the 

arguments; in the table we give values only for Z, Z', Z: >0. Note that 

a*(Z' mi , Z mi, V mi). 



which represents the mutual Coulomb repulsion of the electrons. This 
element is given by the expression (cf. 1^1 and 8812) 


1 ^ 1.4) = 2) Ui(a*) v^{af) dn-^dr^ 

- 8{mJ , m^)J*Jui(a*) VgCaO 1. 2) v^ia^) v^ia^) 

= S [J(k,t)-K{k,t)l 

Jot^l 

where dr — sind dr d9 dtp and v{a) is the spin-free eigenfunction 

R{nH^) 0(^®m“)<l>(mf). 


y (2) 


Consider now that part of the sum in (2) which results when a* has the 
fixed value nlm^i and cd runs over all the individual sets of the n‘V closed 
shell. We do not assume nl to be different from n'V . If nl~n'V there occurs 
one term in this sum, that for which which does not occur in (2); but 






98 


SPECIAXiIZATION FOB CLOSED SHELLS 181 

the summand of (2) is seen to vanish for = a* so we have introduced only 
a vanishing term. This sum is, in detail, 


S 

m 


2 2 rrr?(l, 2) ©?(«»»,) ©|(Z'OT;)(2ff)-ad:ri(ira 

LJ J 

jq(l, 2) Sj^[nl) Sy(nT) R^(nl) R^(n'l')Q^(lm,) 
.^j(m,)©i(rm;)<I>i(TO;)0j(Zm,)<t>j(»nj)©2(rTO;)$2(m;)c}rj<ira1. (3) 

The summation over m' gives a factor two in the first term and a factor one 
in the second. The summation over may be carried out by the use of the 
addition theorem (4:®22). This gives for our sum 

2) iq^nl) iq(n’V) ©^Zm,) dr^d-r^ 

— 2) R^inl) R^{n'l') R^{ni) R^{n'V) 

( 21 ' + 1 \ 

■ I Pr(cos£o) dr^dr ^ . (4) 


Now writing (7( 1, 2) = ^ = S P,,(cosa>), 

^12 K ‘ 

each of these integrals can be written as a sum over k of integrals involving 
(r^/r'^'''^) P^(cosa») in place of g'(l, 2). 

In the direct integral one may choose a new coordinate system for the 
variables $2 j 92 with the direction 6^ , as pole, in which case cu == Bq. Then 
all terms vanish except for /c = 0, in which case the integration over $ 2 , 92 
gives a factor 4:77. The integration over 0^, may then be performed directly, 
giving for the value of the direct integral (cf. 8815) 


2(2r+l)F^{nl,n'r). (5) 

The exchange integral, on using the same expansion, becomes 


— Se^ 

K 


Pl(W’Z) R-j^{7l I ) P2(^0 ^z) ^l(^z) 

%V + 1 \ 

I Pi^(cosaj) FJcosco) dT^dT 2 . ( 6 ) 

To evaluate this we expand the product P^.(coscu) P^(cosco) in a series of 
Legendre polynomials P,x(cosa>). This we may do since the P^ioosof) form a 
complete set of functions in the interval 0 to tt. The coefficient of P;^(cosa>) 
in this expansion is given by 

J* P;^(cosa>) P^'(cosa>) P^(ooaco) sinco dw = ^ ^Az'/c > 
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9« 


where we introduce for the integral of the product of three Legendre 
polynomials the notation 


£■ 


Jp^(co80) P^(COS0) P^(COS0) 81110 d0=O. 


tiVW • 


a 


UVW 


is expressible in terms of the c’s of 8®6 by the relation 

2c^(v0,w0) 


^/(^2v+l){2w+ly 


( 7 ) 


( 8 ) 


or the corresponding forms obtained by permutation of uvw, since C is 
symmetric in the three indices. This integral has the value* 

2{g\)^{u-\-v — w) \{v + w — u)\{w + u — v)\ 


n _ 

^UVW 


( 8 ) 


{2g+l)\{g-u)\^{g — v)\^{g~w)\^ 

where 2g = u + v-\-w. The integral vanishes unless the triangular conditions 
are satisfied (cf. 8® 10). 

When we substitute the relation 

2A 4- 1 

P,.(cosco) P^(cosa)) = S Oxr^ Px{C08aj), 


the exchange integral ( 6 ) becomes a double sum over k and A. In each sum- 
mand the dependence on 62 , 92 through the factor 

02(Z mi) Pxicosco). 

Expanding P;^(cosco) by the addition theorem, we find that the integral of 
this over the whole range of 62 > 92 vanishes unless A=Z, in which case it has 
the value 4^ 

The integration over 9 ^ , 9^ can now be performed directly to give simply a 
constant factor. Thus we are left with (cf. 8® 15 ) 

27 ' _i_ 1 

( 10 ) 


for the value of the exchange integral. 

Hence the contribution ( 3 ) of the nlmgmi electron and the n'V closed shell 
to the diagonal element of Q is given by 

(2Z' + 1) [2 P0(n7, n'V) - i S Q><{nl, n'V)']. (11) 

K 

The most striking and imj)ortant property of this result is that it is entirely 
independent of the values of W; and Wg. 

We may now obtain the contribution to (2) of all pairs of electrons in the 
same nl elosed shell by multiplying (11) for n'V = nl by the number 2 (27 + 1 ) 
of electrons in the shell, and dividing by two since each pair of electrons is to 
be counted only once. This gives for the contribution to the diagonal 


* Hobson, Spherical Hannonice, p. 87; 
Gaunt, Trans. Roy. Soc. A228, 195 (1929). 
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element (-4 1 of all pairs of individual sets belonging to the same closed 

shell the value 

{21 + 1)2 [2 F\nl, F‘^{nl niy\. (12) 

K 

Similarly if there is more than one closed shell in the complete set A there 
will be terms in the sum in which 1c refers to the closed shell nl and t refers to 
the closed shell n'V. The contribution of such terms is 

2{2l+\) {2V + 1) [2 F<^{nl, nT ) - ^ S 0’^{nl, nT)l (13) 

K 


10. One electron outside closed shells. 

We are now in a position to investigate the nature of the approximation 
which permits us to treat the spectra of the alkali-like atoms as arising from 
the motion of one electron in an effective central field as was done in § 8®. We 
consider for this purpose the configurations in which all the electrons but 
one are in closed shells. The one electron not in a closed shell will be referred 
to as the valeTice electron. 

The first approximation to the energy of any configuration, according to 
§ 82, is given by the roots of a secular equation in which appear the matrix 
components of the perturbation energy taken with regard to all the states 
of the configuration. We label the states by a set of quantum numbers 
for the closed shells and an individual set nlm^rrii for the valence electron. 
The degeneracy is only in and Since for each closed shell and 
Swg vanish, the and for the complete set is just the and 
rrig of the valence electron. But we have seen that the electrostatic inter- 
action energy is diagonal with regard to and , so there are no non- 
diagonal matrix components due to this term in the Hamiltonian. 

As to the spin-orbit interaction, it is a quantity of the type F^ so the results 
of § 6® apply. The conventional order of listing quantum numbers will make 
the valence electron in set B come at the same place in the list of individual 
sets as it does in set A, so the sign in 6®8 is positive. For the configurations 
under consideration it is possible for B to differ from A only in regard to the 
rrii and m, of the valence electron, so the non-diagonal element that occurs is 
just what would occur for the spin-orbit interaction if there were but one 
electron in the whole atom. The diagonal elements of the spin-orbit inter- 
action are given by 6®9 where, as in §4®, / is of the form ^{r^L,^'Si. The 
diagonal matrix components of this quantity are of the form ^^rrigmi for a 
single electnm in the state n I m-i . The sum of such quantities for all the 
electrons in a closed shell is obviously zero. Therefore the only term left in 
applying 6®9 is that contributed by the valence electron, which is exactly 
what it would have been if the others had not been there, so the whole spin- 
orbit interaction is as in the one-electron problem. 
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Turning now to the diagonal elements of the electrostatic interaction we 
use the results of the preceding section. For each closed shell there will he a 
contribution of the form 9® 12 and for each pair of closed shells there will be 
the contributions of the form 9® 13. These two parts refer to the interactions 
of the electrons contained in the closed shells and so are the same for all 
states of the atom under consideration. Therefore they do not affect the 
relative positions of the different energy levels. 

The remaining part of the diagonal element of Q is the part which 
depends on the quantum numbers of the valence electron. For this part k in 
7®7 refers to the valence electron while the index t runs over all the other 
individual sets. This gives a sum of contributions of the form 9® 11 for the 
interaction of the valence electron with each closed shell. The sum is in- 
dependent of the nfiginni of the valence electron. 

From the definition of F^{nl,nT) the direct integral representing the 
interaction of the valence electron with the n'V shell is 

2 (2Z' 4- 1) f f — . 

Jo Jo 

The integration with respect to can be carried out to give 

~ ^ n r “ -^2(^ ^ ) ^^2 "1" (* ~ O ^^ 2 "! J (1) 

L J 0 J n ^2 J 

so the direct integral can be written in the form 

jynT{n)RlWdri. ( 2 ) 

In other words the direct integral is just the interaction of the valence 
electron with the classical potential field due to the spherically symmetrical 
charge density 2 (2^4- 1) R\n'V)lr^. 

The exchange integral has no such simple interpretation, which is con- 
sistent with the fact that it has no classical analogue. 

The situation is thus as follows. To treat an atom with one electron outside 
closed shells we may assume all electrons to move in an effective central 
fi.eld XJ{r). The one-electron central-field problem has to be solved for this 
field to find the unperturbed energy levels and radial eigenfunctions. Then 
the iV"-electron problem will be like this one-electron problem so far as the 
spin-orbit interaction and doublet splitting is concerned. It will be unlike 
it in that states will occur only for which the valencc-electron quantum 
numbers are not those used up by the closed shells. The first-order per- 
turbation (except the spin-orbit terms) will then be, when the valence 
electron is in an nl state, a sum of terms which it is convenient to regard in 
three groups. 

First, there are the terms which refer only to the closed shells and which 
are therefore common to all of the states of the atom and so do not affect 
relative energy levels. These include not only a term like 9® 12 for each closed 
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shell and one like 9®13 for each pair of closed shells, but also for each closed 
shell a term like 9®1 which, according to 1®4:, has the special form 

2(2i' + 1) JT- U(r)-^1 J}^(nr)dr (3) 

for the n'r shell. 

Second, there are the terms which are integrals of the form of a function 
of r multiplied by the square of the radial eigenfunction for the valence 
electron. Altogether they are 

+ F„.,.(r) J BHnl) dr, (4) 

where the quantities F^ 7 -(r) are defined by (1) and the summation is over 
the n'V of all the closed shells. 


Third, there are the terms of the exchange integrals between the valence 
electron and the electrons in the closed shells. In this category there is one 
sum like the second part of 9® 11 for each of the closed shells. 

The doublet structure has been shown to be the same as in the one- 
electron problem, so that it is simply the combined effects of terms like (4) 
and the exchange integrals which determine the relative positions of the 
different terms. These results give us a little more insight into the way the 
approximation depends on the choice of the function U{r). The value of (4) 
is a functional of U(r) of a rather complicated sort; it depends on U(r) not 
only explicitly but also in that the R{nl) depends on U (r) and so also do the 
through involving the R{n'l'). A good choice of U{r) would be one 
that makes (4) have a small value for as many of the values of nl as possible. 

Now (4) is of the form which would arise if one were trying to approximate 
to the solutions for the potential energy 


r 


+ 21 

nT 


(5) 


having started with the known exact solutions for the field U{r). This 
suggests that one might take (5) as a new U (r) for a second trial and then 
determine the eigenfunctions which belong to it and in turn calculate new 
F/, '/'(>■) from these as a means of approximating to the best potential-energy 
function. Detailed consideration of methods of obtaining U{r) and results 
based on special central fields will be given in Chapter xiv. 


11. Odd and even states. 

In the course of the develoj>ments which follow we shall see that of all the 
ordinary quantum numbers, only those referring to the total angular 
momentum {J and 31) are rigorously constants of the motion for a free 
atom. There is, however, another classification of states of the atom which 
is rigorously a constant of the motion. Each state may be characterized 
rigorously as ‘ even’ or ‘ odd,’ a fact of great importance in spectroscopy 
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in that all the dipole radiation of the atom is concerned with transitions 
between states of opposite parity. 

Let 0* be an observable* defined by the result of its operation on a 
Schrodinger ^ function of the coordinates [i=l, of the 

electrons as follows: = (1) 


From this definition it is easily seen that with an observable which is a 
function of the position vectors r^, the momentum vectors and the 
angular momenta and Si, 0 has the following ‘ commutation’ property 

0f{ri,Pi,Li,Si)==f{-ri, -Pi,Li,Si)0. ( 2 ) 

Now the Hamiltonian for the free atom is a function only of rj , ,pl, Li, 

and Si and therefore commutes with 


= (3) 

Hence stationary states of the atom may be taken also as eigenstates of 0, 
From its definition it is clear that is the identical operator and so the 
eigenvalues of ^ are ± 1 (of. Problem 1, § 1^). States belonging to the eigen- 
value + 1 are called even states, to the eigenvalue — 1, odd. 

We shall now see that the eigenfunctions we have built up for the central- 
field approximation are also eigenstates of 0. It is evident geometrically 


that in polar coordinates 

9^ <Pj ~ ^r^ ^n—9^ ‘lT+<p^ cr^ • 


( 4 ) 


Hence if the function is of the form of a radial function multiplied by a 
spherical harmonic only the latter is affected by 0. On <I>(m) the operation 
j)roduces = ( — l)’'^<I>(m), 

while on &(lm) the result is 

0 &{lm) — ( — 0(2 m); 

so that the whole effect on any spherical harmonic of order I is multiplication 
by ( — 1)^ Then if 0 is applied to an eigenfunction like 3®0, the eigenfunction 
is multiplied by ( — 1)^^ Hence the state is even or odd according to whether 
SZ is even or odd. This is the origin of the even-odd terminology for the 
eigenstates of 0 belonging to ± 1 respectively. 

Since 0 anticommutes with the electric moment P defined in 4‘‘9, it 
follows from 2^23 that the electric moment can have non-vanishing matrix 
components only between states of opposite parity. Similarly and M 
commute with 0 and so will have non-vanishing matrix components only 
between states of the same parity. 


* Real because we shall shortly find that the eigenvalues are real and the eigenstates orthogonal, 
or from the definition because clearly 


(notation of § 3®). 
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We are now prepared to build on the results of preceding chapters by 
studying atomic configurations having more than one electron outside 
closed shells. For such configurations there are generally a large number of 
energy levels giving great complexity to the spectrum. In the first approxi- 
mation of the perturbation theory the purely radial terms, ~ , 


contribute quantities which have the same values for all levels belonging to 
a configuration. Therefore they do not affect the relative position of the 
levels of any one configuration. Because of this fact their consideration is 
best incorporated with the general study of the central-field problem which 
we take up in Chapter xiv. The Coulomb interaction of the electrons, 
2 » is different for different states of the same configuration and thus 

i>j 

serves partly to remove the degeneracy of the states belonging to the same 
configuration that exists in the simple central-field model of the preceding 


chapter. This is also true of the spin-orbit interaction terms, . 

Experience shows that in many atoms the spin-orbit interaction is small 
compared with the Coulomb interaction. For this reason it is useful to 
develop an intermediate approximation in which the Coulomb interaction 
is taken into account but the spin-orbit interaction neglected, or treated as 
small compared with the Coulomb interaction. This approximation is called 
the Russell-Saunders case in recognition of the pioneer work of Russell and 
Saunders* in which the main features of the theory of complex spectra were 
first recognized. In this chapter we study the scheme of levels belonging to 
a particular electron configuration. The next chapter is concerned with 
methods of finding the eigenfunctions for this approximation in terms of 
the zero -order functions for the central-field problem. Chapter ix com- 
pletes the general study of the Russell-Saunders case by developing the 
theory of line strengths in this approximation. 

The theory covered in these three chapters, while quite general, will be 
in a form which is suitable for actual calculation only for configurations 
involving a very few electrons outside of closed shells. Chapter xiii will show 
how the theory may be adapted to the calculation of configurations involving 
almost closed shells, i.e. shells with just a few electrons missing. 


* Russell and Saunder.s, Astrophys. J., 61 , 38 (1926). 
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1. The LS-covLpTiing scheme. 

The Hamiltonian without spin-orbit interaction terms commutes with all 
components of the resultant orbital angular momentum X= jLi + JL 2 “H • • • "f" 
and of the resultant spin angular momentum S= -f- .S 2 + - • * + 
most directly seen from the considerations in the first part of § 8 ®. Hence it 
commutes wdth all components of the total angular momentum J=S+L. 
Therefore this Hamiltonian will have no matrix components connecting 
states labelled by two different precise values of S^, J^, jS^., or Jg. 

We introduce quantum numbers S, L, J, M according to the 

+ Vg^MJi ( 1 ) 

72 '= j(j+i )^2 j'^=Mn 

for convenience in labelling states which correspond to precise values of 
these observables. Only four of these six observables are independent; one 
usually takes either the set SLM^Mj;^ or the set SLJM to label the energy 
states. From 3®8 we obtain the important result that in the SLM^M^ 
scheme the energy is independent of and Mj^ . Since a definite state 
SLJM is a linear combination of states SLMgMjj with various MgMj^ but 
the same SL, this has as a consequence that in the SLJM scheme the 
energy is independent of J and M. 

The representation of states developed in the preceding chapter is based 
on a set of states specified by a particular set of 4iV" quantum numbers. Wo 
have now to transform to a new set of states in which the energy is diagonal 
to a certain degree of approximation. In whatever manner this is done each 
of the new states wiU likewise need to be specified by 4tN quantum numbers, 
for this is the number of degrees of freedom of the system. In the first 
approximation of the perturbation scheme we neglect matrix components 
of the Hamiltonian which connect states belonging to different configura- 
tions. Therefore to this approximation the energy states can i)e labelled 
precisely by the configuration. If there are N' electrons not in closed shells 
and N — N' in closed shells, the configuration label amounts to a specification 
of 4.{N — N') + 2N' quantum numbers, for all the quantum numbers occur- 
ring in a closed shell are prescribed and the nl values of the N' individual sets 
out of closed shells are also prescribed. Therefore in addition to the con- 
figuration label we need 2N' more quantum numbers with which to label 
states. 

* In accordance with the recommendations of RtTSSBULi, Shenstone, and Turner [Phys. Rov. 
33, 900 (1929)], we shall use capital letters -S, L, J, Mg, Mz, M for quantum numbers which refer 
to the resultant momenta of several or all of the electrons in an atom or ion ; the corresponding 
small letters will be used only for quantum numbers which refer to a single electron. 
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In case N' = 2 the four quantum numbers needed are provided by SL and 
either J or . For N' > 2 these are not in general sufficient and we 

shall need to find additional quantum numbers in order to give a unique 
specification of the states. This can be aocompHshed in many cases (§ 2®) by 
introducing the concept of parent terms. 

Any set of states in which Z,® and are diagonal will be referred to as an 
LS-coupling scheme. On the older vector model of the atom the orbital 
angular momenta of the individual electrons were regarded as coupled 
together to give a resultant orbital angular momentum, and the individual 
spins were coupled to give a resultant spin. Then the iS and L which resulted 
might be coupled under certain circumstances to give a resultant angular 
momentum J for the whole atom. 

A set of (2^ + 1)(2J[^ + 1) states belonging to a definite configuration 
and to a definite L and S will be called a term. If we are working with an 
scheme, then \Mj\ ^ L and |Jfs| < S, giving (2^5^ + l)(2i+ 1) states 
in the term. Working in an SLJM scheme, we have \S — L\^J:^S + L and 
I Jf I J for each J ; this counts up to the same total number of states in the 
term. The quantity 2S 4- 1 is called the multiplicity, it is the number of J 
values and hence the number of levels that occur in the term ]S. S. Even 
\fL<B we ascribe to a term this multiplicity and say that its multiplicity is 
not fully developed. The notation for a term, which has become standard, 
is to write D, F, ... for Z/ = 0, 1, 2, 3, ... and to write the numerical value 
of the multiplicity as a superscript at the left of the symbol for the L value. 
Thus (‘ quintet P’) indicates a term in which L—l and S=2. This is in 
accord with the usage of § 4® for the doublets in one-electron spectra. If 
more than one term of the same kind occurs in a given configuration, we 
shall for the present distinguish them by an arbitrary extra letter as a ®P, 
6 ®P, ...; in § 2® we shall examine the possibilities of a more significant way 
of characterizing them. 

We have now to consider the j)roblem of determining which terms occur in 
a given configuration.* By the methods of the preceding chapter we can 
write down the N individual sets comprising each complete set which occurs 
in the configuration. Each complete set will consist of the individual sets 
for electrons both in closed shells and out. As it will shortly appear that the 
num)>or and nature of the closed shells is without effect on the following 
discussion, we shall in what follows use the word configuration to refer to the 
class of all configurations which have the same nl values for those electrons 
not in closed shells. 

Having made a list of the complete sets which belong to a configuration 

♦ Pauli, Zoits. fur Phys. 31, 705 (1925); 

Goudsmit, ibid. 32 , 794 ( 1925 ). 
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we may classify them at once by the values of = Mj^ and . To 

make the argument concrete let us consider n'p n'p ( J>)> the configuration 
in which two p electrons with differing n values occur outside closed shells. 
It will be convenient to use the notation of 6®2 for the m; and values 
of the two electrons, the superscript ± sign indicating the value 

for the individual set whose value is given by the integer to which it is 
attached. The resulting table of complete sets for pp classified by Mj^ and 
Mq values is 


pp 

Ms 

1 

0 

-1 

X 

i 

2 

(1+ 1+) 

(1+ 1-)(1- 1+) 

(1- 1-) 

1 

(l+0+)(0+l+) 

(1+ 0-)(0+ 1-)(1- 0+)(0“ 1+) 

(1- 0--)(0- 1-) 

0 

(1+ -1+){0+0+) 
(-1+1+) 

(1+ - l-)(0+ 0-)( - 1+ 1-) 

(1- - 1+)(0- 0+)( - 1- 1+) 

(1- -l-)(0-0-) 
(-1-1-) 

-1 

( - 1+ 0+)(0+ - 1+) 

( - 1+ 0-)(0+ - l-)( - 1- 0+)(0- - 1+) 

( - 1- 0-)(0- - 1-) 

-2 

(-1+ -1+) 

(-1+ -!-)(-!- -1+) 

( - 1- - 1-) 


Because of the occurrence of a state for Mj^ = 2 and Mg = 1 there must be a 
term having the values L = 2 and S=\, that is and this will have a state 
in each cell of the table. Of the two states in the cell Mj^ = 2 and Mg = 0, only 
one is accounted for by the term, so there must be a term to account 
for the other. This accounts for all states with = Similarly from the 
presence of two states in the cell M^=l and Mg= 1 we infer the occurrence 
of a term. Continuing this process we see that the terms are ^S, ^ P, 

ap, ip, and ^D. 

These terms are the same as one finds on the vector-coupling picture 
according to which S as the resultant of two spins each of magnitude one- 
half can have a value zero or unity, and L as the resultant of two orbital 
angular momenta each of magnitude unity can have the value zero, one, 
or two. However, the vector-coupling picture does not tell us which of the 
terms are eliminated by the exclusion principle in case the configuration 
involves equivalent electrons. 

Let us see what effect the exclusion principle has in the case just con- 
sidered if the 71 ’s of the two p electrons become equal, that is, for the con- 
figuration p^ . We have to rule out all complete sets in which identical in- 
dividual sets occur, and must count but once sets which are now the same 
except for different order of listing of the individual sets. From 40 l we see 
that the exclusion principle excludes or permits whole terms so that its 
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operation does not spoil the possibility of setting up an i/S-coupling scheme. 
The MgMjj table now is 


, (3) 


so the terms are and A total of 36 states for pp is reduced by the 

exclusion principle to 15 forp®. 

Similar tables for other configurations may be made to find the terms 
occurring, although for several electrons outside closed shells the tables 
become quite extensive. Because of the symmetry which obtains it is 
necessary only to construct that part of the table which corresponds to 
Mj^ > 0 and > 0. 

2. Term energies. 

Now let us calculate the first-order perturbation energy for the terms of a 
given configuration in the approximation in which we neglect spin-orbit 
interaction. There are no matrix components connecting states of different 
and Mq\ therefore the secular equation for the whole configuration 
factors into a chain of secular equations, one of which is associated with 
each value of We make use of the diagonal-sum rule (2^21) which 

states that the sum of the roots of a secular equation is equal to the sum of 
the diagonal matrix components occurring in it. Since all the levels of a 
term have the same energy, this rule allows us to write a set of linear equa- 
tions, one for each M^Mj^ cell, equating the sum of the energies of the terms 
having states in that cell to the sum of the diagonal matrix elements of the 
perturbation energy taken with regard to the complete sets in that cell. If, 
for brevity, we write for the first-order energy of the •‘*Z) term, and write 
(1+ 1+) for the diagonal matrix element of the Hamiltonian associated with 
this complete set, we obtain, for pp, 

®/)=(ii- 1-I-) 

1-) (-(i- i-i ) 

(I '■o’') I- (<>■*■ l'^) 

‘P -I- -I- 1 1) -f- ®/; .^. (1+ ()-) ( (0 1 |-) + (1- 0+) +(0- 1+) 

3, S' -1-37' .= (()+ 0-1 ) 4.( 1 1- ~ 1-1 ) +( - 1-t- 1-I-) 

1-S' + 3*Sf + ^7' -i- 37’ -I- >7> + yj = (0+ (J-) ( _ If 1-) ( If _ 1-) 4. (()- Of) -f ( - 1- 1-^-) + (1“ - 1+), 
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and additional equations from the remaining cells which are not needed 
except as checks in actual calculation.* 

From these equations we readily solve for the term energies in terms of 
the diagonal matrix components: 

3D=(1+ 1+) 

iD=(l+l-) + (l-l+)~(l+l+) (1) 

3p = (l+0+) + (0+ l+)-(l+l+), etc. 

Corresponding calculations for the configuration p® give the formulas, 
analogous to (1), 

ii) = (l+l-) ap==(l+0+) 

i;S' = (l+-l-) + (l--l+)-t-(0+0-)-(l+0+)-(l+l-). ^ ^ 

If a particular kind of term occurs more than once in the configuration, 
the only way in which the energy of these terms occurs in the set of linear 
equations is as the sum of the energies of all like terms; hence this method 
gives only the sum. In order to fibad the individual energies one needs then 
actually to solve a secular equation involving the non-diagonal matrix 
elements. A case of such a calculation is taken up in § 7®. 

After the calculations for a particular configuration have given formulas 
like (1) and (2), these may be still further simplified by making use of some 
special properties of the diagonal matrix components from the preceding 
chapter. From the way in which these formulas are obtained it always turns 
out that the number of matrix components occurring with a plus sign is one 
greater than the number with a minus sign. Therefore any quantity which 
occurs as a constant added to all the diagonal matrix elements of a con- 
figuration will come up simply as that same constant in the expression for 
the energy of each of the terms. It is the electrostatic repulsion of the 
electrons which gives rise to the separation of the terms. From 7®7 we see 
that a particular diagonal element oi Q— is given by 

(A|Q|A)= S [{ab\e^lr^z\ah)-{ab\e^ir^^\ba)], (3) 

a>6=l 

where the summation extends over all pairs of individual sets in the com- 
plete set. The sum in (3) breaks up into (a) pairs between individual sets in 
closed shells, (6) pairs between an individual set not in a closed shell with 
those in closed shells, both discussed in §9®, and (c) pairs between in- 
dividual sets neither of which belongs to a closed shell. The parts (a) and (b) 
will be constant for the whole configuration. Part (c) is what gives structure 

* We should like to call attention here to a slightly different formulation by V'an V'i-kok 
[Phys. Rev. 45, 405 (1934)], in terms of a vector model proposed by Dirac, of the problem of 
obtaining the first-order electrostatic energies. This formulation furnislios a procetlurc for 
obtaining the energies of the terms of any given multiplicity without first determining the 
energies of the terms of higher multiplicity. 



2 ? 


TEBM ENERGIES 193 

to the configuration ^art from its absolute location on the energy scale. 
It is sunply the sum S \J (a, 6) — Sl{a, 6)] over the N' electrons outside of 

a>6=»l 

closed shells, in the notation of 8612. From formulas 8® 13 and the tables of 
a’s and 6’s, it is a piece of straightforward computation to express the energy 
of each term with the F and G integrals. So many coefficients vanish that 
the summations in 8613 seldom involve more than two or three terms in 
cases of spectroscopic interest. 

Let us illustrate the method by considering in detail. On writing Eq for 
the constant part which arises from pairs {a) and (6) we have 

( 1-*- 1-) = Eq + Fo(np, np) + F^{np, np) 

(1+ 0+) = + FQ{np, np) — F^{npy np) 

and similar expressions for the other diagonal elements occurring in (2). 
Here we have used the fact that Oj,{np,np) = Fj,{np,np) = F^{np,np)IDj„ 
where is the denominator occuiTing in Tables 1® and 26. Hence finaUy the 
electrostatic contribution to the energies becomes 

'^JS=^Eo + Fo+H)F^ 

, 1I) = Eq + Fo+ ^2 (4) 

l^F^Eo + Fo- 5F^, 

Although we cannot know the numerical values of the integrals FQ^np, np) 
and li 2 ,{np, np) without basing the calculation on a definite assumption for 
JJ (t) we see from the form of this result that, whatever the particular U{t) 
chosen, the first-order theory predicts an interval ratio 

- ID) : (ID - 3p) = 3 . 2, (5^ 

with the as the highest term. 

'3. his form of calculation thus provides relations between the term energies 
which can be compared with experiment independently of the more difficult 
problem of liiiding a good central field. Such predictions and their com- 
parison with exi)erinieiital data are given in § 5'^. 


3. The Land6 interval rule.* 

The next problem in the theory of the energy levels in the Russell- 
Saunders case is that of allowing for the spin-orbit interaction, regarding 
this as small <!ompa,ro(l witli the electrostatic interaction. The electrostatic 
interaction bieaks th(i configuration up into separate terras, each character- 
ized by a given L and 8, but leaves those terms degenerate with regard to J . 
The Hpin-orl)it interaction has the form 

ll‘ = 'Zn\^^i(r^)LcS^. ( 1 ) 

i i, 

♦ LANi>fc, ZeitH. fiir Vhya. 15, 181); 19, 112 ( 1 1)2 3), 


c s 


13 



194 


THE ETTSSELL-SAUNDEBS CASE : ENERGY LEVELS 3^ 

B'rom 8®4 we see that this commutes with JT; this permits the levels to he 
labelled by J values even when the spin-orbit interaction is not neglected. But 
does not commute with 5 and L so that these no longer furnish accurate 
(quantum numbers. In case the spin-orbit interaction is small compared to 
the electrostatic, however, we need only consider the effect of the diagonal 
matrix components in a scheme of states labelled by SLJM. In this way, 
a given term will be spHt by the spin-orbit interaction into a close group of 
levels characterized still by S and i to a good approximation and distin- 
guished by different values of J. For the individual levels we use the standard 
notation, . If we wish to specify a state we write the value of Jf as a 

right superscript, In the SJLJUIgMjj scheme we shall designate a 

state by Mq, Mjj. 

The complete matrix of for all the states in the configuration includes 
components that are non-diagonal with respect to the terms. These are re- 
sponsible for the breakdown of Russell-Saunders coupling, i.e. for the loss 
of validity of the characterization by S and L. The details of such effects are 
considered in Chapter xi; here we confine attention to the diagonal elements. 
From the fact that commutes with L^, we see that is a vector of 

type T with respect to , to X,, and to JT. Hence the diagonal element of the 

term of (1) is given by the first equation of 12®2 if we make the correlation 

P^i(r,)L, j^-^S j->J 

as 


(ySLJM\^(U) Li-S^\YSLJM) 

= S (yL\S(n)LiY'L)(Y’SmvS)^-—-^-^ ~ . (2) 


In this expression everything is independent of J and M except the factor 
in braces. Hence the whole dependence on J of each term of W is given by 
this factor. Since L'S=\{J^ — L^ — S'^) this factor is recognized as the 
matrix element {8LJM\L‘S\SLJM)^ so that we may write 


ViySLJM) = {y8LJM\Hi\ySLJM) 


= 1) - -S(<g + 1)| 

= U7SL)(SLJM\L-S\ 8LJM), 


where ^{y8L) is a factor depending only on 8, L, and y (which specifies the 
configuration, etc.) and which is entirely independent of J. The spin-orbit 
perturbation of the level ySLJ is thus given in the first approximation by (3). 

From this result we see that the energy interval between levels differing 
by unity in their J value is 


V{y8LJ)-V{y8LJ-l) = JUy8L); 


(4) 
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that is, the interval between two adjacent levels of a term is proportional to 
the higher J value of the pair. This is known as the LaTide interval rule. It 
has a quite general validity and is of great use in empirical analysis of a 
spectrum. As an example we may take the term of the configuration 
3c2® 45^ which is the normal term of Fel: 



Energy 



Level 


Interval 

^ obseirved 


0-000 

-416-934 

- 103-9 

'A 

416-934 

-288-067 

- 96-1 

to 

704-001 

-184-125 

- 92-1 


888-126 

- 89-942 

- 89-9 


978-068 




Here observed’ is the observed interval divided by J", which would be 
constant if the rule were exactly obeyed. 

The spin -orbit perturbation given by (3) has the property that the mean 
perturbation of all the states of the term vanishes, that is, the mean per- 
turbation of the levels when weighted by the factor {2J -H 1) is zero. This 
weighted mean of the energies of the levels of a term is called its centre of 
gravity, which is thus equal to the energy of the term as it would be in the 
absence of spin-orbit interaction. To prove this statement we merely multiply 
(3) by (2*7' 4-1) and sum J from |Z/ — /S'! to L-\-S, using the summation 
formulas 

i J = |-X(X+1), S = (X+l)(2X-hl), i J^ = iX^(X+l)K (6) 

y=0 J=0 

Here, as in the case of one-electron spectra studied in Chapter v, there is 
a possibility of a small finite displacement of a term of a configuration con- 
taining s electrons through the occurrence of an infinite value of ^ multiplied 
by a factor that is formally zero. In such a case it is necessary to have re- 
course to the relativistic theory as was done in connection with the levels 
in hydrogen. 

4. Absolute term intervals.* 

We have obtained the Land6 interval rule by a simple use of the first 
equation of 12*2. In order to obtain the absolute term intervals in terms of 
the one-electron parameters 

i^^n^(nl\i(r)\nl), ( 1 ) 

we do not need to evaluate 3'^2 in greater detail (which as will be seen in 
Chapter xi is in general a rather complicated procedure) but can obtain all 


* Goudsmit, Phys. Rev. 31, 946 (1928). 


i3-a 
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the information we desire from the diagonal-sum rule except when two or 
more terms of the same kind occur in a configuration. The intervals in this 
latter case are considered in § 7®. 

In order to use the diagonal-sum rule we shall need to know the diagonal 
elements of the matrix of in the SLM^Mj^ scheme and in the zero-order 
scheme. In the SLMgMj^ scheme 

(y SLMsMj,\Br\y SLMsMj^) 

= S (y SLJM){y jSLJM\H^ \yj8LJM)(y SLJM\ySLMsMj^) 

=\{ySL) (SLMsMj,\L-S\8LMsMj,) 

^M^M.aySL), (2) 

the last form being obtained from 7®3. In the zero-order scheme, since is 
ji quantity of type F, the diagonal element for the state A—a^a^...a^i8 
given by iv jv 

{A J.) = S . (3) 

i=l i=l 

The manner of using the diagonal sum rule is this: The zero-order states 
for a configuration are classified according to the values of 
the terms which have components in each cell noted as in § l"^. By the 
diagonal -sum rule, for a given value of and Mg , the sum of the elements 
(3) f’or the zero-order states is equal to the sum of the elements (2) for the 
terms wliich have such coni|)Oiients. This gives for each cell an equation 
ex|)reH.sing certain of the (,{8L) in terms of the and there will be a 
Hulhci(Mit number of e(juation.s to determine all the unless two or 

more terms of a kind oeeiir, in which case only the sum of the ^{SL) for these 
tcinns may hi; obtained. 

As a sim})lc exa.mj)le consider the conliguration 7ipn''p which has been 
discussed in § F. From 1"2 we see that (1* 1 ‘ ) is the state* 1, 2 ; hence we 
obtain tho Ciuation 2 = | 

or aVJ) = U«„p + C„.p)- 

I'he states '*/>>, I, 1 and '^P, 1, 1 arc linear combinations of the states (1 '0+) 
UlKl (O' 1 ' ); booco Wl’)--- i(?„„+ f„-„) 

or 

t f we atUunpt to write a similar e<|ua.tion for a cell with either 71/ or 71/^ = 0, 
wo t)btain of course only the result 0 = 0, but the new terms occurring in 
those cells are either 8 tcirrns or singlets, for which ^ has no real significance. 
We thus have obtained the result that 

'C{np n'p 'yi>) =- i^{np n'p 


* fcioc jiroceding for no tat ion. 
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which is directly amenable to comparison with experiment, and says that 
the total width of the shonld be f that of the ®P. 

It will be noted that in this case the lowest J value of each term has the 
lowest energy, since the are all essentially positive (§4®). This positive 
sign for ^{jSL) is characteristic of all configurations which contain few 
electrons — ^the resulting order with the lowest J value lowest is said to be 
normal. A term for which ^{SL) is negative so that the lowest J value is 
highest is said to be inverted^ and the intervals are specified as negative. 

Since the situation mentioned at the end of the preceding section in which 
a single level has a spin-orbit displacement cannot occur unless the con- 
figuration contains an s electron, none of the singlet or S levels oiwp n'^ can 
possibly have a spin-orbit displacement in the Russell-Saimders case. 

5. Formulas and experimental comparison.* 

We now turn to a systematic comparison with experimental data of 
the formulas for the electrostatic energies and Lande term intervals in 
the Russell-Saunders approximation. For the electrostatic energies in the 
simplest cases the theory predicts certain interval ratios as in 2'^5. In other 
cases where there are more terms and more P’s and 6^’s, we treat the latter 
as adjustable parameters. This enables us to see if the formulas agree with 
the data in any sense: if they do, then it still has to be remembered that the 
P’s and (?’s are not really independent. The actual values of P’s and (?’s have 
to be obtained from some particular choice of the U{r) underlying the 
central-field approximation. This part of the problem is considered in 
Chapter xiv. 

Departures from these first-order formulas we may regard as due to two 
causes. First, the spin-orbit interaction may be so large that the LS coupling 
is broken down. Second, even though the spin-orbit interaction be small, 
the neglected matrix components of the electrostatic interaction which 
connect different configurations may be important. The first point is con- 
sidered in Chajjter xi, the second in Chapter xv. From § 11® we know already 
that there are no matrix components of the Hamiltonian between con- 
figurations of opposite parity. Hence all perturbations between Russell- 
Saunders configurations occur between terms of the same S and L values 
and of the same parity. 

^L = F^ + Oo 

Here Pq = FQ{n'8, nl), = GQ{n's, nl); these arguments need not be specified 

* Condon and Shoutley, Phys. Rov. 37, 1025 (1931). 
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unless there is ambiguity. These configurations are considered in detail 
in §3^. 





l;S=Po+10P2 



iZ)=Po+ 



»P=Po- 


II 

As is essentially positive, the terms in 

order of increasing energy are 

^S, with intervals in the ratio given by 2’5. This is to be compared 

with the experimental values* 



Atom Configuration 

P;Sr-iZ>)/pZ)-»P) 

Theory 

np^ 

1*60 

0 I 


M3 

N II 


1-14 

0 III 

2p» 

M4 

Si I 


1*48 

Gel 


1*60 

SnI 

Spa 

1-39 

LaH 

6pa 

18-43 

Pbl 

6pa 

0-62 


The departures in case of Cl, Nil, OIII are probably due to action of the 
configuration 2^3jp above. The same remark holds for Si I, so the good 
agreement here is probably accidental. In Gel, SnI and Pbl there is 
appreciable breakdown of LS coupling (see § 3^^). In La II the configuration 
is high and lies in the midst of many possible perturbing configurations. 

2P = 3if’„ 

= 3P„ - CPa C(’^D)=0 

*jS =3Fo - 

Here again we can eliminate the unknown compare observed with 

theoretical ratios: 


Atom 

Configuration 

(®P-®P)/(®P 

Theory 

np® 

0-667 

N I 

2pa 

0-600 

0 II 

2p» 

0-609 

S II 

3p» 

0-661 

As I 

4p® 

0-715 

Sbl 

6p® 

0-908 

Bi I 

(>p® 

1-121 


The deviations in N I and O TI are probably connected with disturbance 
by 2p^3p, the lowest term of which in N I is only four times the over-all 
separation of above this configuration. Similar remarks hold for S II. 
In the last three examples departure from I/S coupling is important 
(§311). 

* We wish here to acknowledge our indebtedness to the excellent compilation of energy levels 
by !Baohx!B and Gotjdsmtt (Atomic Energy States, McGraw-Hill, 1932) for most of the experimental 
data used in this book in energy -value comparisons. 
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The first-order formulas give ^{^D) = 0 and = 0, so the actual term 

intervals must he referred to perturbations or breakdown of Russell- 
Saunders coupling. 

The formulas are the same as for with 6J?’o written in place of jF’q • The 

Configuration {^8 - WWD - »P) 
wp* 1*60 

2jp* 1-14 

4jp'* 1*60 

In O I there is probably perturbation by Zp and in Te I the coupling 
departure is great, so the agreement is fortuitous (see § 3^®, where Te I is 
shown to agree well with the theory for intermediate coupling). 


aata are 


Atom 

Theory 

O I 
Tel 


p^s 

^8=F^ + 10F^- ffi 
^P = F^- 5F^+ 

^P=F^- 6^2-201 C(^P)=Kp 

^D=Fo+ Pa- C(^D)==0 


where of course the 6?^ is Gi{np,n's), Evidently (®/S-®Z>)/(®D — P) = |, 
where P = \{2^P + ^P). There are only two oases, Sblll 5s 5p^ and CII 
2s 2p^; here the order of terms is right, but the ratios are badly off: 3*58 and 
0-481 respectively. In the case of Sblll the 5s^6s^S and the 5s^5d^D are 
nearby and located so as to increase the — ®Z) interval. In CII, 2a® Zs^S 
is located so as to decrease the ^S — ^D interval. 

In Sb III 5s 5p^ we find 2140 and 2400 (cm“^) for the two values of ^(*P) 
inferred from the two intervals; this is roughly half of S(®P) = 4500, as it 
should be, while ^(®P) is 507 which, although not zero, is quite small 
relative to the others. Similarly in CII the ^(^P) is 14-3 and 11-4 from the 
intervals, roughly half of ^(®P) = 27-4, while ^(®Z))=— 0-8 which is very 
much smaller. 


ip, ®P = Po - 0, 2<?1 cm = 0 

1Z>, = P„ - fiPa - 0, 2C?1 

^S, = Po-15Pa-l, 


where Po = 3 Fo(np, np) + 3 Fo(n's, np) ; Pa = F^inp, np ) ; Wjo). 


This configuration for O I is discussed in § 2®. 


PP 

i/Sr, 3;Sr =Po + lOPat (On + loo's) 
ip,»P=Po- 6P2 +(G'o- 5<7a) 
i2>, »Z> = Po + Pa± (Gfo + O'a) 


£™ = i(Cn, + e«'a>) 
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We expect that G-^ is always small enough that Gq determines the sign of the 
expressions in the G^q. Thus the theory predicts an alternation: singlet above 
triplet for 8, then below for P and then above for D. This phenomenon 
occurs quite generally in two-electron configurations.* We may eliminate 
the G*a by dealing with the arithmetic means of corresponding singlets and 
triplets, and find (8 — D)j{D— P) = ^ for the interval ratio of the means. 
The means do not even lie in this order in the known cases which are in C I, 
Nil and Om, probably because of perturbation hj p^. 

Here the and Ci^P) should be equal; this is fairly well home out by 

11*2 10-2 

10-6 12-5 

32-1 29-2 

30-4 35-2 

73-4 65-3 

68*2 82-0 

The table gives the value of ^ inferred from each of the intervals in the 
triplet, so comparison vertically tests the Land6 interval rule and com- 
parison horizontally tests the theoretical equality of and ^®P). The 

2p4p configuration in these same elements shows the same degree of 
agreement with the theory. 

£d 

ip, »P = Po + 7Pa± ( + 63G'3) ^{SP) = - iCj, + Ua 

iP, SP = Po - 7Pa + (3(?i - 21<?3) ^{®P) = f ^ Cd 

ip, 3P=Po + 2P2±(6Gfi+ 3Gs) ^(*P)= Up+ 

These show the singlet-triplet alternation as in Using means eliminates 
the (?’s, giving a theoretical ratio {P — F)f{F — D)=^. The means do not 
come in this order in 01, Nil and OIII, nor in Ytll, La II, Gel 4(p6d, 
where the configurations are high and surroimded by perturbing configura- 
tions. In Ge I 4p 4d and Zr III &p 4d the means are in the theoretical order 
but the ratios are 0-28 and 3-58 respectively instead of 0*655. 

The configuration 4p can be followedf in the long isoelectronic sequence 
Cal to Ni IX. The arrangement of the levels is shown in Fig. 1'^, from which 
it is evident that the configuration is strongly perturbed in the low stages of 
ionization, as is shown especially by the occurrence of the below the ^P. 
This lowers the P mean enough that the ratio (P — P)/(P — P) is negative 
for Cal and Sell. In the higher stages of ionization the behaviour is more 
in accord with the formulas, but here the intervals inside terms are great 
enough to indicate appreciable breakdown of Russell-Saunders coupling. 

* RtrsSBix and MEoaEUS, Sci. Papers Bur. Standards, 22, 364 (1927). 
t Cady, Phys. Rev. 43, 322 (1933). 


tne data: 


Cl 2p3p 
N n 2pZp 
O m 2^) 3jp 
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The is partially inverted so a detailed study of the Land6 intervals 
■would be without meaning. The theoretical ^’s given in the table imply the 


relation 


^(3P) = 5^ei))-4Cm 


which makes it clear why the intervals are so small since ^(®P) is enough 
larger than to make 1{^P) almost zero. 

Similarly in C I 2^ 3d the relation between the indicates a reason why 
the ®P is inverted, al'fchough the conclusion is uncertain because there are 
large deviations from the interval rule. 



Fig. 1’. I'ho configiiratioiLs in tho isoelectronic sequence from Cal to NilX. 

The calculated terms are obtained by choosing values of Fq , F 2 , (?i , and which give 
approximately the best fit of tho six observed levels. (Scales in thousands of wave 
numbers.) 

M 

U), =P„ + 12Fs± ( 3(?a + 3G(?J U^D) = - Kd + Uf 

U<\^F=Fo-15F^ + il5Q^- 9(?J C(*P)= + 

^a,^0=Ff,-\- 5F^±(4.50^+ O^) C(3G)= Ui,+ Uf 

Only one example is known: La II 4/6p. The order of the singlet-triplet 
means agrees with theory but the ratio {D — O) l{G — P) is 1’05 instead of the 
theoretical 0-35 ( = 7/20). The interval rule is not satisfied, being partly 
inverted. 
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Here we have the first instance of a configuration in which a term of a 
particular kind occurs more than once so that the diagonal sum rule does 
not suffice to give complete formulas. The terms are The formulas 

give the energies of the means of the pairs of doublets, indicated by 


,^P=i?’o + 7^a 

«P =Po + 7 P 2 - ( - <?? - Qi 

x^P=Po-7P2 

*D=Fo- 7Pa + (SG'f* - - <3<f - 

nriP =P g +2P 2 

*P=Po+2P2-(6<?f + ZGf)-Of -Gf 
in which ^{^L) is the mean of the ^’s for the 


t{mP) = - K 1 .+ K<* 
«*P) = - Ka>+ lU 

timP) = f^d! 

Uv+ Kd 

two ^L*b, and 


Po = Pains, n'p)-\-Ff^ins, n"d) +Foin'p, T^d) 

P2 =Fzin'pyn"d) 

Ox = Giins, n'p) O^ = G^ins, n"d) 

G^=Oiin'p, n"d) Ol^=Oiin'p, nTd) 

The predicted order of the doublet means is expressed in 

The order is DP F in Sc I 3 d 4^ 4p which is probably strongly perturbed by 
3d^4p. In Ytl and Zrll 4d5s5^ the order is correct but with large depar- 
tures from the ratio, probably mainly because of perturbation by 4^!^ 5jp. 


£ 

iS=Ff^ + I 4 P 2 + 126 P 4 

«P=Po+ 7 P 2 - 84P4 ^(®P)=iC<i 

iP=Po- 3 P 2 + 36 P 4 

»P=Po- 8 Pa- 9 P 4 ^m = Ka 

i<?=Po+ 4 P 2 + P 4 

Regarding the F 2 and as adjustable parameters we have here four term 
intervals to be expressed in terms of two parameters. A convenient graphical 
way of doing this is to plot the observed term values as ordinates against the 
coefficient of F^in. the formulas as abscissas. If the F^ coefficients were all 
zero, the points should lie on a straight line whose slope is F 2 and whose 
intercept is Fq . As they are not we must draw a line on the graph so that the 
ordinate differences between the points and the line are as closely pro- 
portional to the coefficients of JP 4 as possible. Of course the parameters can 
be chosen by some analytic process like least squares, but the graphical 
method is accurate enough and gives a better idea of the nature of the fit. 

The values of the parameters chosen so as to give the best agreement with 
the data for Sd® in the isoelectronic sequence Sc II to Ni IX, as investigated 
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by Cady,* are shown in Fig. 2'^. They vary roughly linearly with the degree 
of ionization as they should. The values are something like 80 per cent, 
larger than what is given by using hydrogenic radial functions for the one- 
electron 3c2 states in 8® 15a, the hydrogenic values being — 20SZ and 

F = 14*7Z in cm~^. The '^S term is much too low in every case, so it was 
left out of account in determining the parameters. The accuracy with which 
the other terms of these configurations are represented by the theoretical 
formulas in terms of these parameter values is shown in Fig. 3'^. There is no 
obvious reason for the discrepancies in Ytll. The Zrlll 4d^ configuration 
cannot be represented at all with possible values of Fg and F4, probably 
because of strong perturbation by 4c? 5s. Similarly La II 5c?® seems to be 
strongly perturbed by 5c? 6s. 



AA Zrl Y 11 

Fig. 2’. Parameter values in the configuration d^. 

The interval rule and the relation ^(®P) = ^(®F) are quite accurately 
fulfilled in the long isoelectronic sequence studied by Cady. 

d^s 


3 ^ = + 14^2 + C?2 

= 7/'’2- 84^+ 

^P=F^+ 7i'\- 84/^4-2(72 t{^P) = Ka 

'^F = F„- 8F2- 9F^+ 

8/f’a- 9Ft-2a^ 

“(7 = /<’„+ 4 ^ 2 + Fi- ( 7 * C{^O)=0 


Here F„ = F„{nd, nd) + 2 F„{nd, n's ) ; P2, 4 = ^2, '^d)i ^2 = O^^nd, n's). 


* Cady, loc. cit. 
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We observe that the separations of |^(^P + 2^P), ^D, +2^F), and 

are the same as those of '^S, ®P, W, ®P, ^G in d^. 

Neglecting the ^8 which is much too low we may fit Till Sd^4:S and 
Yt I 4d^ 5s with the values 



Tin 

Ytl 

Fa 

1015 

434 


59 

32 


as shown in Fig. 47. These configurations overlap and interact with 3d!® and 
4d!® respectively. In Zrll 4d^5s the ^8 is not so badly off, although the 



Fig. 3’. The configuration d^. (Scales in thousands of wave numbers.) 


agreement in general is very poor. The best parameters are F.^ = {)( )5 and 
F^ = 55. 

According to the formulas 2p_4p should equal 2p__4p rpj^jg 
roughly true in the first two cases and not at all true in the third : 



Till 

Ytl 

Zrll 

(2p_4p) 

6620 

3964 

-1877 

(ap_4p) 

4558 

4357 

5404 


Further reference to these cases is made in Chapter xv, where effects of 
configuration interaction are discussed. 


i ! ! 2f^fss 
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dd 

1^, =Po + 14^2 + 126P4± (6*0 + + 126<?4) 

ip,«P=Po+ 7Pa- 84P4q:(<?o+ IQ^- 
iA*P = Po- 3^8+ 36P4 ±(G'o- 3(?2+ 366^4) 

IP, sp=Po_ SPa- 9P4 +(<?o- 8(?a- 96*4) 

iGf, S(? = Po + iPa + P4± (<?o H- 4(?a + 

^(»P) = ^(3D) = ^(3P) = ^(30) =iCntf + Kn'a 

The best example of this configuration is Sc II Zd 4d. As before the is 
much too low and was left out of account. The parameters used are F 2 = 107, 



Y 1 Ti II Zr 11 Sc II 

5s 3d^ 4S 4d^ 5S 3d 4d 

Fig. 4’. Configurations cl^s and dd. (Scales in thousands of wave numbers.) 

= \ Fig. 4'^ shows the relation of observed and calculated singlet-triplet 
means. The five singlet-triplet differences are represented by C?o=2230, 
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O^— 36*7 and 6 ^ 4 = 3*5 in the manner shown in the table: 

^8-^8 ip-«P ip-8p ^G-^G 

Observed 3872 -4275 4384 - 3935 4864 

Calculated 6368 - 4385 4492 - 3810 4760 

Other known instances are Yt II 4d 6d, Zr III 4d 5d and La II 5d 6d where 
the agreement is not as good; the singlet- triplet differences are entirely in 
disagreement in La II. 

This configuration gives two terms, so we can obtain only their mean 
by the diagonal sum rule: 


^P=3Fo- 6 P 2 - 12Fi 
*P=3Fo -I47P4 

m-O = 3F(j + 5F 2 + 3 P 4 

2p=3PoH- 9-F2- 87^4 
*F =3Fo-15Fi- 72P4 
^G = 3 Fo-llF^+ 13^4 
2£f=3Po- 6 P 2 - I2P4 

It is interesting to note that and 
This configuration is discussed in detail 


cm= Ua 
Ua 

= Ma 
Ua 

have the same first-order energy. 




ip, 3p = Po + 24^2 + 66 P 4 ± ( (?! + 24(73 + 330(?6) 

iA®P=Po+ 6Pa-99P44:( 37 i+42G'3 - 
ip, »P =Po - IIP 2 -I- 6 OP 4 + ( + 19(78 + 55<7b) 

1(7, =Po - I 5 P 2 - 22 P 4 + ( 10(7i - 356?3 - llG^g) 
Po + IOP 2 4- 3 P 4 + ( 16(7i + 10(73 + O^) 


= - K.+ Kf 
Uf 
Ur 

cm= 

Ka+iUf 


The only known case is La II 5(^4^, a case in which knowledge of the theo- 
retical formulas was of use in the analysis.* The singlet-triplet means are 
well represented on taking l’o= 21400, J^ 2 = 115, jP 4 = 16: 


P D 

Observed 25214 20534 

Calculated 25216 20506 


F G H 
21467 19038 23680 
21191 19323 22598 


The G parameters were fitted to the observed separations by least squares, 
the values being <?i = 357-6, (?8 = 29-7, (3, = 3-78 with the following iei)io- 
sentation of the data for the singlet-triplet differences : 


P 

Observed 442 1 

Calculated 4638 


D p 

-3279 6112 

- 3397 5837 


<7 11 

- 4879 9690 

-4987 113.30 


This gives a beautiful example of the alternation in sign of the singlot- 
triplet difference with increasing L. The triplet intervals do not follot^the 
Lande rule sufficiently well for a comparison of the ^’s. 


* Condon and Shortlny, Zoc. <dt. p. 1042. 
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and// 

The formulas for// are 

^ 8 , ^8 =Po + 60P2 + 198P4 + 1716J’8±(^o + 60G‘2 + 198G'4 + 1716G'e) 

iP, »P =Po + 45Pa + 33P4 - 1287Pe+ (Go+^<^2 + 33<?4 - 1287G'o) 
ip, 3P=Po + 19-P’a- 99P4+ 715Pa±(<?o + 19G'2- 99<3‘4+ 716(?e) 
ip, 3 = Po + lOPa - 33P4 - 286P6 + (G'o + lOG^a - 33G‘4 - 286G‘o) 
1(9, 3<? =Po-30Pa+ 97P4 + 78P6±((?o- 30<?2+ 970,,+ 78(9e) 

ip,3P=Po-26Pa- 5IP4 - 13P6T((9o- 25G'2- 51<?4- 13<?e) 

17, 37 =Po+25P2+ 9P4+ Pe±(<?o + 26G'2+ 96^4+ <?8) 

C(3P) = S(3P) = C(3P) = = S(37) = 


The formulas for /® are obtained by omitting the expres- 
sions in the O’s and noting that the allowed terms are: 

^P, ^P, The intervals are given by 

No case of// is known at present. But one/^ is known: 

La II 4 / 2 , Using least squares the F parameters were 
determined as J7'2 = 93 * 33 , JF4 — 21 * 58 , i^g= 0 * 262 . The 

^ SS 

comj)arison with observation is shown in Fig. 6^. The 
intervals in the triplets of La II 4/2 are badly perturbed. 

The upshot of all these comparisons is clearly that, 
although the first-order formulas agree with the data in ^ 
many cases and explain some qualitative facts like alterna- 
tion in sign of singlet-triplet differences, the second-order '5 
perturbations arc usually quite important. 


€0 




S6 


6. Terms in the nl^ configurations. 

It is of interest to consider the configurations in which 
all of the electrons outside of closed shells belong to the 
same shell. IMiese are commonly the type associated with 
the lowest levels of an atom (com pare § U'*). Tlie number 
of different individual sots possible in the nl shell is 
iV/ = 2 (2/+ 1), so without the I'auli principle the number 
of difl'erent c 5 oni])lete sots possible with x electrons in the 
nl shell woukl bo N'-f , The exclusion principle however 
effects a strong reduction in this number, since it requires 
that all individual sets in a complete set bo different and 
that two complete sets containing the same individual 
sets in a difforont order not count as different. 

Therefore the nuinber of states associated with the cc^nfiguration nP is 


<4 


— 


" 7 /- 


<rt 

<aa 


Fig. 6’. The 4/a 
configuration, of 
La II. 


Ni(N,-l)...(,Ni-x+l) __ (N, 
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tlie binomial coefficient which gives the coefficient of s® in (1 + 2 )^^ This 


number is symmetric with regard to x=Ni{2 since 



and has 


a maximum value for x—N^2. Therefore the complexity of these con- 
figurations increases with increase in a; to the middle of the shell and then 
decreases symmetrically for larger xiig to x=Ni. 

The Russell-Saunders terms corresponding to the configurations s® and 
p® have been considered already in the course of the preceding section. 
For the configurations c?® and/® the calculation of the terms by the method 
of § 2 becomes rather lengthy. Formulas for the term energies as expressions 
in the F and G integrals have not been worked out,* but the kind of terms to 
be expected are given in Table 1’ which, for completeness, includes the a® 
and p® configurations already discussed. t The values of ^{SL) as given by 
Goudsmit {loc. cit. § 4^) for p and d electrons are also included. 


Tabloi: 1^. JRiiseeU-Saund&rs terms and Landd factors for configurations. 

The small numerals under the term designation show the number of terms of the kiud occurring 
in the configuration. The fractions in parentheses give the values of a in the equations ^{SL) = cc^i 
for x<2l + l and ^{SL) = — for a: > 2i + 1. Where two terms of a kind occur, the mean v^ue of 
a is given. 


s 


2/S 








p, pS 


2P(1) 



p\p* 

^3D 






2PZ)(0) «/S 



d, 


^m) 



d\d^ 

^BDG 

w(i i) 





^PDFQH{%\~\^^) W(Ji) 



d\d^ 

^BDFQl 

2 3 a 

»Pi)P<?H(i 

2 2 

“^(i) 




^SPDFGHIiO) ‘Pi)P(?(0) 

3 2 2 

«/S 



2J7> 





^SDQI 

tspFH 




^PDFGHIKL *SDFGI 

2 2 2 2 




WFGHIKLN ^PDFOHIKLM 

244232 8243422 

^SDFGI 



^PDFGHIKLMNO *BPDFOHIKLM 

457676S32 2344332 

opFH 



^SPDFGHIKLMNQ ^PDFGHIKLMNO 

4 648473422 669796633 

^BPDFGHIKL 

3 2 8 2 3 

’P 

r 

^SPDFQHIKLMNOQ ^SPDFGHIKLMN 

267 10 10 997642 226676633 

^PDFGEI 

8/S 


* The term energies for d* are given by Ostrob’Sky, Phys. Rev. 46, 604 (1934). 
t Rtjsshll, Phys. Rev. 29, 782 (1927); 

Gibbs, Wilbbb, and White, ibid. 29, 790 (1927). 
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TERMS IN THE wZ* CONEIGTJRATIONS 

TLe configurations ZdF occur in the elements from Sc I to Znl, tlie so- 
called iron group ; 4bd^ and occur in tlie elements Y I to Cd I (the palla- 
dium group) and Lul to Hgl (the platinum group) respectively. The con- 
figurations 4 /® occur in the rare earths, whose spectra are not yet analysed 
in any detail. Even in the case of the iron group where quite elaborate 
analyses have been made the results are as yet far from complete. Eor 
example, in Ee I, the normal configuration 3d® gives rise to sixteen terms 
according to the table, but reference to Bacher and Goudsmit’s tables shows 
that only the and ® 6 r terms are known. Similarly of the sixteen terms 

expected from 3d® only one, is known in Mnl. 

It is easy to find the largest L value of the terms of highest multiplicity. 
For a; < 2 Z 4 - 1 , it will be possible to have an individual set in which aU are 
positive, satisfying the Pauli principle by taking different values. Hence 
the terms of highest multiplicity have s = x(2. The largest mi is clearly given 
by taldng = I, mi^ = 1—1, ... in which case 

L = ^mi=Yi{l — y+l) = xl — \x{x—l). 

2 /==l 

Thus for a d shell this gives ^D, and ^8 in agreement with the 

table as x ranges from 0 to 6 . For a; ^ 2 ? + 1 we can have positive for the 
first 2 Z -h 1 individual sets and for these Sm 2 = 0 , for the others we must take 
negative and take the remaining m/s as large as possible. This means that 
from the middle of the shell on the highest multiphcity diminishes by unity 
for each added electron and the associated L values run through the same 
sequence as in the first half of the shell. 

It is an empirical fact, noted by Hund,* that the term of largest 8 and 
among these the term of largest L is lowest in energy. 

It is easy to find an expression for the ^{y 8 L) of the term of largest 8 and 
L in these configurations by the method of § 4'^, since this term occurs as the 
sole occupant of the cell of largest and M. in the table of complete sets. 
The result is that for this term 

liySL)^ 

the plus sign applying for £C < ( 2 Z + 1 ) and the minus sign for a; > ( 2 Z+ 1). This 
result affords an interpretation of the trend of the observed )^{ySL) in the 
elements of the iron group in which the 3d® configurations occur. These are 
plotted against x in Fig. 6 ’. We see that they remain fairly constant in the 
first half of the shell, then reverse sign and increase rapidly in magnitude in 
the second half of the shell. 

Using the formula just derived we can infer the value of ^ 3 ^ in each 

* Hund, Linienapektren^ p- 124. 


c s 
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elenient from tlie observed ^{ySL). Tbe values so obtained are also 
plotted in the same figure. They lie on a smooth curve showing a steady 
increase with atomic number. This is just what we should expect because 
with increased atomic number the radial function Ii{Sd) will be drawn in 

toward the origin, giving more weight to the regions where large 

and consequently increasing the value of ^ 3 ^ . A similar situation holds in the 
palladium group where the configurations occur, but the result is 
rougher because the data are not as complete and the departures from 
Russell-Saunders coupling are greater. 



Eig- 6’. Term -interval parameters in the 3d!® configurations 
of the iron -group elements. 

PROBLEM 

Show that the term of highest L value for is a singlet with L=xl- (x ~2)ifx is oven, or 

a doublet with Jj =xl — i(x — 1)“ if a: is odd (x^2l + 1). 

7. The triplet terms of helium. 

Our discussion of the relativistic theory of the one-electron problem in 
§ 5 ® showed how intimately connected is the spin-orbit interaction energy 
with other relativistic effects. We have allowed for this interaction approxi- 
mately thus far by introducing the terms 

S|(n)£,-S, with = 

in the Hamiltonian, and in § 5’ we have seen that this simple approximation 
is useful in correlating a large amount of empirical data on intervals between 
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levels of a term. In Cliapter xi we shall see that is also q[mte suitable for 
discussion of a wider class of oases in which the spin-orbit interaction energy 
becomes comparable with the electrostatic interaction of electrons not in 
closed shells. 

But there are cases, particularly for light atoms, in which a more reJQned 
discussion of the spin terms is necessary. The classical instance is that of the 
triplet terms of helium. Data are known for 2®P, 3 3 ®-D and 4®i). These 

terms are narrow and inverted, and the departures j&rom the Land6 interval 
rule are so great that they were at first thought to be doublet terms. Thus 
for 2p®P the interval ratio is 1:14 (~0*07cm“^: — 0*99om“^) instead of 
the Land6 value of 2: 1. These facts have been the subject of a number of 
papers* and are definitely related to the inadequacy of the usual approxima- 
tion for spin-orbit interaction. The question has been approached in two 
ways. One is to adopt the model of the electron as a small magnet and to set 
up the additional terms for its magnetic interaction with the nucleus and 
other moving electrons by classical mechanics. The other is to take the 
relativistic classical formula for the interaction of two moving charges and 
try to adapt it to quantum mechanics by methods suggested by Dirac’s 
theory for one electron. The first approach is that originally adopted by 
Heisenberg, his work being earher than the relativistic theory of Dirac. 

The spin contributions to the Hamiltonian, according to Heisenberg, may 
be written for the two-electron problem as 




e® { (fi - rg) X (»! - ©a) {r-^ - r^) x 

..3 2 ^ 


[JLC 


12 


12 


••Si 


f (y 2 -yi)x (^a-^i) _ ^ (^•2-^1) 


fJiC^ 


12 


12 




Si- S^rl.- (r 2 - y 1) •Sa* (*’2 - y 1) ' 


iit «5 

'12 


( 1 ) 


In this expression |(r) is to be calculated simply for the Coulomb field of the 
nucleus, so the first line contains terms which we have already considered in 
the theory for hydrogen. The next two lines represent the interaction of each 
electron magnet with the field produced by the other electron, and 
being the velocities of the two electrons. Finally the last line is the direct 
interaction of the magnetic dipoles of the two electrons. The terms of the 
last three lines are given by purely classical considerations by associating 


* Heisiskbero, Zeits. fiir I’hys. 39, 499 (1926); 

Gaunt, Proc. Roy. Soc. A122, 163 (1929); Trans. Roy. Soo. 228, 161 (1929); 
Oppenhbimeb, Phys. Rev. 35, 461 (1930); 

Bbeit, Phys. Rev. 36, 383 (1930). 
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with each, electron a magnetic moment — eS/^ic. The problem of spin-orbit 
interaction in a particular spectrum is thus reduced to the calculation of 
the perturbation energy associated with these terms. 

If we rearrange the terms in the second two lines we see that they can be 
expressed in terms of the products L^'‘S 2 , L^'Si and Li'S^) together 

with terms in which mixed expressions like (r^ x v^ySi occur. The whole term 
in I-i’S'i is found to be „ 




on using the definition of in terms of the Coulomb field. This shows in a 
rough way how part of the mutual interaction of electrons comes in to reduce 
the full effect of the nuclear field in the terms of the form and affords 
a slight justification for the use of U{r) in place of the Coulomb field for 
calculating spin-orbit interaction in complex spectra. But the whole 
situation is at present quite unsatisfactory and calls for more accurate 
treatment. 

The approach through Dirac’s equations does not make use of the mag- 
netic moment in the model. It starts by replacing the ordinary Coulomb 
interaction by the interaction law of classical electron theory 



which includes the magnetic interaction of the moving electrons as well as 
their electrostatic interaction. The velocities vjc and replaced by 

the matrix vectors and pg of the Dirac theory and this term incorporated 
into a Hamiltonian which also includes Dirac’s relativistic Hamiltonian 
written down for each of the two electrons. This procedure is entirely pro- 
visional and is beset with numerous difficulties, so we shall not give further 
details. When the Hamiltonian so formed is reduced by approximate 
elimination of the small Dirac functions that go with negative values of the 
rest-mass term it is in close correspondence with the one obtained from the 
classical model. The differences are akin to those discussed in § 5® in relation 
to the /S-levels of the one-electron problem. 

The most careful computation of the triplet structure is that made by 
Breit, who obtains a quite satisfactory agreement with experiment in the 
cases of 2 of He I and li II. 



CHAPTER VIII 

THE RUSSELL-SAUNDERS CASE: EIGENFUNCTIONS 

In this chapter we discuss not only the calculation of eigenfunctions in LS 
coupling in terms of the zero-order functions, but the question of the mean- 
ing of quantum numbers referring to less than the whole atom for anti- 
symmetric states. In § 1 we find that operators may be rigorously defined to 
characterize the resultant momenta of aU the electrons in a given shell in the 
configuration. This enables us in § 2 to introduce a characterization of LS 
coupHng terms by parents and grandparents and in § 3 to calculate the Lande 
intervals of a term from those of its ancestors. §§4, 6, and 6 are devoted to 
calculations of eigenfunctions proper; while §7 discusses the calculation 
from these eigenfunctions of the separate energies and Lande spUttings in 
cases where two terms of the same character occur in a configuration, with 
detailed results for the two ^U’s of d®. 

1. Vector coupling in antisymmetric states.* 

In this section we consider the meaning of vector coupling in antisym- 
metric states, and the extent to which the matrix methods of Chapter di 
are available for use in connection with such states. The situation is roughly 
as follows. In the antisymmetric state characterized by the quantum 
numbers n^Pml'nvl of what operator is m} the eigenvalue? 

Clearly not the operator Lg-of-the-first-electron (unless aU the w^’s are 
equal). But if nH^ differs from all the other nVs in the configuration, it is an 
eigenstate of the operator L.-of-the-T^i Z^-elec W. If nH^ also differs from 
all the other nVs, we may add the two L’s to obtain a resultant L and Mj^ 
and the two /S’s to obtain a resultant S and Mg for the V- and electrons 
by the formulas of § 143, Then in terms of these states the matrices of L’s 
and /S’s of the and nH^ electrons would be given by 9ni and 1032.But 
if v} l^, we can no longer define an operator JL-of-the-w^ Z^-electron, 

since no operator will distinguish between the two electrons in an anti- 
symmetric coupled state. It is, however, stiU sensible to define a resultant L 
for the two n electrons, but this operator will not be the sum of two com- 
muting angular momenta, and will not have the aUowed values determined 
by the addition of a vector P- to a vector P. Hence if a group of equivalent 
electrons occurs in a configuration, we must be content to work with the 
whole group as a unit in our vector couphng, not trying to define the angular 
momentum of less than the whole group. These ideas are given precision by 

* Shortlisy, Phys. Rev. 40, 197 ( 1932 ). For a discussion from the point of view of second 
quantization see Johnson, Phys. Rev. 43, 627 (1933). 
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tlie following consideration of the coupling of two inequivalent groups of 
electrons. 

We consider a group of JVj electrons (1 ... Nj) in a given configuration I. 
Let us denote the allowed terms for this configuration by the quantum 
numbers U-, and the corresponding antisymmetric states by 

Xi(yi Ml) ^ Xi(Ai). (1) 

Such a state will be a linear combination* of products of the one-electron 

functions of the type 

Xi(Ai)= S (2) 

p 

The phases in (1) for the states of a given term are supposed to be chosen so 
that the matrices (A||Z,i|A'J)t and (Ai|5'i|A'][) of Lj = Zi -H Lg + . . . -1- and 
<Sj = Sq -1- . . . -f- have the values given by 3®7, 

Consider also a second group, of N jj electrons (N-j- + 1 , + 2, . . . , Nj^ -l- N jj) 
in a configuration II whose nl values are all different from any in 1.% We 
denote the antisymmetric states of this group by 

Xn(y“/S^Lni*f?ilfii) = X„(Aii). (3) 

The products Xi(Ai) Xii(A“) (4) 

of functions of type (1) and functions of type (3) are functions of all 
•^=-^i4- electrons for which the matrix elements of Lj have the values 

(AJ Ag|£i|A'J A'H) = (Ai|ii|Ag) S(An, A'"). (5) 

Let us now define a new operator LI to represent, not the sum of the angular 
momenta of electrons 1 ... Wj, but the sum of the angular momenta of the 
electrons in configuration I. Exphcitly, we define LI as that operator which 
when acting on a state <j> of configuration I -4- II, expressed as a product 
of one-electron functions as in 2®5', has the same effect as the operator 
£,„ + Xrft -h . . ., where a, b, ... are the indices in ^ of the electrons in configura- 
tion I. Here II is any configuration inequivalent to I. When acting on a state 
of a configuration which cannot be represented as In- II, LI vanishes. We 
make corresponding definitions of L^, S\ and S^. 

Eor states formed by the exchange of electrons between groups in (4), the 
matrix elements of LI have the values 

X<3i(Ai)XQii(An)7:iXQ,i(A'i)XQ,n(A'n) = S(<?, Q') (Ai An|z:iIA'iA'n), (6) 

where (Ai AniiijA'iA'n) = (Aj AglLilA'J A'g). (7) 

Here Q1 is the set of electrons which the permutation Q of electrons 1 . . . W 
puts in place of electrons 1 ...Nj. Q is restricted to be such a permutation 
that the electrons in Ql and QTL are ordered. We shall for convenience call 

* We shall see in §§ 4®, 5®, 6® how to determine these linear combinations, 
t The symbol A'j indicates that group i of electrons (1 ... Nj) have quantum numbers 
J Two configurations related in this way will be said to b© ‘inequivalent.’ 



215 


18 VECTOR COOTLING- m ANTISYMMETRIC STATES 

snoh. a permuLtation an exchciTigG. Formula (6) follows fi:om th.© fact tliat tlie 
resultant of operation by I?- on its operand in (6) is the same as th© result of 
operation by jLq/i on this operand. Matrix components of between states 
of two difEerent configurations are of course all zero. 

Th© state Xgi(Ai)X^ii(A^) = QXi(A^)Xii(X“) (8) 

is thus an eigenstate of with the quantum numbers 

/Sfi, JJ-, Ml, M\. A similar statement holds for the corresponding operators 
referring tp configuration II. TST^e may easily construct an antisymmetric 
linear combination of these eigenstates: 

T(AiAn) ;=L=S(-l)«eX,(Ai)Xn(A“) = ^'Xi(Ai)Xn(An), (9) 

VNljNjlNjjl Q 

where th© summation runs over all the N\JNj\Njj\ exchanges Q, and q has 
th© parity of Q. Since th© states in the summand of (9) are all orthogonal, 
T is normalized, and is hence an allowed antisymmetric state of configura- 
tion I + II. The matrix components of between states of th© t 3 rp© (9) are 
seen from (6) to be given by 

T(Ai AH) LiT(A'i A'li) = (A^ A«|Z,ilA'i A'«). (10) 

Hence, the states T of (9) have all th© properties of the states 
of 6®! with respect to the angular momenta L^, Li^, and again with respect 
to S^, Therefor© we can us© th© formulas of § 14=3 to add and or 
and or both, to obtain states 

^{yiS^L\y^S^L^,SLMsMi,), (11) 

where S— Si + Sji = S^ + S^, L = L,j + Lji = L^ + 

Th© expressions of § 10® for th© matrix components of S\ L\ will 

accordingly hold for this system of states. 

For any quantity F = F-j^ + + Fj^ , let us similarly define F^ as that 
operator which behaves like F„-h Fi,+ ... when acting on a state of con- 
figuration I -h II, and which vanishes otherwise. Then the action of on a 
state of type (8) gives 

FiXoi(Ai) XQii(An) =:SXQi(Ani)XQii(A«) (AniAn|Fi|AiAn) 

+ SX(a)(«|J’|AiAn), (12) 

a 

where (A^^^A^^|F^|A^A^^) = (Aj^^A^][|Fj|AjAjj), (18) 

and a is a state of a configuration which cannot be written in th© form 
III -H II.* Similarly the action of F^^ on this state gives 

i^^Xoi(Ai)X^„(An) = SXg,(Ai)X(^„(AiV)(AiAiv|^i|AiAn) 

+ SX(i8)(j8|i^lAiAH), (14) 

* For example, if configuration I is and II a typical III is df, while a typical a is d]^. 

F* has of course no components between configurations differing in more than one electron. 
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where j3 is a state of a configuration which cannot he written in the form 
I + IV. 

From these formulas we see that the general matrix component of 
jP = 4- connecting states of configurations I + II and III + IV is 

= S(Q, g')8(A^’^,An)(AinAn|i?^|AiAn) + 8(^,Q')8(A^“=Ai)(AiAi’^|Fn|AiAii). (16) 

Hence the matrix components of F between two antisymmetric states of 
the type (9) are 

(Ainxrv| F\XT^xn) = 8(Ar^, A^) (Ani An|Fi|Ai A^) + S(Ani, Ai) (A^ A^^l Fii|Ai A^). (16) 

From this, (13), and (10) we see that in evaluating these matrix components 
and those joining corresponding coupled states of type (11), we may treat 
F as 4- F^^, where F^ commutes with S^, IP-, and F^ with IX. If F is 
a vector of type T (§ 8®) with respect to either L or S, and commutes with 
the other, the matrix components of F* and F*^^ between states of type (11) 
will be given by the formulas of § 11®. 

To summarize, we have found that the matrix components of a quantity 
of type F between an antisymmetric state of configuration I + II and an 
antisymmetric state of III 4- IV may be reduced to those of Fj between 
antisymmetric states of I and III and of F^ between antisymmetric 
states of II and IV in just the way we should if the uncoupled states 
of 1 4- II and III 4- IV had been taken of type (4), without exchange 
of electrons in the process of antisymmetrizing as in (9). Here con- 
figurations I and II must be inequivalent, and III and IV must be 
inequivalent. 

2. Genealogical characterization of Zr/S-coupling terms. 

As pointed out in § l"^, a term is not in general completely characterized by 
its configuration and SL value since a given configuration may contain 
several terms of the same sort. We shall now investigate the allowed terms 
from a vector-coupling standpoint with a view to obtaining where possible 
a more general characterization and an introduction of the important 
concept of parentage. 

If we divide the electrons of a configuration into two inequivalent groups 
as in the preceding paragraph, we see that the allowed terms of the con- 
figuration may be obtained as in 1®11 by coupling in all possible ways the S 
and L. vectors of the groups. This means that we can obtain the allowed 
terms for any configuration by using Table 1'^ of allowed terms for groups of 
equivalent ^ectrons, and that these terms will be characterized by the 
terms of the constituent groups. Where a group contains three or more 
equivalent d ov f electrons, we cannot distinguish between the terms 
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occurring more than once in this group except by giving the actual eigen- 
functions, since it is impossible to divide such a group. 

Thus for the hypothetical configuration the allowed terms are 


C^S) 2)2 (*P) (^8) »P 

(3JO) Sp (Sp) l,3,5^pp 

(ID) ID (ID) SPDP 

(Sp) »p (8p) l,S.5£>pG( 

(}G) (}G) ^FGH 


p2 flJD) d2 (1^) ip 

(Sp) 3PPP 

(ID) ififPDP(? 
(sp) spDJpGH 
(^O) ^DFOHI. 


( 1 ) 


Although there are six each of ^i>’s, 8P’s, and ^P’s occurring here, each is 
individually characterized by giving the terms of and from which it 
arises. 

When one electron is added to an * ion,’ the terms of the ion are called the 
parents of the terms of the atom. Thus if we consider the addition of non- 
equivalent s, p, and d electrons respectively to the sd configuration of an 
ion, we obtain the terms 

s d 8 ^ d p s d d 

sd{^D)s^D 8d{^D)p^PDF s d (}D) d ^SPDFG (2) 

s d (3D) a *D sd (“D) p ^PDF, ^PDF s d (3D) d ^SPDFO, *8PDFG. 

The groups of terms of the same multiplicity which arise from the addition 
of s, p, and d electrons are called monads, triads, and pentads respectively* 
(in general polyads). Thus, in the example above, the configuration sdp 
contains a doublet triad having as parent sd(}D) and a doublet and a 
quartet triad having 5 d (®jD) as parent. 

The occurrence of these close groups of three or five terms was noticed 
empirically soon after the beginning of the analysis of complex spectra. 
Hence the eigenfunctions which arise in the convenient theoretical designa- 
tion by parentage must to a certain approximation be the actual eigen- 
functions which diagonalize the electrostatic interaction, even when more 
than one term of a kind occurs. The reason for this is illustrated by the plot, 
in Fig. 1®, of the energy-level spectrum of O I. This spectrum appears essen- 
tially as the sum of three one-electron spectra converging to the three terms 
of the low 2p8 configuration of O II as limits. The terms built on each of the 
parent levels have essentially the energies of a single valence electron moving 
in a central field due to the ion in a particular state. For this spectrum the 
central-field approximation which regards the electrostatic interaction as a 
small perturbation on each configuration is quite invalid; the electrostatic 
interaction of the core is larger than the separation between configurations 
in the central-field problem. Large interactions between configurations are 

* They are designated in this way even when the number of terms is not as large as indicated, 
e.g. (^P) d gives a pentad containing only three terms ^PDF. 
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expected, not only among the low configurations plotted, but between these 
and configurations high above the ionization potential which have other 
terms of O II as parents; for the agreement with the formulas of § 5'^ of 2^® 3^ 
is no better or worse than the agreement of the O II 2^® parent, and the per- 
turbations of this parent are caused by higher states of O II. But whatever 



Fig. 1®. The energy levels of oxygen I. This shows all observed levels except 2p* 
(76,000-110,000 cm~i) and ( — 13,000 oin~^). Hydrogen levels are 

indicated by broken lines. 

the perturbation of O II jp®, it is certain that the actual eigenstates of the 
jp® levels are to a good approximation the parents of the plotted levels of O I. 
The electrostatic interaction of the valence electron with the ion causes only 
the small separation of the singlet and triplet, or triplet and quintet poly ads. 
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In many of the complex spectra, snch as those of Ti, V , and Zr, where the 
overlapping of configurations is not so exaggerated as in O I, tho levels of a 
given configuration will still be found to occur in groups (polyads) hawing 
approximately the relative locations of the terms of the parent configura- 
tion. The parentage is not exact, however, for as soon as the intervals 
within the polyads — due to the electrostatic interaction of the valence 
electron with the ion — ^becomes comparable with the separation of the 
polyads we may expect an interaction between the similar terms arising 
from different parents. 


3. Lande intervals for terms of coupled groups.* 

With the results of § 1® we may easily obtain a formula for the intervals 
in the terms of a configuration I -i- II in terms of the intervals in the in- 
equivalent configurations I and II separately. T’rom 3'^2 we find that 

liySL) = S {yL\i(ri)Li\yL) {yS\Si\yS). (1) 

i=l 

We have omitted the sum over y' because each quantum number in y' will 
in general either refer to the spins, in which case ^(r^) will be diagonal 
with respect to it, or will not refer to the spins, in which case will be 
diagonal. If now the term ySL is derived by the addition of the term 
of configuration I and the term of configuration II, we may split the 

spin-orbit interaction into two parts, one of which refers to I, the other to II. 
This breaks the sum (1) into two parts 


I 


II 


( 2 ) 


In accordance with the discussion at the end of § 1®, we may evaluate 
each of these parts independently without troubling about the fact that the 
eigenfunction is antisymmetric. In the first sum, and S^, may then 

be assumed to commute with and 8^^, in which case the factors are each 
given by 1 1®8 if we correlate 

L, or S., or 8 

j->-L or 8 

This reduces the first sum to a known multiple of 

S {S^8^8^) = aS^L^). 

I 

* Goudsmit and Humphreys, Phys. Bev. 31, 960 (1928). 


( 3 ) 
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The second sum is similarly reduced, to obtain finally 


^(S^IAS^^L^SL) = 


2L (I^+l) 


^^S{S+1) — 8^(S^+-1) + S^{S^+1) qr Ti\ 

2S{S-hl) 


( i + 1 ) - LI ( 2:1 + 1 ) + 2:11 ( + 1 ) 

2L{L+1) 


8(S+l)-S^{S^ + l) + S^iS^+l) 

^ 2S{S+1) 


(4) 


By this formula, the values of ^ for any configuration may be expressed in 
terms of those for configurations of the type nl^, which were given in Table l"^. 
In particular, if a single nl electron is added to an ion, ^(>Sii2!/ii) = ^^i. 
Formula (4) gives the values of ^ immediately for two-electron configura- 
tions nln'r if we take 


= = h and ^(^ii2;ii) = ^,r; 

as we shall show in § 6®, this gives the correct answer even if the electrons 
are equivalent. 


4. Calculation of eigenfunctions by direct diagonalization.* 

We wish now to show how to determine the eigenfunctions of states in 
IjS coupling in terms of states in the zero-order nlm^mi scheme. 

States characterized by SLJM are given directly in terms of states 
characterized by 8LM by the formulas of § 14^. States characterized 
by SLMqM^ for configuration 1 4 - II are given in terms of those of con- 
figurations I and II by the general procedure of § 1®; this is discussed in detail 
in §6®. These considerations reduce the problem essentially to the deter- 
mination of eigenfunctions in the SLM^M^ scheme for configurations con- 
sisting wholly of equivalent electrons. In order to use the formulas of § 14® 
in the way we have sketched, it is however necessary that the- relative 
phases of the states of a given term be such that the matrices of L and S 
have the values given by 3^7 . 

The direct method of obtaining eigenfunctions characterized by SLMgMj^ 
is to diagonalize the matrices of and in the zero-order scheme. 

Since such a diagonahzation does not give states with phases chosen in any 
particular way, it is necessary, if we wish states characterized by SLJM, 
to diagonalize also the matrix oi (or, for greater convenience, of L'S). 
Because the process is laborious and the phases arbitrary, this method has 
little practical application. We shall, nevertheless, consider the deter- 
mination of the matrices of L^, S^, and L’S in the nlrrigmi scheme because 

* JOBOTSON, Phys. Rev. 89, 197 (1932). 
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CALCULATION BY DIRECT DIAGONALIZATION 

OTir discussion in Ckapter xn of transformations for configurations con- 
taining almost closed shells will depend on the properties of these matrices. 
Because the simultaneous diagonalization of these three matrices is an 
excellent illustration of the process of matrix diagonalization described in 
§ 72 , we shall give detailed results for the configuration p®. 

The matrix components of X,®, S^, and JL^S in the nlnigmi scheme may be 
easily expressed in terms of the one-electron components (of. 3®4 and 7®3) 

= S{n^l^m^,n^Pm^)8{mf ± l,mf) {P ± + 1), (la)* 

(alAS'j.16) = 8{n^l^mf, 71^ m^) 8{m^ ±1, ml) (lb)* 

{a\L'S\b)^1i^ 8{n^ V* m®){S(a, 

4- -I S(w“ , ± 1 ) V(Z« - m« + ^)(?« -h w« 1)} (Ic)* 

by the formulas of §§ 6®, 7® and the relation 3®6. In this way the following 
results are obtained. (The sign is in all cases to be chosen positive or negative 
according to the even- or odd-ness of the permutation which changes the set 
A' from its standard order to the order in which sets in A' which match 
those in A all stand at the same places in the lists, with a' corresponding to 
a, b' to 6). 

Matrix of L^. We get non-diagonal elements of only if A' differs from 
A in two individual sets, say that A has the sets a, b while A' has a',b\ This 
component has the value 

(^I£21^')= ±4{(a|I.^|aO(6|i:/^|6')-(a|i^a;l*')(6|-^J«')}8(^.-^')- (3a) 
The diagonal element of L® is 

= + l)-(mf)2}-4S(a|i^|6)2, (3b) 

a a<b 

where a and b run over all the individual sets of A. 

Matrix of S'^. We get non-diagonal elements of only if A' differs from 
A in two individual sets, say a and b. This component has the value 

{A\S^\A')= ±H{a\S,,\a'){b\S,,\b')-{a\S^\b')ib\S,,\^^^^ (4a) 

The diagonal element of S® is 

(A\S^\A) = h^ {M% + ^N-N'), (4b) 

where N is the number of electrons and N' is the number of pairs of in- 
dividual sets with the same nlmi, each pair counted only once. 

* It is to bo noted that for any of these quantities 

(ti* Z“ 7n'* m“| \'n^ V’ wi*) =('rt.“ Z* — wi® — wi®! \n^ V* — wi* — w*). 

This property will be of use in Chapter xii. 


( 2 ) 
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Matrix of L*S. If A ' differs from A in regard to two individual sets, a and 
b, we obtain 

{A\L-S\A^)^±2[{a\LJ^a'){b\S,\b')^{b\L^^^^ 

ISA’ differs &om A in regard to one individual set, a, 

(Jl = ± {(ci|i-Sla') - 2 S (a| i,,|6)(61S,,|a') 

-2 S(o'li,,lc)(clS,.|a)}S(ilf,Jlf'), (6b) 

c 

where b and c run over aU the individual sets common to A and A'. It is 
worth noting in connection with this formula that one obtains no value 
unless a, a' are of the form I)"*"- The second term in the braces 

vanishes except for one value of 6, namely (m^— 1)-; the third term vanishes 
except for one value of c, namely When either of the last two terms 

does not vanish (i.e. when the appropriate 6 or c exists in the set -4), it has 
just the value — {a\Li*S\a'). The diagonal element of L'S is given by 

(A\L-S\A) = MsMj,hK (5c) 

With these formulas it is rather easy to calculate the matrices of L^, 
and L^Sin. the zero -order scheme. Only those sets of the configuration which 
are outside of closed shells need be considered in calculating these matrices. 
The non-diagonal elements are obviously not affected by the presence of 
closed shells. The part of a diagonal element which results from a closed 
shell is easily seen to be zero [using 3'^5 in the case of {A\L^\A)]. 

Illustration. The configuration 33 ®. This method of calculation will be illustrated in detail for the 
case of the configuration jp®. This configuration leads to the five levels 

We shall consider only states characterized by M = — this will give us one state of each level. The 
zero-order states for M = lf are given by 

Ms Ml 

A (1-0+, 0-) -J 1 ) 

-B {1+,1--1-) 1 j“ 

G (1+0+-1-) i 0 ] (6a) 

D (l+0-,-l+) i 0 

E ( 1 - 0 +- 1 +) ^ 0 J 

If we make a plot such as l '^2 we see that the terms and have states in both box oc and box 

while has a state only in j 8 . Hence we may infer that the eigenfunctions for will not involve 
states A and B. In this scheme, the matrices of L% and L-S have the form (cfr§ 7 “ for notation ; 
the lines in the matrices indicate the separation between a and j 8 ) 

A B ODE 


A 

B 

3 0 

0 3 

0 

1|(A|5®1JS)|1= ^ 


7 4 4 

D 

0 

4 7 4 

E 


4 4 7 


(6b) 
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ABODE 

A 
B 

ll(Al£.aiB)ll= ^ 

D 
E 


4 -2 

-2 4 

0 

0 

2-2 0 

-2 4 -2 

0-2 2 


(6e) 


11(A1Z,-51B)11 = 



A B 

ODE 

A 

-1 0 

V2 -V2 0 

B 

0 -1 

0 ^2 -• \/2 

G 

^/2 0 


D 

-V2 

0 

E 

> 

1 

O 



(6d) 


So far as the diagonalization of Z,® and S® are concerned, a and jS are quite independent. Consider 
the matrix of 5®. For a the eigenvalues of 5® which may occur are those corresponding to the two 
doublets, namely f and f. For ^ we have in addition to these the quartet eigenvalue A trans- 
formation which diagonalizes this matrix is found by the method of § 7® : 


2Jlf ®iV ®<? ®i2 

A 
B 

ll(Al®Jlf)l|= ^ 

D 
E 


V6 0 

0 V6 

0 

0 

1 V3 V2 

1 -V3 V2 

-2 0 V2 


Ve* 


(6e) 


(Because of the degeneracy tliis transformation is not uniquely determined for either pair of 
doublets,) 

When the matrix (Cc) of I.® is transformed to this scheme in which 5®, 8^, are diagonal by 
the relation (cf. 7®7) 


ll(®JflZ:®l®JV)l| = ||(®ilflA)ll*ll(Al£,®lB)ll-ll(Bl®i^)lI, 


(6f) 
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it takes the form 

2M “JV 2Q *8 

2]Sf 

^Jl 

wliicli in (liiiyonal with rospct^i, tn .S', as requirod. The eigenvalues ofi® for both the stepmatrices 
V., .S' }, jiml ft, S ■- A III'.' n<nv known to bo those corresponding to P and D, namely 2 and 6 . The 

t ninstf trniat inn whirh lunlizoH (fig) is given by 

m 

“JV 

“/e 

a.S' 

Tix' iH'w Hlales aro now in t lui 8!jM i Hcthtnno, the values of Ms and Mx> being indicated by 
a or /J. 

77 . 1 ' trun.'.-Jiii niKlidii frotn l/ir .n x.-on/cr scfn-ntr. to Un' SIjMs^Ii. nrjieme may be obtained by the 
limit ipltxal ion (ft'. I'ty) ol (ti«') by (tti) : 

IK^'I l“/’cc)ll ll(''> l'‘Anil-ll(“^n“^'oc)ll; (®i) 

/I 

a 

n 

K 

* We have ehoHcii the jihosos so that iii>.i /j proper relative phases as 

(leltTinined by t.lu? met hod of the next Boetion, and bo that ^,,,1 g nii,i !i proper 

linear etmihinations of theHO stat cH as given by § 14 ®. In this way we can make full use of these 
matriccH without having to rewrite tliein with more useful phases. 
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When, the matris: (6d) of L'S is transfonued to this scheme, it becomes 



-1 0 

V2 0 0 


0 -1 

0 V6 0 

ll(*P„l£.-5l»P«)ll= 

O 

> 



0 V6 

0 

^ 8 ^ 

0 0 
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(6k) 


which is diagonal with respect to L and S, as required. The eigenvalues of this matrix are calculated 
from, the formtda £,*5=i(jr^ — — S®), which gives —1, -f, 1, and 0 for 

and respectively. The transformation to these states is given by 



T7ie transformation from the zero-ordL&r scheme to the 8LJ M scheme is then given by the product of 
(6j) and (61): 

A 
B 

\\WP^)\\= c 

D 
E 



cs 


* See footnote to (Gj), p. 224. 
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It is iateresting now to verify directly the electrostatic energies which were obtained in § 6’ by 
the diagonal-sum rule. Erom the results of §§ 7® and 8® we find for the matrix of electrostatic 
interaction in the zero-order scheme 

A B G D E 


•(-3Ea)-h3Eo. (7) 


When this matrix is transformed by (6m) to the SLJ M scheme, it becomes 

0 

0 

6 •(-3Ea) + 31?’o, (8) 

2 


which agrees with the results of § 5’. The same eigenvalues would have been obtained by trans- 
forming (7) to the SLMgMi, scheme by (6j). 

5. Calculation of eig-enfunctions using angular-momentum opera- 
tors.* 

We shall now give a convenient method of computing SL eigenfunctions 
proposed by Gray and Wills. Having found the eigenfunction 
for Mg=S, Mj^ = L, this method makes use of the symmetric operator 
^ ~ L^ — iLy to give the eigenfunction LMgMj^—1) by 3®3, and the 
operator — S^—iSy to give W{S LMg—l Mj), and so forth. In this way 
the whole of an /SjL term is found with the proper relative phases for all 
states, so that the results of § 14® may be used directly to obtain the SLJM 
states. The first state is found purely from orthogonahty considerations; 
hence the states of different terms have no particular phase relation. We 
shall need to discuss only the transformation to the SLMgMj^ states. 

In order to carry out the operations mentioned we shall need to know the 
result of operating with jSf and on a> state expressed in terms of the anti- 
symmetric zero-order functions . . . ) . Since JSP = ^ -h JS ?2 + . . . , 

we have from the general relation 

{J^-iJy) iP(j m) = hV {j -f m){j -m+l)^{j m-1) (1) 


ll(*Pjl<3iap|)ll= 



* Gray and WUiM, Phys. Rev. 38, 248 (1931). 
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the result 

Since jSf is a symmetric operator, it commutes with the operator s/ of 3®6. 
When we apply to (2) we find 

...) = V — l,m|mf, ...) 

H-V (Z8 + — m| mp— 1 , ...)+ — (3) 

With this formula the result of operation by JSf on any state is easily 
calculated. 

The result of operation by 3^ is very similar, the values being suc- 
cessively decreased by 1 in place of the mi values. The coefficients which 
occur are Kmited to 1 and 0, 1 for m^^^, 0 for so that operation 

by gives just the sum of the states resulting when successive mj*" are 
changed to mj' . The operator ^ , if one has occasion to apply it, is just the 
sum of jSf and 6^. 

Illustration — the configuration d^. As an illustration of this method of 
calculation, let us obtain some of the eigenfunctions for the configuration d® ; 
in particular let us obtain one eigenfunction for each of the two ®jD’s to use 
in § 7® for the separation of the energies of these terms. A classification of the 
zero-order states of d® according to JUdg , down to 2 together with the 
terms which have components in each partition is given below (of. 1’2) : 

Mg Ml. Ma Mx. 

i 5 A (2+2- 1+) [2£r] (d®) 

i 4 B (2+ 2- 0+) r^En 

G (2+ 1+ 1-) J 

h Z E (2+2- -1+) I 3 i> (2+1+ 0+) 

F (2+ 1+ 0-) 

G (2+ 1- 0+) 

H (2- 1+ 0+) J (4) 

^ 2 J (2+ 2- - 2+) “//I I 2 / (2+ 1+ - 1+) [*F] 

K (2+ 1+ - 1-) m 

L (2+ 1“ - 1+) ‘^F 

M (2-1+ -1+) '^F 

N (2+ 0+ 0-) W 

O (1+1- 0+) I 22) 

Our problem is, then, to obtain two (orthogonal) eigenfunctions for 
®D, 2, Before beginning the calculation proper, let us calculate the action 

of JSf and 6^ on certain of the above states [omitting the factor h-^, cf. (3)] : 
.S'A = -2C + Vqb =20- Vejv + VdL 

= - 2H + 2Q + .sen = -20 + VeM 

jSf'C' = -V&o +V^ (6) 

.^E=-2M+2L + 2J £^D—H + G + F 

.S'F = V6N+V&K =M+L + K. 


15-2 
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Now the state 5 is just A. From (1) we find that 

But se(m,\,5)=£eA=-20+VlB 

&om (5). Hence ®jEf, 4= 10“*[V^B — 20]. 

The other are obtained in succession: 

ajsr,i,6=A 

m, 4 = 10” V6R - 20] (6a) 

i, 3 =30“*[V6J5 - 2^- +40 - 21?] 
m, i, 2 = - A + 31/ - 2 Jf - + Veo]. 

The state 4 is a linear combination of B and G orthogonal to 

^H, 4. The choice of its phase is purely arbitrary. 

20, i, 4 = 10“*[2J5 + Veo] 

2O,i,3=20'“*Cy'6A+3A-O-2A] (6b) 

20, 4, 2 = V^[2 J + 3A+i-4JIf + 42V +V|0]. 


We have now f , 3 = jD. By operation with ,5^ on this we obtain ^F, 3: 

^(^F, t, 3) = Vs (*F, i, 3) = 


*A, i,3=3 ^[A + O+H] 
‘A, i,2 = 3~*[A+l/ + Jll]. 


(6c) 


2F, I, 3 is determined by its orthogonality to the above three states for 

2A,i,3 = 12 *[-V6A + J?’ + 0-21?] , 

^F, i, 2 = 12"^[ -%T + K-L + V60]. ' 

We have now four states of the partition = The other states 

of this partition are both 2i)’s; any state orthogonal to the four above is a 
and there are two linearly independent such states. Let us choose one 
at random and a second orthogonal to it — 


a2Ah2=i [-J-A+i +A ^] 
b “A 2 = 84~*[ -6J + 3A +L-4M -ZN -2^60]. 


(6e) 


This procedure may be continued to obtain any desired state. Any other 
configuration is handled in the same way. A check is continuously furnished 
by the fact that the states must come out properly orthonormal. 


6. Calculation of eigenfunctions from vector-coupling formulas. 

Let us first consider how we may obtain the eigenfunctions resulting 
from the coupling of the terms of two inequivalent groups of electrons as 
in § 1®. 

Let Xi(jSf^Xiikf|Arj) represent one of the antisymmetric eigenfunctions 
of a given term of group I. This is supposed to be known in terms of the zero- 
order functions <l)i(A) = ...,a-^‘) for the configuration in question. 
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Similarly let Xn(^ be one of the antisymmetric eigenfunctions 

of a term of the second group. The product of these two states will he a 
known linear combination of the form 
Xi(;Si U Ml Ml) Xii(/Sii Mf Jlf «) 

-4, 

This is antisymmetrized as in 1®9 by apphcation of the operator s/'. It 
is easily seen that 

Q>^{a\ a^i) ^n{b\ b^n) =0{a\ b\ b^..„ 6^n), 

an antisymmetric zero-order function for configuration I-+-II; hence the 
antisymmetric function 

Y(iSfi IAMIMI,>3^1J^ Mf Ml^) = 2 b^n). (2) 

B 

In other words, these antisymmetric functions are obtained by simply 
replacing the products of <l>’s for I and II by O’s for I + 11. 

Now let us see how to apply the formulas of § 14® to the coupling of and 
and of lA and Let us write the function T 'purely aywholically as a 
product of a function referring to the iS’s by a function referring to the L’s: 

Ml Ml, Mf MY-) = Ml Mf) io{IM:^Ml if «) . (3) 

Let T{S^ 8^"^ S Mg) designate the linear combination of the t’s which is 
given by § 14®for the coupling of 8^ and 8^; let 0(L^ L Mj) similarly refer 

to the coupling of and Then symbolically, the L/S-coupling states 

are given by 

LI, 8^ IZ\ 8 LMq Mj^ = T(;Si 8^ 8 Ms)Gl{U LMj), (4) 
where the right side of this equation is to be interpreted according to (3). 

Two non-equivalent electrons. 

The eigenfunctions for a configuration consisting of just two non- 
equivalent electrons are given by these considerations if group I is one of the 
electrons, group II the other. Xj Xjj of (1) is then just 

and T of (2) just (t>{n^l^'m\rn],n^l^rrhlni\), 

which we write as in (3) as T(mg 7 W-|) Making the correlation 

8^ = , 5 ® =^2 > find for the T’s : 

T(-S =0, Ma =0) =2“*[r(+, -) - rr, +)] 

T( 1. 1)=+-+) 

T( 1, 0) = 2 V(+.“)+r(- +)] 

T( 1, -1) = t(--). 

* Note that we are noi here following our convention of capital letters for antisymmetric 
functions, small letters for all others. 

I Bartlett, Phys* Rov. 88, 1623 (1931). 
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If we consider in particular the configuration np n'p, with the correlation 
we find for the Q’s: 

Q.{L =0, Jkfi=0) =Z~\co{l, - 1) -G)(0, 0) +aj( - 1, 1)] 
n( 1, i)=2"^Mi.o)-<o(o,i)] 

Qi 1. 0)=2"W, -l)-a>(-l,l)] (6) 

Q( 1, - 1) = 2"^[a,(0, - 1) - - 1, 0)] 

Q( 2, etc. 


The SL eigenfunctions (4) are then the symbolic products of T and O: 

o,o)= 6 “*[®(i+ -i+)- 0 (o+o-)+^(o-o+)+«>(-i+i-)-<i>(-i-i+)] 

1, 0) =3~*[®(1+ - 1+) -<&(0+0+) +<!>( - 1+ 1+)] 

0 , 0 ) = 6 “*[®( 1 + - 1 -) +®( 1 - - 1 +) -®( 0 + 0 -) -0{O- 0 +) +€>( - 1 + 1 -) +<&(-!- 1 +)] 
T(»-S, - 1, 0) =3"*[®(1- - 1-) -®(0-0-) +<&( - 1“ 1-)] 

T^p, etc. ipp) (7) 


For the important configurations Is, we have 

Cl(L,Mi,) = o){Mi, 0). 

Hence from (5) 

^ ^ 0, Mr)=2-\mh 0-) -mu, 0-^)] 

T(»Z, l,M£)=^(Jft.0+) 

0, Ml) =2~\mit, 0“) 


(for all Ml) (8) 


[Is) (9) 


Addition of an electron to an ion. 

Let us consider the addition of an s electron to the configuration pp to 
obtain pjp 5. In particular, let us find the eigenfunctions for the two ^/S’s 
which result, namely pp (f8) s ^8 and pp {^8) s ^8. The states pp^8 and ^8 
are given by (7). The first of the ^8’8 is given merely by adding 0+ or 0“ to 
the single state of pp and antisymmetrizing: 

Y{pp (IS) 5 ^s, ± j, 0) =6"^[0(l+ - 1- o±) - <&(i- - 1+ o±) 

- a)(o+ 0 - o±) + a»(o- 0 + o±) + 0( - i-i- 1 - o± ) - an - 1” i-*- o±)]. ( i oa) 
For the other ^8 we must add jSI = 1 to ^ to obtain S=l: 

T{S=h^a^ i)=3"y2T(l,-)-r(0,+)] 

T(S=iJ(fs=-i) = 3“V(0,-)-V2r(-l,+)]. ^ ^ 

Hence 

'¥{pp (»S) s ^S, i, 0) = 18“*[2 0(1+ - 1+ 0-) - 2 0(0+ 0+ O-) +2 0( - 1+ 1+ 0“) - 0(1+ - 1“ 0+) 

-0(1“ - 1+ 0+) + 0(0+ 0“ 0+) + 0(0^ 0+ 0+) - 0( - 1+ 1“ 0+) - 0( - 1“ 1+ 0+)] 
Y(i>p(»S)a2S, -i, etc. (10b) 

This state is orthogonal to the other ^8, 0, as required. 

We may characterize the two ^^S’s of this same configuration in another 
way by considering the addition of a non-equivalent p electron to p a as 
parent. Let us obtain the eigenfunctions fov ps{^P)p^8 and p8{^P)p^8. 
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For the jfirst we must add = 1 to ^ as in (1 1), and = 1 to = 1 to 

obtain jCf= 0 as follows: 

Q(£=0, lfi=0)=3”*Ml. -l)-a)(0,0) + a)(-l, 1)]. (12) 

The symbolic product of this with (11) gives, when we use the functions (9), 
UTip e (8P) p ^8, 0) = 18“*[2 0(1+ 0+ - 1“) - 2 0(0+ 0+ 0“) + 2 0( - 1+ 0+ 1") - 0(1+ Or - 1+) 

- 0 ( 1 - 0 + - 1 +) + 0 ( 0 + 0 - 0 +) +0((r 0 + 0 +) - 0( - 1 + o- 1 +) - 0( - 1- o+ 1+)] 
^(33 « (®P) p ^8, - etc. ( 13a) 

The states of the second are given by (12) and (9): 

'V{p3(>-P)p^S, ±i,0)=6“*[0(l+0- ~1±)-O(l-0+ -1±)-0(0+0-0±) 

+ 0(0- 0+ 0±) + 0( - 1+ 0- 1±) - 0( - 1- 0+ 1±)]. (13b) 

The quantum numbers in these zero-order functions refer to the electrons 
nPf n"Sf n'p respectively, while those of (10) refer to np, n'p, n"s. This 
difference of arrangement must be taken into account in a comparison of 
the two sets of states. We see that the states (13) are quite different from the 
states (10); but since there are only two possible states 0, they must 

be obtainable from ( 10) by a unitary transformation. This transformation 
is in fact the following — 

T(p s (8P) p ^3, i, 0) = - iV3T(3) p i^S) s ^3, 0)+^{p p (^3) s ^8, h 0) 

T(3>«(iP)3j8-S, 4,0)=-iT(3)3J(i)S)s8S',i,0)-jV3T(3J33(s^)s*^,i,0). ^ 


Two equivalent electrons. 

As noted in § 4®, we may look at the exclusion principle from the following 
point of view: W^e build up non-antisymmetric states characterized by 
quantum numbers 

(The subscripts here refer as usual to the definite electron which has the 
quantum numbers indicated by the superscripts.) Then, by application of 
the operator s^, these states are antisymmetrized to obtain states still 
characterized by 8LM gM but not necessarily by any other de finit e 
quantum numbers. If certain of the electrons are equivalent, two things 
happen. First, the antisymmetrized states are no longer normalized and 
some of them vanish — ^these are forbidden; second, some of the anti- 
symmetrized states are linearly dependent — ^this reduces the number of 
distinct eigenfunctions. In this way we may obtain all the eigenfunctions 
for any configuration by coupling vectors and then antisymmetrizing. In 
general, however, for configurations containing more than two equivalent 
electrons, this is less easy than the method of § 6® which takes full cognizance 
of the exclusion principle from the start. 

For the case of two equivalent electrons, however, it is easy to see the 
effect of the exclusion principle and to obtain the eigenfunctions by this 
method. Let us, according to the formulas of § 14®, couple the s’s and Z’s of 
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two equivalent electrons to obtain tbe state Tbis state 

is literally tbe product of an orbital function ^ spin 

function intercbange of electrons 1 and 2 merely 

multiplies by ( - 1)2^-^= ( - 1)^' and by ( - l)2«-s = ( - l)s+i. Hence ^ 
is already either antisymmetric or symmetric according to wbetber L-{- S 
is even or odd. Tbe symmetric states are forbidden; tbe antisymmetric 
states are all distinct since tbey all. refer to different and bence 

are all allowed. (The allowed terms for nl^ are hence ^S, , ^D, > •••> ^(20j 

as we bave found in special cases in Chapter vn. Since tbe states ^ are 
normalized, we may write 

nl SLMsMj) = ^ 2^2 ( 1 5) 

if SL is an allowed term. Since tbe operator bas tbe eigenvalue V^T wben 
appbed to an antisymmetric two -electron function (§3®), 'F = It is 

^tjs wbicb we obtain if we set n—n' in tbe eigenfunctions for tbe con- 
figuration nin'l. Hence we can obtain tbe eigenfunctions for nP- from those 
for rd n’l by setting n = n' and dividing by '^2 to normalize. Thus we obtain 
from (7) 

^8, 0, 0) =3“^[<&(1+, - 1“) - ®(0+, 0-) - ®(1- - 1+)], ( 1 6) 

while if we set n = n' in ^S, these states all vanish. 

Because of the relation (15), we have the important result that we can 
obtain the matrix component of a quantity F — F-j^^ + F^ between two allowed 
states of nl^ by giving quantum numbers n-^sf-^^ to electron 1 and n^sjj^ 
to electron 2. This permits us to use formulas of Chapter iii for such 
configurations in tbe same way as we found in § 1® that we could use them 
for non -equivalent electrons. For the matrix component between an 
allowed state of nP and a state of nl nT we have 

^{nlnl 8LMsM^) FWinlnT 

= ^{nf^^n^h SLMsMj^) F 2-\xjj{nf^n:f'^ 8' UM'gM'j) 

= 2-mnf^n2h SLMsMj) F^^nf^n'^V^ 8' L'M'sM'j) 

- 2-i n^h SLMsMj) F^ if,{nj,2 n[l[ 8' L'M'sM'jf ; 

on interchanging electrons 1 and 2 in the second term, this becomes 

= V2f{nfj^n2h SLMgMj;) (17) 

A similar result holds for states characterized by J and M. Hence if we use 
the formulas of Chapter m to find matrix components between configura- 
tions nl^ and nln'V by Eissigning definite quantum numbers to the electrons, 
we must set those components from forbidden states of nP equal to zero, and 
multiply the rest by 's/ 2. 
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No considerations of this sort have been given for more than two equi- 
valent electrons, so that it is probably not possible to apply matrix methods 
to calculations within groups of more than two equivalent electrons. 


7. Separation of the ^jD’s of d®.* 

When two terms of a kind occur in a given configuration, we have seen 
that the diagonal-sum rule will not determine their separate energies or 
Land4 splittings. These terms may be separated, however, by finding the 
complete matrix of electrostatic interaction Q by the formulas of § 8® if we 
know a set of jL/S'-coupling eigenfunctions. Since Q is diagonal with respect 
to SLMgMj^ and independent of it will only be necessary to use 

that part of the matrix of Q which refers to a given SLMgMj^ . 

Thus if we wish to separate the two ^jD’s of d®, we need only use the 
second-order matrix connecting the two ^Z), 2’s of 586e. This matrix is 

found to be 

a ^D, i, 2 
b W, i, 2 


32?’o + 7J?’2 + 63F4 
3V2r(Ja-5i5’J 


3V2I iF^-5F^) 
3F^ + SF.-51F. 


( 1 ) 


which has for its eigenvalues 

€ = 3i?^o + 5 JP 2 + ± VlOSZ’l - 1650i?’2#4 + S325FI . (2) 

This formula then gives the separate energies of the two terms. The eigen- 

functions for these terms, for Mg = \, ikfj^=2, may now be obtained. If we 
write the eigenfunction for either of them as 

aT*(a 2Z), h 2) -h iST(b W, h 2), 


we find 


_ r/ 3Z-o + 7.F2 + 63^4-^ V . iT* 

L\ ZV21{F^-5F^) } J 


(3) 


ZV21{F^-5F^) 

Since ( 1 ) and (2) are independent of Mg and Mj ^ , the same linear combination 
of a H) and b obtains for any state of the term. 

Let us now consider the absolute Land6 intervals for these terms. Since 

T*(^Z>, 2) = 'F(®Z)!), we have from 3'^3 

= (4) 


Equation (3) gives the eigenfunction for ^D, 2 in terms of zero-order states 

each characterized by Mg = \, Mj^ — 2. Since these states all belong to the 
same configuration and have the same Mg and M , no two of them can differ 
in regard to just one individual set. Hence W, a quantity of type F , can 


♦ Uffobd and Shortlby, Phys. Rev, 42, 167 (1932), 
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have no matrix components connecting two of these states, so that we can 
calculate (4) entirely in terms of the diagonal components 4^3. In this way 
we find that 

- jV2l«j3 - m 

59^2-435J?'4 


= i IT 


1660^3^4+ 8325M 


j]?d- 


( 5 ) 
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We shall now see how these calcula- 
tions compare with the experimental 
data. The first instance of (P occurs in 
Ti II BP, which although completely 
mixed up with Ps gives a fairly good 
fit for the terms exclusive of the ^D’s 
with = ^4 = 54 (BFq— 11, T 60); 

see Fig. 2®. If we put these values in (2), 
we find for the energies of the two ^jD’s 
12,820 and 31,450 cm~^. The only ob- 
served is at 12,710 cm“^, which 
agrees excellently with our lower ^D. 

The position of the second is pre- 
dicted 10,000 cm~^ higher than any 
other level of the configuration, which 
may account for its not being found. 

The intervals in this configuration also 
fit the formulas fairly well. This is seen 
from the following list of values of 
calculated from the observed intervals (beginning with the widest) in the 
terms: 
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Fig. 2®. The configuration. 


4J5I 

86-6, 88-0, 81-0 


88-9 


89-2 


81-0 

*p 

146-7, 64-1 

ap 

102-7 

ap 

125-0 




If the formulas were accurately followed, these values would be all equal. 
It is pleasing to find the inverted, as the theory predicts. If we take 
89 cm“^ as the correct value of Cd ? calculate from (5) the lower interval 

as 142 cm“^, while the observed value is 129-4. The interval for the higher 
is calculated as — 67-7 cm““^. 

In the dd^ of VIII, all the terms except and one are known. 
The configuration has the peculiarity that the calculated electrostatic 
energies for and are equal. In this instance these energies are not at all 
equal, so that we cannot depend much on and ^P. However, if we choose 
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the J’s to make the other three terms ^P, fit exactly, the 
energy is fairly good while that of the ^P is not. The values of the constants 
which are obtained in this way are Pg = > F^-SZ (3Po= 23,891). These 

constants give for the values of the two ^D’s, 17,300 and 42,700 cm“^. The 
first of these is agreeably close to the found by White at 16,317 cm“^; 
the second is predicted 25,800 cm"^ higher than any other level of the con- 
figuration, which has a spread of only 16,900 cm”^ as analysed ! Hence it is 
not surprising that this second was not found. The intervals as usual 
agree only roughly; ^F fits the interval rule fairly well, and if we use the I 
given by this level (which is about an average for the configuration), the 
calculated intervals are 248 and — 110 cm“^; the first of these is to be 
compared with the observed interval of 147 cm-^. 

For the id^ of Zrll, in which two ^P’s are reported, we obtain an ap- 
proximate fit of all terms except ^P with P4= 36 (3Po= 16,000). 

With these values the calculated ^P’s lie at 11,750 and 27,300 cm“^, with 
separations of 593 and - 309 om-\ respectively. These separations are 
calculated using the which gives an average value for I, as standard. 
The observed ^P’s lie at 13,869 and 14,569 cm“^ with separations of 734 and 
435 cm-^ Hence we must infer that, if these are correctly classified, one of 
them is very strongly perturbed. In this configuration again, is com- 
pletely mixed up with dh^ 

These are all the instances of d® which are sufficiently analysed for com- 
parison with the theory. In general we have seen that the lower ^P corre- 
sponds well with the one usually observed; the second ^P is predicted 
extremely high and inverted. 

* The interaction between these configurations and the assignments have been considered 
in detail by Ufpord, Phys. Rev. 44, 732 (1933), who finds that he can account for the dscrep- 
ancies of Fig. 2® satisfactorily. The better agreement of over in the above approximation 
is explained by the fact that is strongly perturbed by ^P’s in neighbouring configurations, 
whereas there is no nearby configuration which contains a term to perturb the of d*. 
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THE RUSSELL-SAUNDERS CASE: LINE STRENGTHS 

In this chapter we shall develop the theory of radiation as outlined in 
Chapter iv to obtain formulas for the strengths of the various spectral lines 
for atoms obeying Russell-Saunders coupling. In § 1 we obtain some general 
results concerning the possible configuration changes in radiative processes 
which are true for any coupling. In § 2 formulas for the relative strengths of 
lines in a multiplet are obtained as a special application of the results of 
§ 11^. The problem of the relative strengths of the different multiplets arising 
jfrom a transition between a particular pair of configurations is treated in 
the next two sections. In § 6 we develop for quadrupole multiplets the for- 
mulas giving relative strengths of the lines analogous to those for dipole 
multiplets in § 2. 

1. Configuration selection rules. 

Erom the results of previous sections we may immediately obtain two 
important selection rules. Since the electric-dipole moment P is a quantity 
which anticommutes with the parity operator ^ of § 1 1®, it follows that P 
has no matrix components between states of the same parity. Hence all 
spectral lines due to electric-dipole radiation arise from transitions between 
states of opposite parity . This rule was discovered by Laporte* and is usually 
known as the Laporte rule. Its importance lies in the fact that it remains 
valid even in complicated cases where it is no longer possible to assign 
configurations uniquely to the energy levels, and enables the spectroscopist 
to characterize such levels as uniquely even or odd. The symbol ® is attached 
to the quantum numbers of odd terms when it is desired to express the 
parity explicitly. 

Since P is a quantity of type F considered in § 6®, it will have non- 
vanishing matrix components only between states which differ in regard to 
at most one individual set of quantum numbers. The non-vanishing matrix 
component connecting states A and B which differ in regard to one in- 
dividual set is just the corresponding one-electron matrix element con- 
necting the non-identical individual sets of A and B. Erom the theory of 
one-electron spectra we know that this matrix component of P vanishes 
unless Al!= ±1, where AZ is the difference of the Vs in the two non-identical 
individual sets. Hence if the energy levels are accurately characterized by 
configuration assignments, the configuration change occurring in dipole 

* Laportb, ZeitB. fur Phys. 23, 135 (1924); see also Russell, Science, 51, 612 (1924). 
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rcidiation is by jvst the nl of one electron, the change in I being restricted to +\. 
Such transitions are called one-electron jumps. Transitions are observed in 
which there is an apparent change in two of the nl values (two-electron 
jumps), but this is to be connected with a breakdown in the association of 
configurations with levels. 

With regard to quadrupole and magnetic-dipole radiation we observe 
from 4^9 that 91 and M are also quantities of type F. The restriction to one- 
electron jumps also applies to them. But these quantities commute with the 
parity operator so that they have non-vanishing matrix components 
only between states of the same parity, which is just the opposite of the 
Laporte rule for dipole radiation. 

2. Line strengths in Russell-Saunders multiplets. 

The ensemble of all lines connected with transitions from one term 
characterized by L and S to another characterized by U and 8* we shall call a 
multi^let. We wish now to consider the theory of the strengths of the lines of 
a multiplet. We confine our attention at present to electric-dipole radiation. 

Since P commutes with S, it follows at once that the matrix of P can 
contain no components connecting states of different 8. Because of this, 
spectroscopists find that they can conveniently divide the terms of most 
atoms into systems of different multiplicities, e.g., a singlet system, triplet 
system, and quintet system. The lines connecting terms in different systems 
are in general missing or weak. For example, only one line connecting the 
singlet terms with the triplet terms of hefium has ever been observed, and 
that with considerable difficulty. This is then the first important selection 
rule of the Bussell-Saunders case : intersystem combinations are forbidden. 
In passing we note that this is also true of the electric-quadrupole and the 
magnetic -dipole radiations, since the corresponding moments also commute 
with the spin. 

The line strengths are given by formulas 7^5 if we write y8LJ for ay. We 
have the selection rule AJ = ±1,0. Since P commutes with S, the depend- 
ence on J of the factors {y8LJ\P\y 8' L' J') occurring on the right of 7*5 is 
given by formulas 1 1^8 if we correlate y\ with 8 and with L. It follows 
from these formulas that the selection rule on L is the same as that on J , 
namely ± 1, 0. 

The factors {y8L\P\y'8L') occurring on the right of ll^S will be in- 
dependent of 8 since the states ^{ySLMsMj^) may be expressed as a sum 
of products of a function of the electronic spin coordinates only and a 
function of the positional coordinates only, and the operator P acts on the 
positional coordinates only (cf. the discussion of § 11®). Hence we may write 
in general S{y8LJ, y'SL'J') =f{8LJ, 8L'J')\{y^P:y'L')\^ (1) 
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"wlicr© til© wliol© dependence on J y ond J is contsiined in tlie function 
f{8LJ, 8UJ'), which may be evaluated from 7*5 and 11^8. 

Pirst let us consider the multiplets for which I^' = I/- 1. For these we have: 


S^ySLJ, / S£-l J) =(27h- 1) ^ ^-1)|. 

BiySLJ. /Si-1 (2a) 


The sum of these expressions is given by 1 3®5' : 

'ZS{y8LJ,Y 8L-lJ') = {2J+\)L{2L-l)\{yL\P\y L-l)\^ (3) 

J' 

^that is, the total strength of the Hues of the multiplet originating in the 

level ySLJ is proportional to the statistical weight (2*7 4- 1) of the initial 
level. Since the formulas for strengths of lines are symmetric between initial 
and final states, we may regard ySLJ as the final state in the preceding 
formulas; in which case they give at once the strengths for a multiplet 
L' = L^ \ and the sum rule says that the sum of the strengths of the lines 
ending in the same final level y8LJ is proportional to the statistical weight 
of that level. 

For the multiple ts in which L' = L we have: 


S(y .i y'SLJ^i)=i 


S(ySLJ,y'SLJ) = ( 2 / + 1 ) + ■'')p 

S(y s £ J. / s i J-- 1 ) = ( - 1 )» Ezli W + ^ i £u.|y' £)f . 


(2b) 


From 13®6' we learn, as before, that the sum, 

S S(yS LJ,y'SLJ')=:(2J+^)I,(I,+ l)Uy^Piy'L)l^ (4) 

J' 

of these three quantities is proportional to 2*7 + 1. The corresponding sum 
for the case Z' = L + 1 has the value 

i:S(y8LJ,y'8L-hlJ') = (2J+l)(L-i-l)(2L + 3)\(yL:P:y'L+l)l^. (5) 
r 

Thus for any Russell-Saunders multiplet we have derived the general 
result that the sum of the strengths of the lines having a given initial level is 
prop(yrtional to the statistical weight {2J + 1) of that initial level, and that the 
sum of the strengths of the lines having a given final level is proportional to the 
statistical weight of that final level. This sum rule was discovered empirically 
by Ornstein, Bruger, and Borgelo.* 


* BtTBQEB and Dokgelo, Zeits. fiir Phys. 23, 258 (1924); 
Oknstdih and BuBasB, ibid, 24, 41 (1924). 
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Finally we may sum these formulas over the various values of J associated 
with the initial term. Since the statistical weight of the whole term is 
(2/S^+ 1)(2L+ 1), we find that the total strength of all the lines in the 
multiplet is given by 

S(y SL^y'S L+ 1) = {28 + 1)(2Z. + l)(i + 1){2L + 3) ] (y XjP:/ L+l)\^ 

S(y 8 L,y' 8 L) = {28 + 1)(2X + 1) X (X + 1) [ (y UPly' X)P (6) 

S(y >Sr X, y' >5 X- 1) = (2/S' + 1)(2X + 1) X (2X - 1) |(y XiPiy' X- 1)|2, 

for the three kinds of change in X. These formulas are symmetric in the 
initial and final terms. They bear a striking resemblance to formulas 7^5 
which express the total strength of all components of a line. 

Now that we have seen how the relative intensities of the lines in a 
multiplet follow from the general formulas of Chapter m, let us consider the 
application to spectra and something of the historical development in this 
field. 

The simplest result concerns the relative strengths of the lines 
and ^8^-^P^ . Since there is but one level in the 8 state, the sum rule tells us 
that these should have strengths in the ratio 1:2. This is actually the case for 
the yellow D lines of Nal and is quite generally true for the 8-P doublets 
of the allcalis. We consider in § 5^® the explanation of some departures from 
this result. 

In the ^P-^8 triplets the sum rule predicts that the strengths of the lines 
are as 5: 3: 1 and this was found to be experimentally the case in Zn and Cd. 
Generally the ratios of the strengths of the three lines 

{28 + 3): {28+1): {28 —1). This was studied* for 
quintets, sextets and octets in Cr I and Mn I, with the results shown in the 
following table (the calculated relative intensities are obtained by multi- 
plying the above strengths by the cr^ factors of § 7^) : 



Multiplet 

Wave-lengths in A 

Relative intensity 

Gr: 

a ->z ^P° 

6208, 5200, 5204 

f 7:5:3 Calculated 
[ 7:5-04:3-15 Observed 

Mn: 

z ^P°->h «>S 

6021, 6016, 6013 j 

f 8:6:4 Calculated 
[ 8: 6-15: 4*32 Observed 

Mn: 

s 

4823, 4783, 4764 -I 

flO : 8*28 : 6’3d Calculated 

1 1 . o . e* rw. 


Doublets and combinations with 8 terms are the only multiplets in which 
the strengths are fully determined by the sum rules alone. Experimentally 
it was found, however, that the sum rules are valid quite generally. The 
complete intensity formulas (2) were derived by the aid of the corre- 
spondence principle before quantum mechanics simultaneously by Kronig, 
Sommerfeld and Honl, and Russell, and quantum mechanically first by 

* Dorqelo, Zoits. fiir Phys. 22, 170 (1924). 
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Dirac.* Before the complete formulas were obtained, Sommerfeld and 
Heisenbergt found by the correspondence principle an important qualitative 
characteristic of them, namely, that the strongest lines are those in which the 
change in J is the same as that in L. These are called the principal lines of 
the multiplet. Among the principal lines the strongest is that with the largest 
J of the initial level, the strengths decreasing with decreasing J. The other 
lines are called satellites. For multiplets in which L changes the satellites 
may be classified into those of first order, in which J does not change; and 
of second order, in which the J change is opposite to the L change. The 
satellites of second order are, as a class, weaker than those of first order. 
Among the satellites the strength is a maximum for intermediate values of J. 
These qualitative characteristics of the multiplet intensity formulas are 
naturally of great importance in helping to recognize the character of a 
multiplet when a spectrum is being analysed. 

For practical work it is convenient to have tables showing the relative 
strengths of multiplet lines in the most important cases. These have been 
calculated by Bussell (Zoc. cit.) and by White and Eliason.J The tables of 
White and Eliason are given here in Table 1®. These are essentially tables 
of relative values of f{8LJ, 8L'J*) [cf. (1)] for all J and J' consistent with 
a given X, L\ and S. The largest value is in each case set equal to 100 ; the 
others are sharply rounded off. Since in the theory of hyperfine structure 
and in jj coupling we need tables of this same function with half-integral 
values of the arguments L and X', such tables are also included. 

We have taken care to speak of the strengths of spectral lines rather than 
intensities in order to place on the experimentalist the burden of inferring 
the values of the strengths from his observed intensities. § Among the 
difficulties that arise is the lack of a statistical equilibrium in the atoms of 
the source 1| and a partial reabsorption of the light emitted in one part of the 
source by the atoms in another part of the source. The latter difficulty is 
diminished by use of low-pressure sources, but is hard to get rid of entirely. 
Many of the experimental data on intensities are not suitable for comparison 
with the theory because data are lacking with which to calculate strengths 
from observed intensities. 

Kbonio, Zeits. fiir Phys. 31, 885 (1925); 

SoMMBBFBLi) and Sitz. der Preuss. Akad. 1925, p. 141 ; 

RxTSSBiiL, Proo. Nat. Acad. Soi. 11, 314 (1925); 

Dibao, Proo. Roy. Soo. Alll, 302 (1926). 
f SoMMEBOTSLD and Heisenberg, Zeits. fiir Phys. 11, 131 (1922). 
j White and Eliason, Phys. Rev. 44, 763 (1933). 

§ Important references are : 

Dorqelo, Zeits. fiir Phys. IS, 206 (1923); 

Habbxson, j. Opt. Soo. Am. 19, 267 (1929). 

II On this point see an interesting study of conditions in the neon glow discharge by Ladenbtjbg, 
Rev. Mod. Phys. 6, 243 (1933); see also ScHtjrz, Ann. der Phys. 18, 746 (1933). 
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For further comparisons between theory and experiment we may refer 
to the work of Freriohs, of ran Milaan, and of Harrison.* 

3. Multiplet strengths in a transition array.t 

We now consider the problem of finding the relative strengths of the 
multiplets which result from transitions occurring between two configura- 
tions. Formulas 2®6 express the total strength of a multiplet in terms of 
\{yL\P\yU)\\ so our problem is reduced to the evaluation of these quan- 
tities. 

If the two configurations are expressible in the form I -t- II and I + IV 
respectively, we may use the results of § 1®, in particular 1®16, to reduce our 
problem to that of the relative strengths of the multiplets in the transitions 
from configuration II to configuration IV. If the two configurations are not 
expressible in this form, we cannot proceed by matrix methods (except for 
two-electron configurations, of. 6® 17) but may use the method of § 

The quantity we must evaluate is 

I (y^ L\P\y^ S'^ L'^ ( 1 ) 

According to 1®16, this vanishes unless = i.e. transitions 

are forbidden between terms built on different terms of configuration I. 
If the terms of configuration I are the same, (1) reduces to 

I (yi LlP^^y^ 8^ y^^ 8^^ L')\^. (2) 

From the considerations of § 1®, we see that we can evaluate this expression 
by means of 1 1®8, treating as a vector which commutes with and 

Hence this vanishes unless 8^^ = 8^^, in which case it is the same function of 
L^U^L, L^L^^L' \{y8LJ\P\y 8L' J')\^isoi 8LJ, 8L'J'. On com- 
paring 7^5 with 2®6, we then see that the total strengths of the multiplets are 
given by 

S(yi 8^ 8^^ 8 L, y^ 8^ U- y“ 8^^ 8 L') 

= {28 4- 1) f{L^ L, U L') [(yi’^ U-^\P^^y^^ (3) 

where the function /is defined by 2®1. If we sum this expression over the 
various values of L and L' which are consistent with the given values of 
and we obtain, in analogy with 2®6, 

S(yi 8^ y^^ 8^^ 8, y^ 8^ lA y^^ 8^^ 8) 

= 8^^ yii Z/H) . (4) 

* Ekbeichs, Ann. der Phys. 81, 807 (1926); 

VAir Mtta a-n -, Zeits. fiir Phys. 34, 921 (1925); 38, 427 (1926); 

Harbisoit, J. Opt. Soc. Am. 17, 389 (1928). 

t Johnson, Proc. Nat. Acad. Sci. 19, 916 (1933); Shobtley, ibid. 20, 691 (1934). Following 
Harrison, we shall call the totality of lines resiilting from the transitions between two configura- 
tions a transition array, 

J For example, these considerations are applicable to the transitions between d^ s'p and d^ s*, 
but not to the transitions between <Z® a* and d® a. 
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The last S here is the total strength of the mnltiplet JOP- 

in transitions between configuration IV and configuration II; it of course 
contains a factor S^), We shall now discuss these formulas by means 

of illustrative examples. 

Addition of an electron to an ion. 

The set of all lines arising in transitions between two poly ads (§ 2®) having 
the same parent configuration is known as a supermultijplel. The relative 
strengths of the multiplets in a supermultiplet are given by (3) if we let 
represent the parent term of the ion, = nl and y^IP- = n'l\ 

the nl values of the jumping electron in the initial and final states, and 
In the first place we see that transitions between polyads based on different 
parent terms are forbidden. For an allowed supermultiplet, 

S{y^S^UnlS L , yi U nT S L') = {2S 1) IL.IAVU) \{nl\P]nT)\^. 

( 5 ) 

The last factor here is just the factor which arises in connection with the 
intensities in one-electron spectra and which was evaluated in 6®3. It 
vanishes unless V = l ±1, in which case it has the value 

{nl\P\n* l—l) — z{nl,n'l—l) = —j=:^= \ r P{nl) P{n*l~l)dr. (6) 

V 42® — 1 J 0 

The functions / are given by 2®2 according to the definition 2®1. The relative 
strengths of the muUiplets in a supermultiplet are thus the same functions of 

I L, I^V U as the relative strengths of the lines in a multiplel are of S LJ, 
SL'J'. These relative strengths are thus given by Table 1® with this 
correlation. 

For example, the relative strengths of the multiplets in the 
Ti I d® 45 i^F) 5s ^F-^d^ 45 i^F) 4p ^DFG 
supermultiplet are the same as the relative strengths of the lines in a ’^S-^'^P 
transition, namely 50:70:90. Several carefully determined measurements 
of relative strengths of multiplets in supermultiplets have been made by 
Harrison* with good theoretical agreement. For example, for the above 
supermultiplet of titanium he finds the relative strengths 63:70:89. The 
maximum discrepancy of 6 per cent, between these and the above values is 
probably little more than the experimental error. 

This relation for the relative strengths of the multiplets of a super- 
multiplet was first obtained by ICronigt from the correspondence principle 
in 1925. It was apparently independently inferred from the experimental 
data by Russell and Meggers^ in 1927 when they called attention to the 

* Harrison, J. Opt. Soc. Am. 19, 109 (1929); 

Harrison and Enowioht, ibid. 18, 287 (1929). 

f Kronio, Zeits. fiir Phys. 83, 261 (1925). 

t Ritsseix and Meggers, Sci. Papers Bur. of Standards, 22, 329 (1927). 
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striking similarity between the visually estimated relative multiplet in- 
tensities in a dtd-^dp triplet supermultiplet of Sell and the theoretical 
relative strengths of the lines in a multiplet. 

Now let us consider the relative total strengths of the various super- 
multiplets in a transition array between two configurations formed by 
adding an electron to the same parent configuration. The total strength of 
a supermultiplet is obtained from (4) if we make the same correlation as we 
did in (3) to obtain the relative strengths of the multiplets. This immediately 
shows that the strengths of the different sujpermultiplets in a transition array 
cure proportional to (2;S-|- l)(2jC^+ 1), where U- is the L value of the parent 
ion and 8 the multiplicity of the supermultiplet. For example, in the tran- 
sition arrayp® 5 -^p®^, the relative total strengths of the four supermultiplets 
are 2; 6: 12: 10, as seen from the following table: 



a 


P 

{2S + l)(2I^ + l) 


^8 


ap 

2.1 

(»P) 

pp 


^8PD 

2.3 

i‘p 


*SPD 

4.3 

m 

aZ) 


ipDF 

2.6 


Experimental data on relative strengths of supermultiplets are almost non- 
existent. A comparison of the intensities of a quartet and a sextet super- 
multiplet is furnished by Seward* for the case of the quartet and sextet 
supermultiplets of Mnl 3c2®(®Z))4p->-3d® (®2>)55. The relative strengths of 
^JO, are the same as the relative strengths of the lines in ^P->^8, 

namely 7:6:3. The multiplets ®j9, ^P^^D should be f as strong as these, 
i.e. 10^:7^:4J. When these values are corrected by the actual factors of 
Mn I, the theoretical relative intensities of these six multiplets for excitation 
at infinite temperature are given by Seward as 

382:354:259: 1380: 777: 754. 

The measured intensities, when corrected for the actual distribution among 
initial levels by an assumption of a Boltzmann distribution at the most 
favourable temperature, are given by Seward as 

381:400: 278:1328: 740:819. 

The agreement is quite good, considering the difficulty in temperature cor- 
rection and intensity measurements for lines of rather different frequencies 
originating in levels of different energy. 

We have thus solved completely the problem of reducing to the radial 
integral (6) the strengths in a transition array in which the jumping electron 
is not equivalent to any in the ion. It should be pointed out that this solves 
in particular the problem of transitions between two-electron configurations 

* Shwakd, Phys. Rev. 87, 344 (1931). 
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neither of which is composed of equivalent electrons, since such transition 
arrays contain only two supermultiplets — singlet and a triplet. For ex- 
ample, the relative strengths of the multiplets in either supermultiplet for 
are the same as the relative strengths of the lines in but the 

triplets have thrice the strength of the singlets. The line strengths in this 
array are given in Table 2*. In transitions between two-electron configura- 
tions, at most one can be composed of equivalent electrons; from 6®17 we 
see that the above considerations are true for the unexoluded multiplets of 
this case also, except that all absolute strengths must be multiplied by 2. 
Thus, e.g., the unexcluded multiplets of ps-^p^ have the same relative 
strengths as the corresponding multiplets of ps-^pp; see Table 2®. 

T atit.ti 2®. Relative strengths of the lines in ps-^pp and ps-^p^ in L8 coupling. 

Invariant sums are shovm in parentheses. The signs of S'^ are indicated. 

pp 


»Po iPi »iSfi »Pi ®X>1 ^I>a “-Da 



( 20 ) ( 20 ) ( 60 ) ( 100 ) ( 100 ) 


The J-file sum rule. 

We now derive a sum rule which applies in the case we have been con- 
sidering in which the jumping electron is equivalent to none in the ion. For 
each multiplet the sum of the strengths of lines originating in a given level 
is proportional to its statistical weight 2*7 -i- 1 . We may by formulas analogous 
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to 2®3, 4, 5 sum (5) over L' to find tlie total strength of the lines of the array 
which originate in the term '/■ U- S^nl 8 L. This sum has the value 

[28-\-l){2L+l)l{2l-l)\inl\P\n'l^\)\^ if Z' = Z-1 

(2;Sf+l)(2i+l)(Z+l)(2Z + 3)|(?^Z:Piw'Z+l)|® if Z'-Z+l, ^ ^ 

which depends on the initial term only through its statistical weight 
{28 + l)(2Zf+ 1). Hence the total strength of the lines of the transition array 
originating in {or terminating on) any level is proportional to the statistical 
weight 2J +1 of that level. This statement, which we shall see in Chapter xi 
holds for any type of coupling, we shall call the J-file sum rule (we call 
any row or column of a transition array such as that of Table 2® a fils). 
We shall show in § 4^^ that even if the jumping electron is equivalent to 
other electrons in one of the configurations, this sum rule still holds for 
the J files in one direction in the transition array. 

More general configurations. 

As an illustration of the use of formulas (3) and (4) for transition arrays 
in which the jumping electron is equivalent to one of the others, we may 
consider the strengths in the case d^sp->d^p^. By (3) and (4) any group of 
electrons which remains intact during the transition, such as cZ® here, may 
be eliminated, and the problem reduced to transitions between the remaining 
electrons, as to sp-^p^. The allowed transitions iov d^sp-^d^p^ are 



(i/S) i/S 

S = I 


(}8) j N 

(iP) ip 

5 

(ip_>ip) 

[ (»P) 

(Sp) sp 

9 

(ip_^ip) 

/a p (iP) ^SPD-^p^ 

i^S) »P 

9 

(Sp^S^) 


(ip) »PPP 

45 


^22(8p)J {»P)t8PD-^ 

(sp) i^px> 

9 

(3P-J.3P) 

»/SPZ>^ 

WD 

27 

(3p_^3p) 

V 65PP-J. 

^8PD 

45 

(3p_j,8p) 

d* (iP) etc. 





It is convenient to consider together all multiplets of the same multiplicity 
which are based on the same terms of d^, sp, and^®, and which are analogous 
to supermultiplets. Each arrow in the above represents one such group. If 
we let 8^ represent the term of d^, 8'^ the term of sp, and 8^^ the 

term of p®, (3) shows that the relative strengths of the multiplets in a group 
are the same as the relative strengths of the lines in the multiplet SL-> 8L', 
where 8 = LI, L — and L' = U^. These multiplets are indicated at the 
right of (8). The relative total strengths of the different groups are to be 
obtained from (4) in terms of the known relative strengths of the multiplets 
in the transition sp->-p ^ — 

S(iP->i;S):S(iP-^ii)):S(3P->3P) = l:5:9. 
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In thfe way, e.g., for the last entry of (8), 2S +1 = 5, 22^ +1 = 3, 2S^ + 1- - , 
S(s p spj _ 9^ Substitution in (4) gives 45 for the total strength of the 

group. Thus the relative strengths of the multiplets in a group are the same 
as the relative strengths of the lines in the multiplet in parentheses at the 
right of (8), and the relative total strengths of the different groups are given 
by the numbers in italics.* 

4. Multiplet strengths obtained from spectroscopic stahUity.t 

We have obtained very simply the strengths of the multiplets for con- 
figurations in which the jumping electron is not equivalent to any other 
electron in either configuration or is equivalent to one other electron in 
only one of the configurations. We have also been able in many cases to 
reduce the problem to a simpler one. But we have not been able to 
handle such transitions as g or Iiq name two of the simplest. 

It is possible to determine these strengths from the principle of spectro- 
scopic stability in much the same way as we determined the electrostatic 
energies from the diagonal-sum rule. 

As shown in § 1®, the only transitions possible are between configurations 
which differ in regard to but one electron, which has quantum numbers n I 
in one configuration, and n'l—lin the other. We calculate first, in the zero- 
order nlrrigmi scheme, the absolute squares of the matrix components of P 
connecting these two configurations. There are no components connecting 
states which differ in regard to the quantum numbers of more than one 
electron. By the results of § 6® a non-vanishing matrix component is simply 
the corresponding matrix component of the one-electron problem (§ 6®). This 
is given by the formula 

\{nlmgmi\er\v/ 1— \ ) p = s® S(ms, m^) S (m ^ , mj) (Z® — mf) 

+ s^8(mgym'Js(mi,mi+ 1) ^ (I ± mi)(l ± mj— 1), ( 1 ) 

where s is given by 3®6. Thus all the squared matrix components of P may 
be expressed as multiples of s®. 

Now let us consider the squared matrix components of P connecting 
these configurations when expressed in the scheme. All of these 

are expressed in terms of the quantities |(y/S' L\P\y' 8 which we are 
seeking, by means of the formulas 9*1 1. The states of the zero-order scheme 
are related to those of the scheme by a unitary transformation 

which has non -vanishing components only between states of the same 

* If we had substituted in (4) the absolute strengths of the multiplets in the array s p — ► p®, 
we should have obtained the total absolute strengths of these groups in terms of the radial 
integral (6). 

t Condon and Ufb’ORD, Phys. Rev. 44, 740 (1933). 
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and . Therefore we may apply the principle of spectroscopic stability 
2®25 to the squared matrix components occurring in any box of which the 
rows and columns are labelled by the same values of and 
schemes. This enables us to equate the sum of the squared matrix com- 
ponents in a particular box in one scheme to the corresponding sum of the 
squares in the other scheme. In this way a set of equations is obtained 
which is usually sufficient to determine the quantities \{'y S L\P\y' S L')\^t 
from which we obtain the multiplet strengths by 2 ® 6 . Analogous to the 
hmitation of the diagonal-sum rule for energy, the method gives complete 
specification only when there is but one multiplet of each kind occurring. 
If there are several multiplets of the same kind, the method determines only 
the sum of the strengths. 

We shall illustrate the method by consideration of the configuration array 
in EiUSseU-Saunders couphng. Only one component occurs with 
Mg=Mg=^ and Mj^=0, In the zero-order scheme this is the 

transition (1+ 0+ — 1+) (1+ 0+ 0+), for which the squared matrix component 

of P is s® by the formulas. In the SLM^Mj^ scheme this is the transition 
f, 0)->-(*P, f, 1 ); the squared matrix component being, by 9 ® 11 , 

\{p^^8\P\p^s^P)\K 

Hence we infer that | (p® ^8\P\p^ s ^P) | ® = s®. 

This result may be checked from the component having = = 

In the same way we may pass to the part of the matrix associated with 
M Q = Mg = \ and find in the zero-order scheme that the coefficients of s® in 
the squares of the non- vanishing matrix elements of P are given by 



59® a 

(1+ 1- 0+) 

(l+0-0+)(l- 

•0+0+)(1+0+0-) 

(0+0-0+)(l+ 

-l-0+)(l- 

- 1+ 0+)(l+ 

- 1+ 0-) 










(1+1- 

0+) 

1 

0 

1 

1 


(1+1- 

-1+) 

1 

0 

0 

0 

0 

0 

1 

1 

(1+0+ 

0-) 

0 

1 

0 

1 

1 

0 

0 

0 

(1+0+ 

-1-) 


0 

0 

1 

0 

1 

0 

0 

(1+0- 

-1+) 


1 

0 

0 

0 

0 

0 

1 

(1-0+ 

-1+) 


0 

1 

0 

0 

0 

1 

0 


The table need not be extended to negative values of unless this is 
desired for checking. The corresponding portion of the table in the /SPif ^ 
scheme, in which the numbers are the factors which multiply the corre- 
sponding quantity of the type \{p^^D\P\p^s^P)^t is 
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\o®a 

® A 2, i 

ap ap 4P,1,J 

ap ap a^ 4p, q, ^ 

2,i 

4 

2 6 0 


®X> 

“P,l,i 

2 

6 

13 0 

3 10 

3 3 0 0 

1110 

®P 

ap 


3 10 

3 10 

0 0 1 

0 4 0 0 

4 0 10 

0 0 0 1 


A ppl ying tlie principle to each, of the boxes, we obtain a set of eq^uations 
which lead to results 




p®a (or p*a) 



*P 

®D 

ap 



*8 

1 

0 

0 

0 

(or jp®a®) 

2i) 

0 

i 

i 

0 

®P 

0 


f 



for the coefficient of in the value of |(p® The total 

multiplet strengths, given in terms of this quantity by formulas 2®6, are 


Tablb 3®. Relative multiplet strengths. 

The terms of the first configuration are placed on the left, of the second, at the top, of the boxes. 
Only allowed transitions are listed, and where two or more multiplets of a kind occur, the sum of 
the strengths is given. In the same transition array, values in boxes of different multiplicities are 
to be directly compared. 

g -p» 8-^p* a® or p 


p s or p^—. 

ijS ap 2 £) 


»P 




p»- 

*P 


►p® s or p® a®- 
®i> 


>-p* a 
ap 2 S 


ap 

19 5 

zp 

9 

®P 

6 1 

*8 

12 

®X> 

ap 

16 

5 

16 — 

9 4 













p® a®-^iJ® a or p*->p^ a 
»/S ®P ®I> 


*P *P 


cZ® p-^d^ 

m 


zp 


12 9 16 




p^-^p* d 

3 ap 2 ®P ®^ 


ap 


19 9 


*P 


*>S 


zp zp 


zp 

d->p* 


24 

2®P 

42 — 

3»2) 

120 

2ip 

63 — 

3®i> 

15 26 

2»P 

46 

2^D 

30 — 


2®P 

^8 

3 9 

— 2 

»8 

16 

2 iP 

7 20 
— 0 


2(? ®P 2 ®D ®P 


4 — 

*0 

180 — 

ap 

396 44 — — — 

6 16 

*F 

1260 — 

2 “O' 

1584 576 180 — — 


2 

1080 620 

3 ®P 

— 1000 420 470 — 


*P 

— 240 

3 ®i) 

— _ 660 626 216 


*8 

— 320 

3 ®P 
^8 

_ _ _ 706 266 
_ _ _ _ 70 
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given in Table 3®, together with the relative strengths of the multiplets in 
other simple transition arrays which cannot be solved by the formulas of § 3®. * 
The method of this section has the disadvantage, not shared by that of 
§ 3®, of being capable of giving us only the amplitude of the electric -moment 
matrix. This is of little use for cases of departures j6*om Russell-Saunders 
coupling as discussed in Chapter xi, since to effect a transformation of this 
matrix from LS coupling to an intermediate coupling we need to know the 
correct phases of the matrix elements in a dejfinite scheme of states. Such a 
calculation of the electric-moment matrix may be made if we know the 
eigenfunctions of the i^>S^-coupling states in terms of the zero-order states. In 
order to separate two like multiplets in cases not amenable to characteriza- 
tion by parentage we must also go to the eigenfunctions, just as we did in 
§ 7® to separate the energies of the two ^D’a of d®. Several of the arrays of 
Table 3® are taken from a paper by Ufford,'}' who calculated them by first 
obtaining the eigenfunctions. 


5. Quadrupole multiplets. 

Let us now obtain the strengths of the lines in a quadrupole multiplet, 
as we did for the dipole-multiplet in § 2®. In § 6^ we were able to find the 
dependence on M of the quadrupole-moment matrix components by building 
them up firom the dipole matrix components of 9®1 1 : here we may repeat the 
process by applying § 1 1® to find the dependence of the matrix components 
on 1/ and S in the SLJ scheme. 

After the matrix components are found the strengths of the quadrupole 
lines may be found by 7^7. This gives us a set of formulas (Table 4®) for 
quadrupole multiplets analogous to 2®2 for dipole multiplets. In the process 
of squaring, the sign of the matrix component is lost, so in Table 4® we give 
the sign in a separate colunm. If one wants to know one of the matrix 
components i>, JE7, F occurring in 7^7, he can find it from the strengths by 
dividing by the appropriate factor in 7^7 and attaching the sign here given 
to the positive square root of the quotient. G, H, I are related to the matrix 
components of , where as follows: 


(7==-eSiS[(a/S S L)(a" S L\r^ 8 L) 

^ - (a /Sf Lin-joc" 1 ) (a" L-f Ijr^ja ^ L) 

-{ai8 Llr^ja" 8 L-l)(a" 8 L-l:r^:a 8 L)], 


iy=-eSiS[(a/S' 8 X)(a" 8 8 L-l) 

^ + (a /Sf Llr^ia" 8 i-l)(a" 8 L-l]r^,a! 8 L-l)], 


J = - eS i S (a /S' Ljr^ja ' 8 8 L-l 8 L-2). 

i «r 


* A very complete set of tables of relative multiplet strengths is being prepared by Mir Goldberg, 
of the Harvard College Observatory; this will probably be published in the Astrophysical Journal 
in 1935. f Ufford, Phys. Rev. 40, 974 (1932). 
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The strengths of Table 4* were calculated by Rnbinowicz*, who showed 
that they obey the sum rule of Omstein, Burger and Dorgelo, namely, that 
the sum of the strengths of the lines in a multiplet from a given initial (or 
final) level is proportional to the statistical weight, 2J + 1, of that level. 

TABiiB 4®. Strengths of guadru^l^-mvltiplet lines. 

Here P{J), QiJ), and R[J) are the factors used in 11*8 with the correlation 


L' 

J' 

Sign 

S{0L S LJ» a.' SL'J') 

T 

7 O 


P(J-1)P(J) QiJ -2) QiJ-l)^^ 

Ju 


+ 

J(J-1)(2J-1) 


J-i 

- 

2 P( J) QiJ - 1) [P( J) - ( J + D? 

J(J-1)(J + 1) 




2(3 P(J) [P(J) - 1] - 4J (J + 1) i (i + 1)>* (2J + 1) 


J 


3J (J + l)(2J-l)(2J+3) 


J^ + i 

- 

2P(J + l)<2(J)[P(J)+J? 

J(j + l)(J + 2) 


*4“ 2 

4* 

P( J + 1) P( J + 2) QiJ) QiJ + 1) ^2 

4"1)(«^ 4-2)(2t/ -h3) 

L-1 

J-2 

- 

P(J - 2) P(J - 1) P(J) QiJ - 1) 

J(J-1)(2J-1) 


J-1 

+ 

2 P(J - 1) P(J) [P(J) - (J + l)iL + 1)]* jya 

J(J-1)(J + 1) 


J 

+ 

6 P(J) QiJ) [P( J) -iL + 1)]* (2J + 1) 

J(J + l)(2J-l)(2J + 3) 


J + l 

- 

2 QiJ) QiJ + 1) [P( J) -JiL + 1)T 

J(J + l)(J+2) 


J+2 

-h 

P(J + 1) QiJ) QiJ + 1) QiJ +2) jy, 

(J + l)(J+2)(2J + 3) 

L-2 

J-2 

+ 

P(J - 3) P(J - 2) P(J - 1) P(J) 

J(J-1)(2J-1) 


J-1 

+ 

2P(J-2)P(J-1)P(J) QiJ) ja 

J(J-1)(J + 1) 


J 

4- 

6 P(J - 1) P(J) <3(J) <2(J' + 1) (2J + 1) J., 

J(J + l)(2J-l)(2J + 3) 


J + l 

- 

2 P(J) (2(J) <3(J + 1) QiJ +2) 

J(J + l)(J + 2) 


J + 2 

4- 

QiJ) QiJ + 1) QiJ +2) QiJ +3) fa 
(c7 + !)(«/ -l-2)(2t7 +3) 


There is very little experimental material available for testing these 
formulas. The relative line strengths in some of the quadrupole 

* Rubinowicz, Zeits. fur Phys. 65, 662 (1930). 
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doublets in the alkalis have been measured by Prokof jew* and found to be 
3 : 2 in accordance with theory. The difficulty is that multiplets violating the 
Laporte rule may arise because the atoms are disturbed by electric fields in 
the somrce, in which case the line strengths are given by other formulas 
(§ 3^’, especially 3 ^^ 6 ). The place where quadrupole lines are of importance 
is in the spectra of nebulae or rarefied stellar atmospheres where the mutual 
disturbance of neighbouring atoms is negligible. In fact the most interesting 
developments in this field grew out of Bowen’s interpretation of the nebu- 
lium lines as quadrupole lines. This we consider in § 6 ^^ because these lines 
are combinations between terms of different multiphcity and so owe their 
existence to the departure from RusseU-Saunders coupling. 

There are two good examples of quadrupole multiplets in the Fell 
spectrum foimd by Merrillf in the spectrum of the star •ij-Carmae. They are 
3d®4s®®>Sf-^3<2®4s®i> and . The intensity data are merely 

eye estimates from plates taken in Chile by Moore and Sanford. For the 
former there are five lines having the same initial level and ending on the 
five levels of the term. By the sum rule the strengths are proportional 
to {2J + 1 ) for the final level. If we take Merrill’s intensities divided by 
numbers proportional to a® (2*7 + 1 ), the quotient should be constant. The 
values are 0.2 ? q.q g.g 5 . 4 ^ 

the ? being due to disturbance by another line. This is surprisingly good 
agreement, probably accidental in view of the lack of photometric measure- 
ments. 



if 




‘«'v- 

46-4 

279-6 

6-8 

43-0 




0-17 

0-16 




3-2 

20-9 

? 


60-6 

166-6 

62-8 



0-063 

0-135 




0-0 

5-3 

11-1 

6-6 

6-4 

71-1 

99-0 

39-6 


— 

0-07 

0-11 

0-14 

•G. 

0-0 

0-0 

6-36 

? 


0-1 

6-9 

65-5 

98-7 


— 

— 

0-09 



For the other multiplet the agreement is not nearly as good. In the table 
we give for each line the observed relative strengths (intensity divided by 
a®), the theoretical relative strengths, and the ratio, observed to theoretical. 
The latter should be constant in any one row as these lines have a common 

* Tbokoi'JEW, Zeits. fiir Phys. 57, 387 (1929). 
t MERTtTT.Ti, Astrophys. J. 67, 405 (1928). 
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initial level. The sum of the observed strengths from divided by 12 
is 4*4, which would be equal to the sum from ^G^ divided by 8, which is 2*76, 
if the temperature were infinite. The observed ratio, if we assume a Maxwell- 
Boltzmann distribution of the atoms, corresponds to a temperature of 
1600°K. 


We now consider the absolute values of the quadrupole strengths. The 
methods developed in the preceding two sections could be taken over with 
proper generalizations to treat the corresponding problems for quadrupole 
lines. Such developments have not been carried out in detail because the 
possibility of experimental verification seems too remote. We confine atten- 
tion to the case of one-electron spectra, which is directly analogous to the 
work of §§ 6® and 9®. The problem is to express the coej0SLcients, Gy H, and J, 
of the formulas for line strengths in terms of the radial integral 


S2 = 



M{nl) R{n'V)dr, 


( 1 ) 


which obviously will measure the second-order moment of the charge dis- 
tribution. This may be done by calculating, by direct integration, one of the 
matrix components \n' I' nig I') in the nlnigmi scheme. Then, since 

for nig= and = Z we have 

^(Z, nig = = Z) = ^ w = Z H- ^), 

we know that this is also equal to {n I Z-H J l+W \n' V V+\ hi the nljm 
scheme. The same matrix component can be expressed in terms of D, By 
or B from 6*6, so by appropriate choices i>, B, and F and the coefficient of 
in 6*6a can all be found in terms of . Then by combining 7*7 with the 
table of strengths of this section we can find Gy H, and I in terms of Sg , 
which is all we need. The work is a little tedious but straightforward. It is 
clear that for a one-electron spectrum H = 0, otherwise the parity selection 
rule would be violated. The values of G and I found in this way are 


- Sa/2 

(2Z-l)(2Z-i-3) 

^2 

4 (2Z - l)V'(2Z+l)(2Z-3) * 


( 2 ) 


Combining these with the table of strengths we have the means of expressing 
in absolute measure all the strengths of one-electron doublet lines. 

It is convenient, as in 6®5, to express the numerical coefficient in the 
quadrupole transition probability in atomic units. In 7*8, if we measure or 
with the Rydberg constant as unit, and in atomic units, e^a*, we 


may write 

2«5 2J^+1 2J^ + 1 


2773 sec”^. 


( 3 ) 
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The immerical coefficient is about one-millionth of that for dipole radiation 
(6®5). To exemplify the formulas just presented, and also to gain a better 
appreciation of the order of magnitude of quadrupole transition pro- 
babilities, we shall calculate A{A,B) for the doublet in hydrogen. 

First we find that the radial integral 

Sg = i2(3d) B(ls) dr = \/2-i5.3®.5; 

hence 3'’'/2^®, from which, using the table of strengths, 

S{3d.-> Is^) = 3.38/213; S(3cZ|^ Is^) = 2.38/213. 

These are in the ratio of the statistical weights as the sum rule demands. 
For this line we have o' = f so the spontaneous emission transition pro- 
bability of either line is a(362^ Is) = 616 seo-i. 

From Table 6®, the closely analogous dipole transition probability is 

A(3^-^ Is) = 1*64 X 108 sec~i, 

which is about 0*27 x 10® times as great. 

In hydrogenic ions of nuclear charge Z we have ct ocZ® and r ocZ“i, so the 
dipole transition probability varies as Z^ while the quadrupole transition 
probability varies as Z^. In all actual atoms the quadrupole transition 
probability remains smaller than the dipole, although for Z — 92 the ratio 
is only 1:32. As a consequence of this trend quadrupole transitions are 
sometimes of appreciable intensity in X-ray spectra. For the higher values 
of Z the calculation should be made using the relativistic radial functions 
of § 5®, but our result shows the trend in order of magnitude. 

In view of the great ratio of dipole to quadrupole intensity it is out of the 
question to observe quadrupole lines in the hydrogen spectrum. In the 
alkalis, where the terms are well separated, this is possible and the s-^d series 
is easily obtained in absorption. Stevenson* has calculated the transition 
probabilities from the normal /S level to the lowest D doublet for the alltah 
metals using Hartree wave functions. Experimental values were obtained 
by the anomalous dispersion method by Prokof jew.f His values have to be 
divided by four because of a difference in the theoretical formulas for quad- 
rupole and dipole dispersion. | The final values of 10® times the ratio of the 
spontaneous transition probabihty for the first D-^S quadrupole fine to 
that for the first dipole line are 



Na 

K 

Rb 

Os 

Observed 

11 

1*6 

2*7 

0-6 

Calculated 

3-6 

2-5 

2-9 



♦ STEVHNSOisr, Proc. Roy. Soo. A128, 691 (1930). 
f Prokofjkw, Zeits. fiir Phys. 57, 387 (1929). 

:{; This was pointed out by Rvbxn'OWIoz and BiiA-TOST, Ergebnisse der exakten Naturwissen- 
sch^ten, 11, 216 (1932). 



CHAPTER X 
jj COUPLING 


The most direct method of solution of the first-order perturbation problem 
would consist of the diagonalization of the matrix of electrostatic plus 
spin-orbit energy for a given configuration in the zero-order scheme. That 
procedure one might call ‘impossible’ for all but the very simplest con- 
figurations because of the high order of the resulting secular equations. The 
general solution is ‘possible’ for a great many more cases if one uses the 
SLJM scheme, but in order to utilize this scheme one must, except in 
special cases, obtain the transformation to it. Because of the complexity of 
the problem and the ‘impossibility’ of obtaining the general solution for 
complicated configurations, it is desirable to obtain as much information 
as possible of an elementary, although approximate, character. In the pre- 
ceding three chapters we have considered the important case in which the 
spin-orbit interaction is weak compared to the electrostatic ; in this chapter it 
will be interesting to consider the less important case in which the electro- 
static interaction is weak compared to the spin-orbit. In this way we shall 
know the character of the general solution at both extremes. 


1. The ^^/-coupling scheme and the spin-orbit interaction. 

We wish to determine the first-order energies which result from the spin- 
orbit interaction, when the electrostatic interaction is absent. Since the 

spin-orbit interaction (1) 

% i 

is a quantity of type F, it is diagonal in the zero-order scheme in which 
nljm are taken as the electronic quantum numbers. This, then, is the 
natural scheme to use when considering this interaction. The diagonal 
element for the state — is given by 


{A I IF \A) = ^{n^ TTi^ I I nP) 


= 


iji 




( 2 ) 


(cf. §4®), which depends only on the values of rPPj^, 

Although W is so highly degenerate as to be diagonal in any scheme 
specified by the set 7 pPj\ it is most convenient to consider the particular 
scheme in which the ^"’s have been combined to form resultant J and M. 
The scheme characterized by the set of rPPj'^ and JM known as the jj- 
coupling scheme. It may be here noted that although this designation 
utilizes more quantum numbers than the L/S^-coupling scheme, it still does 
not in general furnish a complete set for more than two electrons. 


c s 


17 
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The process of finding the allowed levels isijj coupling is similar to that in 
L8 coupling, depending in the same way on 4®!. For example, consider 
the configuration npn'p. Here j and / may take on the values | and |. 
If J = f = h (wijW') may have the values (i, -i), and 

^ I’or the first of these states M = l, and since this is the highest M 

occurring for j = j' = i, there must be a level *7" = 1. There are two states 
with M — 0', the level J = 1 has a state M = 0 and there must in addition 
be a level with / = 0. The one state with Jf = — 1 is taken care of by 
/=!. Hence we infer the existence of the levels *7=1, 0. In a 

aiTnilfl.r way the levels for the other values of J, j' are determined in the 
following table. In the body of the table are given (m, m'), while at the foot 
of each column are given the resulting J values. 


np n'p 

• •/ 
hi 

hi 

h i 

hi 

4.4 

M 

3 

ihi) 




2 

(h m>h 

(hi) 

(4. 1) 


1 

(h -hi-hhihh 

-i) 

(4. 4)(-4, i) 

(4,4) 

0 

ih -hi-hm. 

1 

1 

ih -hi -hi) 

(4. -4)(-4,4) 

-1 

(h -m-hm-h -i) 

1 

1 

1 

i-h -4)(4, -i) 

(-4, -4) 

-2 

i-h -i){-h -I) 

{-h -i) 

(-4,-1) 


-3 

i-h -f) 




J values: 

3, 2, 1, 0 

2, 1 

2, 1 

1.0 


These J values check with those obtained in § 1’ for this configuration, 
namely ^A. 2 , 3 - They could equally well have 

been obtained by the usual vector-coupling picture: ^*==-| and ^‘' = | can 
combine to give a resultant J = 3, 2, 1, 0, etc. Just as in LS coupling, the 
resultant levels cannot be obtained in this way if there are equivalent 
electrons. For the configuration (3) becomes modified as follows: 


np^ 

hi' 

hi 

4,4 

4.4 

M 

2 

(1, 4) 

ih 4) 


1 

(f, -4) 

ih -4)(4,4) 


0 

ih -4)(4, -4) 

(4, -4)(-4,4) 

(4, -4) 

-1 

(-1, 4) 

(-l.4)(~4. -4) 


-2 

i-h -4) 

i-h -4) 


J values: 

2,0 

2.1 

0 


( 4 ) 


(3) 
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These J values agree with those previously found, namely ®Po,i, 2 » ^-^a- 

Because of the symmetry which obtains, the half of these tables for M ^ 0 
will usually give one all the information desired. 

The spin-orbit energies for these states as calculated from (2) are 


npn'p: 

J 

= l> 3 ' 



(16) 



1 



(8) 




1* 

1 

1 

+ 

(8) 






(4=) 

np^: 

0 


3 . 

— ■S' 

^np 

(6) 



I 


i^np 

(8) 



1 

h 

^^np 

(1) 


( 5 ) 


( 6 ) 


(The numbers in parentheses at the right denote the degeneracies of the 
energy levels.) Thus we see that is split by the spin-orbit interaction into 
three equally spaced energy levels, while pp is split into four energy levels 
whose spacing depends on the relative values of tn’p • each case 

the centre of gravity of the configuration remains at zero. This is a general 
property of the spin-orbit interaction, which follows from the theorem 
given in § about the centre of gravity of a term. In § 3’ we calculated the 
diagonal elements of W in the L8JM scheme and found that their sum for 
each term, and hence for the whole configuration, was zero; by the diagonal- 
sum rule the sum of the eigenvalues of W must have this same value. 

2. The addition of a weak electrostatic interaction.* 

AVe shall now determine the effect of the addition of an electrostatic inter- 
action which is sufficiently weak to be considered as a perturbation upon the 
degenerate spin-orbit levels. ^Ve must then, in and 1^®4, calculate that 
part of the matrix of electrostatic energy which refers to each column, and 
determine its eigenvalues. But the electrostatic energy is diagonal with 
respect to J and independent of M, so that there will occur one eigenvalue 
for each J , with a degeneracy of 2e/-j- 1. Hence unless a given J occurs more 
than once per column, these eigenvalues can be determined by the diagonal- 
sum rule from the diagonal matrix elements. 

We therefore need the diagonal elements of the electrostatic energy 

Q = 'Zq{i,j) = T,e^Jr^^ ( 1 ) 


* Inglis, Phys. Rev. 38, 862 (1931)* 
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in the nljm scheme. From 7®7 this element becomes 
{A\Q\A) ^ 

— S r ^ ( 1 , 2) dr-^dr^ 

*>«=! \J J 

— jJ ^(1, 2) c^ridlrgj 

= S T{^^l^j^rri^,nH^jhn*). (2) 

fc>i=l 

Each of the ^’s of (2) must now be expressed by 4®8 in terms of the 
in which case we obtain a sum of terms of the type 8®1 which have already 
been evaluated. We shall content ourselves with giving Table 1^®, as 
calculated by Inglis, of the quantities T{nljm,n'Vj'm') in terms of the 
F^{nl,n'V) and G\nl,n'V) of 8®16, for s, p, and d electrons. 

For example, for the configuration np n'p the electrostatic energies are 
found from 1^®3 and Table 1^® to be 


npn'p: j=f,/=:f j J=3; Po+ Fj^-Go- 

2: Po-SPa + Gfo-SGe 
1: Po+ Fz-Go- G^ 
0; F^ + 5Fi+Go-h50^ 


j=hj'=hJ=2z Po - (3) 

1: Po -5(?a 

j=hr = hJ=2z Fo - C?a 

1: Fo -5^2 

i=hi'=h-^ = l: F, -Go 

0: F 0 + Gq . 


In the approximation we are considering Fq need not be small since it occurs 
uniformly in all diagonal elements and all energies. It serves merely to 
raise the whole configuration and may be considered as a constant inde- 
pendent of coupling. In the case of np^ we have 


j=hr=hJ=2‘. 

1 

CO 

0: 

Fq + SF 2 

j^hr=hJ=2: 

Fo- F 2 

1: 

F 0 - 5 F 2 

j=hr =hJ=0: 



(4) 


In Fig. 1^® these levels are compared schematically with those of 
Chapter vn for this configuration in L/S coupling. The J values occur in 
the same order on each side, and as the parameters are continuously varied 
we shall see in § 3^^ that the two sides of Fig. 1^® grow into each other in this 
order. That two levels of the same J value cannot in general cross when one 



Tabm T{nljm, n'Vy w/). 

The numbers given are to be used as coefficients for the integrals at the top of the column. To each 
of these T’s is to be added which is omitted from the table for convenience. 
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parameter is varied has been shown by von Neumann and Wigner.* The 
sums of the electrostatic energies in the two limits (weighted by 2(7 + 1) 
are equal as required by the diagonal-sum rule. 

J J 

'S 10 0 0 



'D t O 2 


3p 



2 

/ 

O 




2 / %,'A 

t 5 


0 0 -2 '/z,Vz 


(A ) (B) 


rz ^ 
(D) (C) 


Fig. 1^®. Limiting cases forp®: (.4) No spin-orbit interaction. (J?) Weak spin-orbit 
interaction. (C) No electrostatic interaction. (£>) Weak electrostatic interaction. 


3. Eigenfunctions. 

The energy levels which result from the spin-orbit interaction are 
characterized for a given configuration by a set of j values, and are de- 
generate with respect to J and M. If a weak electrostatic interaction is 
applied, these energy levels are split into levels characterized by J values. 
Let us for convenience call the set of states characterized by a given set 
of^* values a -coupling) ‘term,’ in analogy with the terms in LS coupling. 
We shall use a notation in which we represent the three possible terms of 
the configuration 2p® by 2p|2p|, 2p|2p|, and 2jp|. The subscripts denote 
the j values of the electrons, the superscripts the number of electrons of the 
same nlj values. 

The exclusion principle operates in jj coupling in a slightly different 
fashion than in L8 coupling. All terms for which not more than 2j -b 1 
electrons have the same nlj value are allowed. However, not all the levels of 
a given term as given by coupling then’s vectorially are allowed unless all the 
nZ^'’s are different. The eigenfunctions for coupling may be found by any 
of the methods used in Chapter vin, but we can in general obtain more of 
them by coupling vectors than we could there. For example if, as in § 1®, we 
couple the terms of two configurations to get terms of a new configuration, 

* VoN Nbxjmann and Wiqiteb, Phys. Zeits. 30, 467 (1929). 
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all the J*8 obtained by coupling the allowed J^’s and t/^’s will be allowea 
and the eigenfunctions may be found as in § 6® provided that no nlj value 
occurs in both I and II- This is less stringent than the Z->S-coupling req[uire- 
ment that no nl value occurs in both configurations. Thus we may find the 
allowed J values for any term if we know the allowed J values for terms of 
the type nlf . These are given in Table 2^®. Thus we see that the three allowed 

levels of np^np^ are 

np\{Q)np^{\), i and np\{2)np^{\), | and 

Here in parentheses are given the J values of the groups of 72 .?J-equivalent 
electrons, and at the end the resultant J values. 


Table 2^^. Allowed J values for groups of nlj-equivalent electrons. 



In coupling two equivalent electrons, aU J values are allowed 
If the states resulting from the coupling are as in §6® either anti- 

symmetric or symmetric according to whether «/ is even or odd. Hence only 
the even J values are allowed i£j The use of vector-coupling formulas 
for obtaining matrix elements between two states of the configuration is 
considered in detail in § 6^®. Let us here consider, for use in the next section 
on line strengths, the matrix components 

{nljnlf JM\F\nlj"nTj'" J'M') = {jj'\F\j"j"’) (1) 

oi F= Fi -h F 2 connecting the states of nl^ and nln'V . If y we see from 

a consideration similar to that which gave 6® 17 that 

where the matrix component at the right is between states in which the 
individual electrons have definite quantum numbers, and is hence amenable 
to the use of the formulas of Chapter m. If y we see from the relations 


^Y{nljnlj' JM) = 2-i[«/;(Viii’^2^2j2 

J'M') = J'M') - 


that 


(ii'mi’n 


- i 80", j") 



264 


jj OOTJPLIITG 


310 


In the last term here, the order of the quantum numbers is significant, and 
must be reversed by the use of the relation 14^7 : 


(3) 

In this way we find 

U#/) W 

4. Line strengths.’^ 


Line strengths inJJ coupling may be found by methods similar to those of 
Chapter ixfor JjS coupling. Their main appHcationisin the rare-gas spectra 
(Chapter xirr), where only the strengths for two-electron configurations are 
needed. We shall first briefly consider transitions between the two two- 
electron configurations nH^nl and nH^n'V. If the jumping electron has 
difEerent nlj from the other electron in both configurations, we may use the 
formulas 11®8 to evaluate the quantities 

JiPinH^j^nTj' J')\^ ( 1 ) 

which are needed in 7*5 to give the strengths of the corresponding lines. In 
this way we obtain, as in 2®1, 

JJV J') JJV J') \{nld\P\nTr)\K ( 2 ) 

Hence the relative strengths of the lines in the ‘multiplet* connecting the 
terms and are the same as those in LS coupling for the multiplet 
SL^SL' with the correlation L^j, — except that j' is always, 

L never, half-integral. They are thus given by Table 1® for half-integral L. 
The total strengths of the multiplets are given as in 3®5 by 

= (2j^ + l)mj, slj) I(nZiP:7iT)p, (3) 

which reduces all the intensities to the single matrix element 3®6. If one of 
the configurations is composed of equivalent electrons, say that nl=nH^, 
we see from 3^®2 that the allowed lines when j =p- have twice the strength 
of the corresponding lines for non-equivalent electrons, and from 3^°4 that 
when^‘#J^ either or whichever occurs, has 

the same intensity as for non-equivalent electrons. These 

calculations are illustrated by Table 3^® of the relative strengths of the 
hnes in ps~^pp and ps->p^ coupling. 

More generally, formula (2) is applicable, if we write J* for to 
transitions between the levels resulting from the addition of electrons of 
quantum numbers nlj and n'Vj' to any ion in a state of resultant angular 
momentum if none of the electrons in the ion has quantum numbers 
nlj or nTj'. 

* Babtlbtt, Phys. Rev. 35, 229 (1930). 
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CHAPTER XI 

INTERMEDIATE COUPLING 


We have calculated the first-order energy levels and line strengths in two 
limiting cases: the RusseU-Saunders, or L/S'-couphng limit, in which the 
electrostatic energy predominates, and the ^j-couphng hmit, in which the 
spin-orbit energy predominates. Practically, the actual levels of all atoms 
lie between these limits, although many are very close to RusseU-Saunders 
coupling, and a few, particularly heavy atoms and those containing almost 
closed shells, are close to jff-coupling. 

In this chapter we shaU obtain the first-order energies and line strengths 
in the general case in which the two interactions may be of any relative order 
of magnitude by calculating the complete energy matrix for states in the 
8LJM scheme. In this scheme the electrostatic energy is completely 
diagonal (the diagonal elements being known from Chapter vn) and the 
spin-orbit interaction is diagonal with respect to J and M. The total energy 
is independent of M, hence the least value of | Jf | which occurs for the con- 
figuration is usuaUy the most convenient to consider, since every level will 
have such a state. In Chapter xii we shall see how to calculate the same 
energy matrix in the j/-coupling scheme which is particularly suitable for 
the considerations of the rare-gas spectra in Chapter xni. 

These calculations all neglect the interactions between configurations, 
which wUl be considered in Chapter xv. 

1 . Matrix of spin-orbit interaction for configurations consisting of 
coupled groups.* 

Our jfirst task is to obtain the complete matrix of the spin-orbit inter- 
action jv 

( 1 ) 

i=l 

for the SLJ M scheme of a configuration. In § 3^ we saw how we could obtain 
the diagonal elements of this matrix for configuration I -f II in terms of the 
diagonal elements for the inequivalent configurations I and II separately. 
Such a calculation is however not restricted to the diagonal elements. If 
we make the correlation 

j 

the dependence on J (and M) of the matrix elements 

X {y^8^I^y^8^I^8LJM\i{ri)Li•Si\y'^8'iL'^^Y'^8'^L'^8^ (3) 

i 

* Johnson, Phys. Rev. 38, 1628 (1931). 
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is given by 12®2 in terms of the quantities 

S S L\i{ri) Liiy’^S^L'^ y'^saL'u l') 

s'). (4) 

As in 3®1, this may be broken into two sums, over group I and II inde- 
pendently. Formulas 11®8 may then, with the correlation 3®3, be used to 
reduce the first sum to a known multiple of 

S S {y-^U-\^{u) L^y'^U^){y'^S^\8^y'^S''^). (5) 

I 

The second sum may be correspondingly reduced. Since the matrix elements 
of spin-orbit interaction for configuration I are known multiples of (6), this 
effectively expresses the matrix elements for configuration I -i- II in terms of 
those for I and II separately.* 


Two-electron configurations. 

These considerations completely solve the problem of finding the matrix 
of spin-orbit interaction for a two-electron configuration, since the matrix 
for a one-electron configuration is known from 4®6: 

{nljm\i{r) L-S\nljm) = tniHo (i + 1) - 1- Z (Z-i- 1)}. 

A comparison of this with 12®2 shows that 

which gives the value of the quantity (5) for a single electron. Thus for a two- 
electron configuration the element 

i; {nH^nH^ SLJM\^{ri) Li;Si\nn'^nH^ S'L'JM) 

= g{8LJ, 8L'J) i Uf mi^\L'){8m8'), (7) 

i=l 

where g(SLJ, 8'L'J) is the coefficient of (4) in (3) as given by 12®2 with the 
correlation (2), and 

{L\L^\L)] i. (1/ -h 1) + Z® (Z^ + 1) ± Zi (Zi + 1) 

{L\mL)] ~ ' 2L{L+\) 


(Z.iI/iiL-1)] 




(X - 1^){L + 1^- + Z® -t- X -t- 1)(Z1 -h Z® - jD -H) 


4.L^{2L-1){2L + 1) 


{S:8^8) = {8:8^8) = {8\8^\8- 1) = - {S\8^\8- 1) = P 

*** For a given configuration, say I, to write that 

S (y^ Li-Si\y^ /S'l L'^ M^) 

I 


( 8 ) 

(31) 


equals the factor given by 12®2 times 

s s (y^ -y" -SI 8^ /S'l i'l) (41) 

y"l X 

has in general a sense only symbolic, since no state characterized by L ^ may be allowec^ 
although (3^) hixs a value different from zero. The above procedure is justified by the fact, wlucli 
follows from § 1*^, that the matrix component (3) is a linear combination of the components (d ) 
and m which depends only on and and not on the structure of 

the inoquivalent configurations I and II- 
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Table 1“. Matrices of spin-orhU interaction. 



00.6. pp 


\P — 41 bnj> "" bn'p/ 

a=K«j> 
















SPIN-OBBIT INTEBAOTION MATBIX FOR COXTPLED GBOUPS 269 

Table — continued. 
and d d 

..Ji Cn'd) 




3^4 

— a 

-2V5^ 

Vs^ 

-2V'5j5 

\ 0 

I 

2a 

VE^ 

1 2a 

_l 

3a 


®P» I SVSjS i -V7a 


-Vsa 

4\/2j8 

-Vso^ sV?^ 

4a/^ I 

-4V'6a 

-4V'3a 0 

-Vso^ 1 

-4\/3a 

0 VSii 

3V7jS I 

0 

V" 42a a/ 6a 


-3a 

Vip 

-Vlia 

0 

V7j3 

I ■“ i 

-V2jS 

4^ 

— V 14a 

-VljS 

0 

2'\/2a 

0 

4)8 

2V2a 

0 


! 

t* 

C‘1 

1 

-2V3{2^a-tp) 

2V2(U-U 

2V3(2£^-C^) 

0 

V6{U + U 

W2(Ct-tv) 

^Qaa + tv) 

H,i + tv 


-8^6(2^^ + ^^) 4V7(^rt-Cp) -2V42(Cd + £,) ^0 

4\/7(Cd-W -Vi3(5^d-1-C^) -V^i5U-C^) QVHU-U 

-2V^iU + U _ 0 9V2(C^ + U 

0 9V 3(gd-g».) 9V'2(^d + ^»,) sVsiSU-U 

»/>i 

- - Cv - tv) -^6(Cd + ^ 

^’kC,i-tv) -Ha + tv -V2(3U + tv) 'i 

-V6(C d + €^) -VkHa+tv) Q I L 


1 

‘l2y/5 


-Ua + Hp 
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are tibe factors given by 10®2 with = /S=l. It follows from 6® 16 

that these formulas hold for the allowed elements even if the two electrons 
are equivalent. 

In this way the matrices of spin-orbit interaction for the two-electron 
configurations in Table 1^^ may be readily calculated. In these matrices the 
phases of the eigenstates in the configuration are such that 

L = L^-\- L^, S=S^ + J—S+Ly with the vectors added in this order by 
the formulas of § 14®. We shall always use this system of phases for two-electron 
configurations. According to this convention, the phases of a given term 
of nH^nH^ are ( — times those of the corresponding terms of 
nH^ nH^. 

More complex configurations may be calculated in a similar fashion. 
Thus in Table 1^^ is included the configuration This matrix was obtained 
in the way we have sketched from that given for p^, which is calculated in 
the next section. In this matrix the phases of the eigenstates are such that an 
eigenstate of p^s is obtained from those of p® with phases given by 4®6j by 
adding -t- = 5, LP^-{-L^ = L, S+L=J in this order. We shall always 
use such a system of phases when adding an electron to an ion or in general 
in coupling two groups. 

2. Matrix of spin-orbit interaction obtained from the eigenfunctions. 

For configurations containing more than two equivalent electrons w’^e 
cannot obtain completely the matrix of spin-orbit interaction by the method 
of the preceding section. But if we know the eigenstates for the 8LJM 
scheme (Chapter vrii) and the matrix of spin-orbit interaction in the zero- 
order scheme, this matrix may readily be transformed to the 8LJM scheme 
in the usual way . The matrix of the spin-orbit interaction in the zero-order 
scheme is obtained from § 6® (cf. 4®1 for notation and sign convention). One 
obtains a non-diagonal element only between states differing in regard to one 
individual set, say that a occurs in A while a' occurs in A'. The value of this 
component is 

{A\W\A')= ±h-^^^aia{a\L-S\a'). (la) 

The diagonal element has the value 

{A\H^\A)= (lb) 

a 

where a runs over all the sets (outside of closed shells) of A. 

From these formulas we may easily calculate the matrix of W in the zero- 
order scheme, where it is diagonal with respect to M. When transformed to 
the 8LJM scheme it becomes diagonal also with respect to J and inde- 
pendent of M. 
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IlhistTation : The configuration p^. The SLJ M. states for p^ were oht a.i i 

in 486m for M=^\. In the zero-order scheme 486 a the matrix of has the 
value 



When this is transformed to the SLJM scheme by 486 m, we obtain the 
matrix given in Table 1 ^^. 


3. Illustrations of the transition from L& to coupling. 

W* 

By adding the electrostatic energies of § 5 ’ to the spin-orbit matrices of 
Table 1^^, and solving the resulting secular equations, we find for the energy 
levels of si in an^^ coupling the values : 

Here ^ = The complete transition from LB coupling (Gq^^) to JJ 
cou]) 1 ing - Off) is plotted in Fig. 1^^ for the configuration sp. Fq is an 
additive constant which does not influence the intervals between the levels 
and hence flocss not need here to be considered further. Apart from F^, we 
see that the ratio e of the energy value to Oq is a function only of x = • 

For I = 0, the energies in these units are + 1 and — 1, while for they 

are 5x ~ TtX* approaches infinity. Hence we cannot show 

the whole transition by making a plot of g/Gq against x- order to keep 

e/G 

the ordinates from going to infinity we plot instead — as ordinate, and 

in order to confine the abscissas to a finite range, we plot this against 
^^(1 -j_ in Fig. 1^^. In this way we show the true interval ratios for all x 
from 0 to 00. At the left end, e/Oo is effectively plotted against while 

* Houston, Phys. Rev. 33, 297 (1929); 

Condon and Suoutley, Phys. Rev. 35, 1342 (1930). 
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at the right end e/f ^ is effectively plotted against 1 ~ (GqI^Q. The factor f is 
chosen to make the total splitting the same at the two ends. 



K ^ f/X 



In order to see how well the observed si configurations fit these 
formulas, we have drawn in Tigs, 2^^ and 3^^ for sp and sd respectively 
curves which show the theoretical value of — plotted 

as ordinate against abscissa. These curves 
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are in. fact straight lines: if we represent the ordinate by o and the 
abscissa by a, I I 

O = — •= —Cb “I” -z r- . 

Z+l Z+1 

The plotted points represent these ratios for the observed si configurations. 
It is seen that in general they follow the theoretical formulas rather well. 
While there is no essential requirement that Oq be positive, and there are 
many sd configurations in which the singlet is below the triplet as if Gq were 



negative, the interval ratios for these cases do not obey the above formulas 
at all accurately; they are probably all to be explained as in § 1^® by a strong 
perturbation of the singlet by another configuration. No plot is made for sf 
configurations, since there are just a few known, all close to the Russell- 
Saunders limit.* 

* Formulas which, make an approximate allowance for the terms in the Hamiltonian 
which express the interaction of the spin of one electron with the orbit of the other have 
been calculated for sZ by use of group-theoretical methods by Wolfjb [Phys. Rev. 41, 443 
(1932)]. We may derive Wolfe’s formulas very simply in the following way. For a two-eleotron 
configuration this interaction is assumed to have the form (cf. 7^1) 

= ,r(n , ra) [Ai-Sa + ( 1 ) 

The second factor here has no elements connecting different con%urations. By writing 

= LS - =LS-11 , ( 2 ) 

i 

we see that its matrix is that of L‘S [ = H/® ~ ~ •^®)] that of the spin-orbit interaction 

with and hence set equal to unity: both of these are known in LS coupling. Thm 

matrix must be multiplied by that of 7 r(t’i , ■fg) for the configuration under consideration. If in 
^ 2 ) replace the mutual distance r^a hy »■>> we have a fimction p{r.^, r^) merely of the 
magnitudes of the radii. The matrix of this for a configuration in which the I values of the two 

cs 18 
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£L* 

»Pi =Po-6P2-K 

3^5} =P„ + |P, - i^±Va|£jf'|+J^4j»3^ + |^2. 


If c/JPg is expanded as a power series in ^/F^, keeping just the first power, 
these results agree with those obtained in Chapter vn for LS coupling. If 
ej^ is expanded in terms of F^j^, the results agree with those of Chapter x 
foxjj coupling. See Fig. 1^®. The complete transition is plotted in Fig. 4^^ as 
a function of x = iC/Fa. We superpose on this figure the observed levels of 
Ge 1 4p2, Sn I and Pb I placed at such values of x that , the mean 
of and ^P'^, and the mean of and ^Pgfit the theory exactly. This 
corresponds to the parameter values 


Ge I Sn I 

Pa 1016-9 918-6 

^ 880-1 2097-3 

V 0-173 0-467 


Pbl 

921-6 

7294 

1-583 


electrons are different is diagonal in the zero-order scheme, the diagonal elements having the 
constant value r) = (nlnT\p{ri,rz)\nlnT). 


Hence in any scheme this matrix is rj times the unit matrix, and the whole matrix of is 
just 77 times the matrix of ( 2 ). To this approximation, the Lande interval rule still holds in the 
Hussell-Saunders case. , 

For ,5 Z, the matrix of is rj times the matrix of L^S (which is diagonal with elements 
0 , Z, - 1, “Z - 1 , for ^Li, minus the matrix of spin-orbit interaction of Table 1^^ 

with 7 ] written for When we include this matrix, we obtain the energies 




== 2^0 "■ ^0 + (S 

=F^-0^-^{l + l){C + v)- 


2 


We cannot compare these formulas satisfactorily with experiment because we have now as many 
parameters as energy levels. 

These considerations can readily be extended to other configurations. 

* The secular equations for this configuration were first calculated by Gottdsmit, Phys. Rev. 
35, 1325 (1930), and those for later by Inglis, Phys. Rev. 38, 862 (1931), by the following pro- 
cedure: Since all the matrix elements of the Hamiltonian are linear functions of the P’s, O' a, 
and ^’s, the secular equation for a J value occurring n times wifi, be homogeneous of degree in 
the P’s, G’s, ^ 8 , and e, the energy variable. For small ^’s, the roots of these equations are linear 
functions of the P’s, G’s, and ^’s, known from the electrostatic energies and Land 6 splittings of 
Chapter Vii. For small electrostatic interaction the roots are linear functions of these same para- 
meters known from the considerations of Chapter x. Knowing these roots for limiting values of 
the parameters serves in simple cases to determine all the coefficients in the secular equations. 
Since this procedure does not give the energy matrix, it is not possible in this way to determine 
the eigenstates in intermediate coupling in terms of those for pure coupling for use in Zeeman effect 
or intensity calculations. In simple cases, the weak-field Zeeman effect is given by addition of 
terms in 3^ to the secular equations. 
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It is seen that the coupling gets progressively closer to jj as the atom gets 
heavier. The separation between the two levels of J" = 2 and the separation 
betvp’een the two levels of *7 = 0, which are absolutely predicted by the theory, 
are seen to agree well with the observed data. 



One eigenlevel of is with energy SFq, one is with energy 

SFq — QF^, the other three levels are linear combinations of 
with energies given by the roots of the secular equation 

+ 21 F^€^ + (90P|- 

These energies are plotted in Fig. 5^^ as a function of together 

with the observed levels for As I 4:p^, Sb I 5p^, and Bi I 6^®, which are seen 
to depart progressively from Russell-Saunders coupling. The values of x 
for these configurations were determined by making all the levels fit as 
well as possible. The parameter values are 


X 


As I 
1210 
1600 
0-25 


Sbl 

1050 

3400 

0-64 


Bil 

990 

10100 

2-05 


The configuration p^ is similarly discussed in Chapter xiii. 


i8-2 
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For more complex configurations the formulas become more complicated 
and the number of parameters necessary to determine the intervals greater 
than two, so that it is no longer possible to plot the complete transition in 
two dimensions. No comparisons with experiment have been made for such 
configurations. The secular equations are readily obtained from the electro- 
static energies of Chapter vn and the spin-orbit matrices of Table 1^^.* 



At this point we can merely call attention to a recent paper by Bacher 
and Goudsmit,t which makes a good start on the problem of calculating 
the absolute energy of a state of an atom from the experimentally known 
energy states of its ions. It is unfortunately too late for us to treat this 
important paper in detail. 


* Vah Vueck [Phys. Rev. 45, 412 (1934)] has shown that in the addition of an s electron to 
an ion, the electrostatic energies for the atom may be easily calculated from those of the ion by 
the Dirac vector model, and that in this case the spin of the parent term is altoays an exact 
quantum number. By the procedure of § 1^^, the spin-orbit interaction for such an atom is easily 
obtained in terms of that of the parent ion. Mebuill [Phys. Rev. 46, 487 (1934)], combining 
these calculations, has made an interesting comparison with experiment of the energy levels 
based on certain definite terms of the ion in a number of configurations of the type d* ns 
and d** ns n's. 

t Baohbr and Gotjdsmit, Phys. Rev. 46, 948 (1934). 
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4. Line strengths in intermediate coupling. 

The strength of a line from a level aJ to a level hJ' is given in any coupling 
by formula 7*5 in terms of the quantity {aJ\P]bJ'). If the expansion of the 
state aJ is known in terms of a set of states T*(aJ) and the expansion of hJ' 
is known in terms of the set we need only to know the values of 

{aLJ\P\^J') to obtain the strength of the line in question. Since the factors 
( : Pi ) transform like the components of a matrix of an observable (9® 1 2) , 

(aJ:Pi6J') = S(aJlotJ)(aP:Pij8J')(i8P|fe*^')- (1) 

a.p 

The matrix components on the right of this equation must be taken between 
states having the same phases as those for which the transformation co- 
efficients are calculated. Hence we cannot immediately replace these matrix 
components by the square root of the hne strengths as given by Chapter ix. 
However it is convenient to replace these components by quantities which 
we shall write as S*(a«7, jSJ'), and which are understood to be the sqwire root 
of the line strength taken + or — according to the sign of the matrix component 
(aJiPijSJ'). Hence we write 

S*(aJ, bP) = 2 {aJ\aJ) Si(ocJ, ( 2 ) 

dp 

In this way we can use directly the results obtained in Chapter ix for the 
magnitude of the S’s, and need only learn to choose the proper phases. 

Phases in the matrix S*. 

Let us consider, as in § 3®, the transitions from configuration I -I- II to 
configuration I + IV and ask the phase of 

(yl^jr I yiv^vjriv 8LJ\P\y^S^U S'L'J'). 

This element is expressed by 11®8 with S + L=J in terms of 

L\P\y^S^U y^S^^L^ L'), 

which is in turn expressed by 1 1®8 with or ■+ = L in terms of 

{y'^^L^^\P\y^^IJ^). In each case the proper sign of the coefficient is given by 
1 1®8, In the same way, we find the relative strengths of the hnes in a multi- 
plet from 2®2, and then the relative strengths of the multiplets in a group 
having the same parent terms by a reapplication of 2®2 with SLJ, SL'P 
replaced by lAL^'^L, L^U^L' . This expresses the strengths of all lines in the 
group in terms of , y^^S^U^). We get the proper phases for the 

Si’s if on each application of 2®2 we carry the factor (—1) where (—1)® is 
written in these formulas and also in the second formula of 2*2b, when 
J [J j^l) — S{S+\)-\- L{L^-\) is negative. This amounts to carrying in 
Table 1® o minus sign for second order satellites when L-^L+ 1, and for dll 
satellites and those principal lines for which S (^-f- 1)> J {J + l)-l-i/(Zf-l- 1) 
when L-^L. 
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In this way we find the phase of for a given line in terms of the phase of 

y^S^2^) correctly for eigenstates with the phases we agreed 
to use in § 1^^ in calculating the energy matrix. 

For transitions in which the relative multiplet intensities cannot be 
obtained by the method sketched above, we must calculate the matrix 
{y8L\P\y SU) directly from the eigenfunctions used for the expression of 
the energy matrix. We assume that the states of a term have the proper 
relative phases as given by the calculation of § 5®. Then {y8L\P\y 8L') may 
be obtained by finding the matrix element {y8LMsMj\P\y8L'MQM'j^ or 
{y8LJM\P\y 8L' PM') for any one component of the multiplet, since the 
values for all components may by the formulas of Chapter m be readily 
expressed in terms of {ySL\P\y 8L'). This matrix element is obtained 
from the zero-order eigenfunctions by the formulas of § 6® and the one- 
electron components (cf. 4® I and 3®6) 

{nlmgm^er\n' mj) — 

± S(m5, ± 1) ^ V(ZTmJ(rTmJ^ny {i ± ij)}, (3) 

The procedure for finding intensities in intermediate coupling is thus the 
following: Put the calculated eigenvalues of the energies into the energy 
matrix to find the transformations from the jL>S'-ooupling states in the usual 
way. Find the matrix of for states with the same phases as those used in 
obtaining the energy matrix. Multiply the two transformation matrices and 
the matrix according to (2). 

There are at present practically no data suitable for comparison with the 
theory, so we shall not carry through a detailed calculation. 

Sum rules. 

Concerning the line strengths in a transition array, we can make certain 
general predictions in the form of sum rules which are independent of the 
coupling of the configurations. 

The most general of these is the J -group sum rule.* We call the array 
of lines connecting all levels of a given J in one configuration with all 
levels of a given J' in another configuration a J group. If neither of the 
configurations is perturbed by outside configurations, it follows immediately 
from 4^^2 and the principle of spectroscopic stability (2®25) that in any 
transition array the sum of the strengths of the lines in a J group is independent 
of coupling. If several configurations are perturbing, we must enlarge the 
J group to include all perturbing initial levels and all perturbing fibnal 
levels before the above statement becomes true. 


* Habsisoin' and Johnson, Pliys. Rev. 38, 767 (1931). 
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The next sum rule of importance is the J-jlle sum rale* which is an 
extension of that proved in § 3® for LS coupling. In a transition array, 
the set of lines connecting a single given level of one configuration with 
all levels of the other configuration we shall call the J file referring to 
that level. We saw in § 3® that for a transition array like the 

strengths of the different files referring to the levels of d^^ were propor- 
tional to 2J+ 1, and the strengths of the different files referring to d^d 
were proportional to 2^4- 1, in L8 coupling. We shall here show that this 
is true for any intermediate coupling. In this case the jumping electron 
is not equivalent to any of the electrons in the ion in either configuration, 
and the tZ-file sum rule holds for both rows and columns. Tor such an 
array as in which the jumping electron is equivalent to other 

electrons in one of the configurations, the strengths of the different files 
referring to d^ are, in any coupling, proportional to 27" -f 1, but this is not 
true of the files referring to d'^p. 

In general, we shall prove that /or any coupling, the strengths of the J files 


referring to the lei:el of the 


[• configuration are proportional to 2*7 -f- 1 

f final \ 




initial]^ 

. final j 

provided that the jumping electron is not equivalent to any other in the j 

configuration. In this statement, the jumping electron may be equivalent 

f initial) jn case it is not equivalent to 


to others in the ] 


final 


another in either configuration, the sum rule holds for the files referring 


to both configurations. 

That this sum rule holds in any coupling for the files referring to ps and 
to pp in ps ^pp and for the files referring to p® in ps^p^ follows from 
an examination of '^Pable 2® or Table 3^®. In these tables, we see that the 
sums of the S’s in all columns headed by the same J value are the same, 
while the sum of the products of the S^’s in any two columns headed by 
the: same J value is zero. Therefore, since the Sl’s transform Hke the matrix 
ekvrmmts of an observable, it follows from 2®26 that these sums are invariant 
under any transformations of initial and final states which do not mix up 
the J values. A similar statement applies to the rows of ps^pp in these 
tables, but not to the rows of ps^^p^. 

In order to prove in general the sum rule as we have stated it, we shall 
a|)ply considerations similar to these to the whole electric-moment matrix 
for the transition array in the zero-ordemZmgW^ scheme. Let us consider 
the transition array connecting the configurations A and p. We suppose 
that in the nl and n'l' shells (where = ± 1 or 0), A contains nl^ and 


* Shortlby, Phys. Rev. 47, 296, 419 (1936). 
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fj, contains nl^~^nT. In addition A and /a have the same numbers of 
electrons in aU other shells. Por a non-vanishing matrix element of P in 
the zero-order scheme, the quantum numbers in these other shells cannot 
differ in A and fx. When they do not differ the element has the same value 
as in the amy nl^ , which we now consider. 

Pirst we calculate the sum of the squares of the elements of P connecting 
the state mjmf) of nl^ to all states of nl^-^nT, The 

h sets of quantum numbers in O must be all different if the state is to be 
allowed. This state will combine with the states 

... , wjwf , mf mf , ... , ... , 

(fc)xp(^i ^ ^ ^ Wg m'l) (4) 

of nV‘~'^ nT. For combinations between O and we must have 
and m'i=m^ or m|± 1. From 6®8 we see that the square of the matrix 
element of P connecting and is just \{nlm\m\\P\n'V mgm'i)}^^ cal- 
culated for the one electron which changes its quantum numbers. The 
total strength of transitions from <[> to for all m^rn'i is given by 
13®!' as „ 

S V). (5) 

ma-m'i 


The total strength of all transitions from O to all the 'F’s is just k times 
this, and is independent of the quantum numbers in <E>. 

We shall now show that for two states 0“ and of nZ*, the sum of 
the scalar products of the elements of P in the transition array is zero, 
i.e., that the two files of the matrix of P referring to <!)" and O* are 
orthogonal. The states <E)® and O*" do not combine with the same states 
of nl^-^nT unless they agree in /fc — 1 of their sets of quantum numbers — 
say that O® has where <E>** has . If <E>® and <!>** do not agree 

in & — 1 sets, the files referring to them are obviously orthogonal. If they 
do agree in aU but the set, they combine simultaneously only with the 
states of (4). The sum of the scalar products of the elements con- 
necting them with the states of is 

S m'^rn'i) • {n'V mgm[\P\nlm^^ mf^), 

rngVi'i 


and this, by 13®1, is seen to vanish unless = = i.e., unless 

<1)® = O*. 


Hence in the nlm^mi scheme, the sum of the absolute squares of the 
matrix elements of P having a common state of wZ* is independent of 
that state, and the files of matrix elements from two states of wZ* have 
vanishing scalar product. A simple extension of 2^26 shows these properties 
to be invariant under unitary transformations. Hence if we return to the 
complete configurations A and p, in a scheme characterized by J and M 
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values, we may say that the lines having the initial state \JM have the 
strength sum 1c\{nl\P\nT)]^'E{l,V) and hence that the J file referring to 
the level XJ has the strength 


k{2J+l) \{nl\P\nT)\^'E{l, V), (6) 

This proves the «/-file sum rule as stated, and gives the absolute values, 
in terms of the non-electron component {nl\P\nT)^ of the strengths of the files. 

With regard to cases of configuration interaction, we may say that if 
a pme configuration A combines with two perturbing configurations /x and 
V, then if the sum rule holds with respect to the J files referring to the 
levels of A in the transitions to fx and v separately, it holds with respect 
to these files in the perturbed case. 

In the still more special case of transitions in which the valence 

electron jumps from 5 to p or p to s and is not equivalent to any electron 
in the ion in either configuration, we can obtain yet another rule which 
may be called the J -group-file sum rule. This rule says that for these arrays 
the individual J groups may be broken up in one direction into invariant 
files. The direction is such that all the lines in the file have a level of as 
in common. These J-group files in Tables 2® and 3^® are set off by solid 
and broken lines, and their strengths are shown in parentheses. The 
strength of each allowed ./-group file is the same as that of the J files 
I’eferring to the levels of a p which cross it in the array. These statements 
are proved (using 2^26), in jj coupling, by noting that two files of the 
same J group are orthogonal since they refer to different quantum numbers 
of the ion (the valence electron must have quantum numbers us^), and 
by showing directly from 11^8 that 

i S{J^sjJ, J^pfJ') = {2J' 4- 1) |(piP:5)|^S(p, 5), (7) 

for J' — J+l, J, and J— 1. 

The best experimental data with which to compare these sum rules are 
the anomalous-dispersion determinations by Ladenburg and Levy* of the 
strengths in the neon array 2p5 3p-^2p5 35. (We shall see in § that the 
strengths in this array should be the same as those in pp-^ps.) Such a 
comparison has been made by Shortley (Zoc. cit.) with agreement within 
the experimental error. In the same paper is reported an attempt to 
calculate the detailed strength pattern for this array by the method we 
have outlined, using the parameters of Table 1^® for 2p® 3p. This calculation 
was not satisfactory because a small change in the parameters has a very 
large effect on the calculated strengths, and the parameters used were 

necessarily inaccurate. 

* Ladenuurq and Levy, Zeits. fiir Phys. 88, 461 (1934). 
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5. The forbidden lines of astrophysical interest. 

For a long time several prominent lines in the spectra of some nebulae 
remained unclassified. They were often called ‘nebulium’ lines because it 
was thought that they might be due to a new element not yet known on the 
earth — & repetition of the history of helium’s discovery on the sim before 
it was found terrestrially. Bowen* finally showed that they are due to 
transitions in oxygen and nitrogen in various stages of ionization. The atoms 
involved have p®, p® andp^ for their normal configixration and the lines arise 
from transitions between different levels belonging to the normal con- 
figuration. They cannot, therefore, be electric-dipole radiation. We shall see 
that they are partly quadrupole and partly magnetic dipole in character. 

The most systematic study of astrophysical data for identifications of 
such lines following Bowen is that of Boyce, Menzel and Payne.f Calcula- 
tions of the transition probabilities have been made ^ 

by Stevenson and by Condon. $ An earlier calcula- 
tion by Bartlett § is based on approximations not 
suffiLciently exact to be of interest. We shall limit 
ourselves to the p® configuration. 

The most famous of the nebuUum lines, called 
and Nq , were identified by Bowen as the transitions 
indicated in Fig. 6^^ in O III. These intersystem 
transitions are made possible by the slight de- 
partures from Russell-Saunders coupling. As we 
have seen in the preceding sections, the eigenfunc- 
tion of the level usually called is a linear com- ti^ation of the ‘nebu- 
bination of those for ^Sq and ®Po - The actual levels Hum’ lines, and N^. 
will be designated by the letters on the left in the 

figure, the approximate Russell-Saunders labels being given at the right. 
The breakdown of couphng is expressed by the transformations: 

W{A^) = -1- W(Co) = cT(i>S'o) -f- dT(®Po) 

T(P,) = - -1- aT(®P2) T(Z)o) = - + cT^(®Po)* 

The matrix components of the spin-orbit interaction are given in Table 1^^. 
We evaluate the parameter C from the intervals in the ®P term, obtaining 
^ = 210 cm-^ for O III. To the first order of the perturbation theory b and d 
are given by 

6 = e.^m) = o.0074; _ 0-0069. 

These values, though small, are what make the nebular hues possible. 

* Bowen, Astrophys. J. 67, 1 (1928). 

t Bo YOB, Mbnzbl and Payne, Proc. Nat. Acad. Sci. 19, 681 (1933). 

$ Stevenson, Proc. B-oy. Soo. A137, 298 (1932); 

Condon, Astrophys. J. 79, 217 (1934). 

§ Baetlbtt, Phys. Eev. 84, 1247 (1929). 
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By means of the results of Chapter Ycn the Rnssell-Samiders eigen- 
functions are expressible in terms of those of the zero -order scheme. EVom 
the latter the matrix components of quadnipole moment and magnetic- 
dipole moment may be computed. In this way the following results were 
obtained for the line strengths: 

Line Magnetic dipole Quadrupole 

^00 

Here Sg is the integral 83 = — ej JS^( 2 p)dr. 

The value of this in atomic units, using the eigenfunction of Hartree and 
Black,* is 1*24 ; so using the formulas of Chapter iv connecting line strength 
with transition probability we find for the absolute value of the transition 
probability for the two lines 

A(^ 2 , 0-018 sec-i 

IV'g: A(J[ 2 ,®Pi) = 0-006 sec“^. 

The lines are almost entirely due to magnetic -dipole radiation, the quad- 
rupole term in the transition probability giving only 0-1 per cent, of the 
whole amount. 

The line is called an auroral line since in 01 this transition gives 

rise to the green line of the aurora and the night sky. Being a line for 
which A./ = 2 it is entirely of quadrupole character, but not being an inter- 
system combination (AB = 0 ) it does not depend on the partial breakdown 
of coupling. The calculated transition probabihty is 

A{Gq,A^= l- 8 sec“^. 

The triplet Cq— is interesting. The line Gq->Dq is forbidden in all 
approximations by the general exclusion of 0 — >0 transitions in J . Likewise 
( 7 ^_> 3 p^ cannot be a quadrupole line as 0 ->l change in J is of vanishing 
strength for this type of radiation. On the other hand cannot occur 

with magnetic-dipole radiation because of the dipole selection rule on J , 
We therefore have two lines close together, one of which is due to pmely 
quadrupole and the other to purely magnetic-dipole radiation. The calcula- 
tions give 

A ( Oo , B 2 ) = 1-5x1 0-* sec-^, (Quadrupole) 

A(0'o , ®Pi) = 0- 102 sec-^ (Magnetic dipole) 

indicating that the quadrupole line is only about 10 “® as strong as the 
magnetic-dipole line. 


i 1 



CHAPTER XII 


TRANSPORMATIONS IN THE THEORY 
OF COMPLEX SPECTRA* 

We wish in this chapter to consider, more in detail than heretofore, the 
transformations between the various schemes of states of interest in the 
theory of atomic spectra. There are five representations of importance, the 
two zero-order schemes, which we shall designate as the scheme and 
the jm scheme, the two Ir/S-coupling schemes characterized by SLMgMj;^ 
and SLJM respectively, and the ^j-coupling scheme of § 1^®, characterized 
by the electronic^' values and resultant JM. We shall consider in particular 
the four transformations 

nljm nlm^mi 

II II 

§^JM SLJM 

and incidentally the transformation nlm^mi ±z^ SLM^Mj ^ . In preparation 
for Chapter xni on configurations containing almost closed shells we shall 
establish a correlation in each scheme between states of a given configuration 
containing an almost closed shell and those of a ‘corresponding’ simpler 
configuration, and determine the relation between the ‘corresponding’ 
transformation matrices.f 

1. Configurations containing almost closed shells. 

Let us consider a configuration which contains, outside of closed shells, a 
shell ’ which is complete except for e ‘ missing’ electrons, and in addition 
7} other electrons. Here e and rj are considered to be small integers, although 
formally there is no restriction placed on their magnitude. This configura- 
tion we shall designate as ‘ configuration since such configurations occur 
mainly for elements near the right of the periodic table. To this configura- 
tion we shall correlate a simpler configuration which contains the 
same closed shells, € electrons present in shell and the same rj other 
electrons. 

In the nlm^rrii scheme we shall correlate to a given state of JSf with quantum 
numbers fisted in the standard order of § 5®, that state of ^ whose e missing 
electrons have the negatives of the and values of the € electrons in shell 

of .5?, and whose other electrons have the same quantum numbers as 

* Shobtuby, Ph;^. Rev. 40, 185 (1932), § 6; ihid. 43, 451 (1933). 

t The consideratiozis of this chapter can all be readily extended to configurations containing 
naore than one ‘ahnost closed shell.’ This case is, however, of little interest. 
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those of — ^taken when the q[uantmn numbers are listed in standard order 
with the phase ( — 1 1 *®, where w is the sum of the values of the electrons in 
shell It is clear that this gives a one-to-one correlation between all states 
of the two configurations, the correlated states having the same and 
Mjj values. With this correlation we shall show in § 2 ^^ that the matrices of 

L^, and L'S are the same for the two configurations, and hence that the 
same matrix will transform them to LS coupling. The allowed states in LS 
ccmpling thus have the same 8LM or 8LJM values for the two configura- 
tions^ and corresponding states in L8 coupling will be the same linear com- 
binations of the correlated m^mi states. 

In the nljm scheme we shall cojrelate to a given state of JSf with quantum 
numbers listed in the standard order of § 5®, that state of ^ whose e missing 
electrons have the same j values but the negatives of the m values of the 
e electrons in shell ^ of oSf , and whose 17 other electrons have the same 
quantum numbers as those of — ^taken when in standard order with the 
phase ( — Here I is the azimuthal quantum number for the shell 3^^ 

which in jSf contains p electrons with j — l + and q electrons with 
j = {p + q = €). These correlated states have the same M values. With 
this correlation we shall show in § 3^® that the matrix of is the same for the 
two configurations. Hence the allowed states ixijj coupling have the same 
J M values, but the electronic j values of are those missing in the corre- 
lated states of Corresponding states iTijj coupling will be the same linear 
combinations of the correlated states. 

We shall show in §5^® that with these correlations between zero-order 
states of and the transformation from the scheme to the scheme 
is the same for the two configurations. Hence the transformation from L8 
coupling to jj coupling is the same for the correlated states of and M. 
This transformation will be given explicitly for a number of two-electron 
configurations in § 6 ^'^, 

t 

2 . The transformation to L8 coupling. 

In order to show that the same matrix will transform the correlated 
nlm^mi states of jSf and ^ to L8 coupling, it is only necessary to show that 
the matrices of and L’S are the same for the two configurations. 

Formulas for the elements of these matrices were given in § 4®. Let us denote 
by A^, ... zero-order states of ^ and by ^4^, ... the correlated 

states of Bi. 

Matrix of L^. The general non-diagonal element of X^ is given by 
4 ® 3a. If neither a nor b is in shell the value is obviously the same for 
^ and If a, but not 6 , is in shell the second term vanishes. In order 
to obtain a value for the first term a and a' must be of the form 
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{mj— 1)±.* Equation #2 shows that in this case the elements for and ^ 
are essentially equal — wq must consider the phases in greater detail. If thein- 
dividual set lying between (wi,)=*= and (w,- 1)± is present in so far as sheU 
^ is concerned and.d^ differ by an odd permutation, while A ^ and A'^ 
do not differ in order. The converse is true if this element is missing. This 
introduces one difference of sign between (^^|L2j-4^)and(.d^|£r2J^^). How- 
ever, the sum of the rrii values in shell differs by one in J. gg and . This 
results in a second difference in sign from the different choices of phase for 
^*(.4 and which makes these two elements just equal. In a similar 

way one demonstrates the equality in case a and 6 are both in shell 

The diagonal element of is given by 4®3b. The first term is the same for 
41^ and A^y as also are the parts of the second and third terms arising from 
shells other than The parts of those terms which arise ffom shell are 
the same if calculated for A ^ as for the group of TYiissing electrons of A ^ . 
The equivalence of the calculation for the missing electrons to the calculation 
for the electrons present in 4Lgg is a direct consequence of the following 
interesting relation: If one takes the integers (or half-odd integers) -Z, 

I and arranges them into two groups a and then the following sum has the 
same value for groups a and /S (the individual integers are denoted by mi ) : 

S[Z(Z-l-l)-mf]-l-S[-Z(Z+l) + mf-mJ, ( 1 ) 

mi 

where the second sum is taken over only those tyii s for which mi 1 is also 
in the group.t 

This completes the proof that the matrix of is the same for ^ and 
The calculation for is very similar and wiU not be discussed in detail. 


Matrix of L‘S. If A' differs from A in two electrons, the calculation is 
much the same as for and S^. 1£A' and A differ in one electron, the matrix 
element is given by 4® 5b. If a and a' are in shell , and for have the 


* For example shell of and might have the foUovdng electrons: 

... (Wi)+ (toi-1)+ 

A^ ... ^ ^ 

A'^ ^ X 

Here x indicates the presence, - the absence, of a given individual set; all sets except those 
noted explicitly are the same for A ^ and A'^. In this case Aj^ and Agg will have the forms: 

... (-mi + l)~ (-Wi)+ 


Agi ... X ^ " 

A gl ... — X X 

t This may be proved as follows : The division into groups a and j8 may be made by splitting the 

series -I I into r sections, putting the first section into group a, the second into the third 

into a, etc. Consider the sections as defined by section points Pi, Pz, ..., Pr+i, such that the «« 

section contains the numbers Pt + hPi + i Pt+i " h The value of the sum (1) when runs over 

the numbersof thissectionis /( Pt) +/(p*+i), where f{p) =j{l + Thenthe sum for groupa has 

the v.lue/(ft) +/(pj +/(2>,) +/(j> 4 ) + -. while 

One of these expressions ends with the term/(p,.), the other with/(p,.+i). _/( - f - — 0 

and f{Pr+i) =/(^ + 4) =0. Hence the sums for a and jS are equal. This proof was suggested to us by 

Professor Bennett of Brown University. 
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form (m^ — 1 )+, for ^ they will have the form ( — + 1 )~, ( — Wj)+. One 

may easily verify that and A '^ , A and A'g^ then differ by the same per- 
mutation; however, one difference in sign of the matrix elements is intro- 
duced by the different mi values for A ^ and A' ^ . For JSf the second, third 
terms vanish unless b — {mi — 1 )-, c = (W;)+ respectively are present. For ^ the 
second, third terms vanish unless 6 = ( — c = { — mi+l)+ are present. 
Now if neither b nor c is in jSf , they must both be in Hence in this case 
{A^\L-S\A'^) = (a|i:*S|a') 

{Ast\L-S\A'si)= -{{a\L-S\a')-2{a\L^S\a^)}^{A^\L-S\A'^) 

(cf. 4®2 and the discussion under 4®5b). Similar considerations hold for the 
other two possibilities. 

The diagonal element (2®5c) of L'S is obviously the same for and M with 
our correlation. This completes the proof of the equality of the i/S'-coupling 
transformations for JSf and 

3. The transformation to jj coupling. 

The transformation from the nljm scheme to the scheme may be 

obtained by any of the methods sketched for LS coupling in Chapter vm; 
the diagonalization method is however much simpler than for LS coupling, 
since only one matrix, that of need be diagonalized, and the trans- 
formation is diagonal with respect to the j values of all electrons in addition 
to M, The elements of the matrix of JT® in the^m scheme may be written down 
in exact analogy to those of in the m^mi scheme (cf. 4®3). It has non- 
diagonal elements only between states which differ in regard to two in- 
dividual sets of quantum numbers; say that A contains a and h where A' 
contains a' and b' . This element has the value 
{A\r\A')^ 

whore {a\JJ^b) = b{nH^^nH^){j°-m^\JJ^j^m^) is given by 3®4. The diagonal 
element of 72 is 

a a<b 

Now with the correlation given in § 1 ^^ it is easily seen, by an argument 
which is the direct analogue of that given above for L^ in the m^mi scheme 
(noting that is diagonal with respect to the number of electrons in shell 

with J = Z— i.e., to the q occurring in the correlation factor), that the 
matrix of is the same for the two configurations and hence that the 
transformation to jj coupling is the same. 

4 . The transformation between zero-order states. 

We shall in this section consider in general the transformation connecting 
two systems of zero-order states, and the relation between these trans- 
formations for ^ and ^ with certain general correlations. In the next 
section we shall specialize to the particular transformation of interest to us. 
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Let Tis consider an j^T-electron configuration for which there are n possible 
sets of one-electron quantum numbers.* In the first zero-order scheme let 
us denote these individual sets, in some ‘standard’ order, by the numbers 
1, 2, . . ., n, and the corresponding states by »A(1 )j ^(2)j • • • j second 

scheme let us use the notation ^1, ^2, jn for the quantum numbers, and 
^(,1), «^(,2), <i>{,n) for the states. The transformation between these two 

one-electron systems is given by 

«/f(a)= S«5&C^)(,^|a). (1) 

The zero-order antisymmetric function belonging to the complete set oc^, 
a®, ..., of quantum numbers is defined by 

a2 . . . oc^^) = 0i(ai) V'2(a^) • • • (2) 

(cf. § 3«). Here a^, a^, are N numbers of the set 1, 2, arranged in 

the order < . . . < a^. 

The transformation of this state to the primed scheme is given by the 
following calculation. Prom (2) and (1) 


T(aia2...a^) = jaf S <5&xCiS^) CjS^lai) ... S 


If two of the jS’s are equal the antisymmetric factor j?/... vanishes, while 
for a given set of /S’s this factor is the same, irrespective of the order of the 
jS’s, to within a sign which is just correct to give us a determinant of the 
transformation coefficients; i.e. 


. . a'') = S 

j8i<j3a<...</3^ V a ... a / 


(3) 


where we use the notation 


Ci8i|ai) ... (.iSiloc^) 






(4) 


1 ... (,iS^|a^) 1 

The transformation coefficient connecting the state with the 

state a® . . . oc^ (quantum numbers in standard order) is given, then, by just 
this determinant: 


(,j 8 i I ai . . . oc^) = J T(oci 

\ ai...a^ /* 


..a^) 


(5) 


* For example, for the configuration 2s 3p*, N = 3 and 71=8, the possible sets of quantum 
numbers being given, for the scheme, by ,1 =2s 0+, ^=2s0~, ^3=3p I"*", ^4 = 3i> 1~, ,5=3p 0+, 
j5 = Sp 0”, ,l=3p - 1+, ^8 =32? - 1“; and for the jm scheme by 1 =2s i 2 =2s i - i, 3 = 353 f f, 
4=32>f i, 6=33>t -i, 6=32)| -f, 7=3pii, 8=3f)i - J. 
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Since the transformation (1) has no components connecting sets belonging 
to different shells, the determinant (4) and. hence the transformation co- 
efficient (5) splits up into a product of factors each referring to a single shell. 
For example, if the configuration consists of M electrons ( 1 . . . M) in shell 
and N — M in. other shells, we may split off a factor giving the dependence 
on shell 

( 6 ) 

Because of this property, in considering the relation between these coefficients 
for JSf and M we may restrict ourselves purely to the shell 3^ so long as the 
other quantum numbers are the same for the correlated states of jSf and 
We shall suppose that there are altogether on states in the shell and con- 
sider the relation of these components for the configuration consisting of e 
electrons to that consisting of m — e electrons in this shell. 

Let us seek an invariant correlation between an ^-electron state and the 
(m — e) -electron state whose e missing electrons have the same quantum 
numbers. This correlation is to be independent of the system of zero-order 
states used in the description. We shall denote a given ^-electron state by 
'F(a^ oc^ . . . a®) and the corresponding (m — €)-electron state by T* {d^ a^,.. 
where the a’s and a’s together make up the set 1, 2, ..., m. 

Let us define a finear operator Z by the relations 





ZT(aia2... a®) = ( - (7) 


This operator is seen to be unitary, since the states on the right form a 
normalized orthogonal system. In the primed scheme we shall define a 
corresponding operator ^Z by 

... + ... (8) 


The relation between ^Z and Z is given by the following calculation : 

j8‘<...<iS« \ a •" a / 


C2... 


= ( _ 1 ) Sa*' ^ ^ 

' \ 1 ... w / 

since the terms for = d -, . . . , c”*“® = a”*~® furnish just the Laplace expansion 


cs 


19 
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-v^rhile the other terms vanish. Since any state may be ex- 

\ 1 ... w / 

pressed in terms of the ... a«), we see by comparison with (7) that 



This shows the operator Z to be invariant to within a constant factor. 
If we apply this operator to an e-electron state and then take the complex 
conjugate, we obtain an invariantively correlated (m — e)-electron state. 
We take the complex conjugate because by (7) Z acting on a state gives a 
state in the dual space, whereas we want a state in the same space.* 

W^e may now calculate the relation between the transformation co- 
efficients : 

>2 ... [ai a2 . . . a^-^) = J ,6® . . . p^-^) T(ai a^.., 

= l)Soc^+s^>' ••• 2 iF(ai a2 . . . a") ,j8«) 

= (_ ( 10 ) 

since a transformation coefficient is invariant under a unitary transforma- 
tion. This shows that the transformation coefficient connecting two e- 
electron states is essentially the complex conjugate of that connecting the 
(m — c) -electron states whose c missing electrons have the same quantum 
numbers; and gives the exact phase relation between these coefficients. 

5. The transformation nlrrigmi^nljm. 

Of transformations of the type considered in the previous section, we are 
most interested in that from the scheme to the jm scheme. W e shall 
now show that this transformation is the same for configurations ^ and 3^, 
with the correlations of § 1^^. Because the transformation factors according 
to the shells (cf. 4^®6), and since in our correlations all electrons except those 
in shell 6^ have the same quantum numbers for JSP and we need only 
show that this transformation is the same for the € electrons in shell 3^ in. ^ 
and the m — e electrons in shell in 

* This is not a linear correlation, since taking the complex conjugate is an invariant, but not 
linear (cT* 5 ^ c't* unless c is real), operation. A linear correlation such as is obtained, directly by 
omitting the bar on the right side of (7) is invariant only under real orthogonal transformations 
of the zero-order states. 
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If we denote the states by and the jm states by tfj{nljm), 

correlating these schemes respectively with the primed and unprimed 
schemes above, the transformation is given by 4®8, and is entirely real. 
The determinant of this transformation for an I shell is easily shown to be 
( — 1)^ This value is to be inserted in 4^210. Moreover, from the standard order 
of listing quantum numbers (§5®) it is seen that ( — 1)2^^ = (— 
and ( — i)Sa’'=: (_ where q is the number of electrons in 

T* (a ^ ... a®) with j — l — Since M — Mj^ , 4^210 becomes 

a^-^) := (- l)-^i+a+^(«+W(^j8i ... a^). (1) 

The states on the right side of this equation have just the quantum 
numbers which are TniRfling on the left. Our correlation requires that they 
have the negatives of the nig, nii, and m values missing on the left. But this 
is easily accomplished. Let the coefficient on the right of (1) be 

, . . ., mlmf\l + ,. . . ,m^;l — (2) 

where p -i~ Q — The coefficient we would like to compare with this is 

( — ~mf , ..., — —mP , ..., — — — m'®, ...» — m'^). (3) 

If (2) is in standard order, (3) is seen to be also. Now from a comparison 
of the two determinants of type 4125 which give the values of these two 
coefficients, and by using the relations (of. 4®8) 

{nigmi\l'{-\m) = {—mg — — W2-), 

{mgmi\l—\m) = - (— Wg— | —m), 

it is seen that the element (3) is ( — 1)^® times the element (2). 

Hence, returning to (1), it is seen that the ratio of the transformation 
coefficient for the almost closed shell to that of the e-electron configuration 
whose electrons have the negatives of the Wg , nii , m values of those missing 
from the closed shell is ^ (4) 

When we make the correlations of § 1^^ which include a phase factor ( — 1)^* 
for the nignii scheme and a factor ( - for the Jm scheme, we may say 

that the nigmi-jm transformation is the same for the two configurations. 

6. The transformation. 

We have found a correlation between the zero-order states of and 
such that the transformations 

jjJM^^=pnljm, nljm=^=?mlmgmi, and nlnigTni^SLJM 

are the same for the two configurations. This is seen to imply that the trans- 
formation jjJM^SLJM is the same. More explicitly, the situation is as 

19-2 
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follows: A given state of the configuration characterized by the quantum 

numbers 8LJM (this state is not uniquely determined for two reasons — 
first, there is an arbitrary phase ; second, the set BLJ M of quantum numbers 
is not in general complete for more than two electrons so there may be two 
independent states characterized by the same 8LJM) is a certain linear 
combination of the states ; the same linear combination of the correlated 

states of ^ is a state of M characterized by this same 8LJM. A similar 
statement holds for &jjJM state except that the missing of ^ are those 

of jSf'. The transformation between the L8- and jy -coupling states of ^ 
obtained in this way is the same as the corresponding transformation 
for J§f. 

Now to obtain this 8L-jj transformation by the combination of the other 
three is in general a very tedious process involving the multiplication of 
three matrices of high order, for no two of the three transformations are 
diagonal in common with respect to more than M. On the other hand the 
resulting transformation is diagonal with respect to both J and M and 
splits in general into steps of a relatively low order. For example, no two- 
electron configuration or its equivalent can have more than four states 
of the same J and , while pp ov p^p has altogether 10 states of M = 0, 
dd or d^d has 19. 

It seems, then, to be desirable to find a direct method which wiU enable 
this transformation to be calculated with greater ease. The following 
accomplishes this result for two-electron configurations, this being in general 
the only case in which the quantum numbers 8LJM or jjJM define a 
unique state (to within a phase). 

The procedure we shall follow is that of calculating the matrices of L® and 
in the ji/-coupling scheme and then diagonalizing them to obtain the 
transformation to L8 coupling. Since these matrices will split into steps of 
at most fourth order, and since their eigenvalues are known, this diagonal- 
ization is a very simple procedure. 

The matrices of and in a non-antisymmetric scheme in winch the 
first electron has the quantum numbers n, I, j, and the second electron the 
quantum numbers n', V, j', with resultant J, M, are given by formulas 
12®2 and 10®2. We shall define our phases by correlating, in the process of 
vector addition, Sy lyj\ s', J \ with the respectively of § 10®. 

Now = + L\ + 2Li'L2- The first two terms have known diagonal 

matrices. The matrix of the third term is diagonal with respect to nl, n'l' , J M. 
If we omit these quantum numbers, writing simply the values of J and^'', 
the elements of this matrix are given with the abbreviations 


W = l-\-\y W' = l'+\y 
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={J(J + 1 ) -w{w± 1 ) {w'± ^)}(-^)(- 2 ,; v- ) 

{.l±hl'+h\^L xL^\l±hl'-k) , 

= V(J '^V)+w'){J ±w — w' + \){J + W +W' + \){w' ±w —J)(^ 

i'±i) 


2w +1 
2w 


x-i: 


== - ^/{J ^w^w'){J -w±w' + 1){J ■\-w±w' + l){w±w' -J)(^- ^ 

= - V'(J' + «? + «;' + l)(J ■\-w + w'){v}+w' -J){w+w' -J ~l)( - ^){ 

(Z-i,Z- + i|2i :,-Z.,|Z4-^.y-i) 

= V{J -w+v/)[J -w+w' ■^V}-w'){J +w + “^)f 

(In the first formula either the upper or lower undotted sign is to be taken 
with either the upper or lower dotted sign.) 

The matrices of 25i*52 — and 25i-La — are given by formulas 
closely related to the above: In (1) we may replace jL^ by if we replace 

(2it>+ l)l2w by ± ll2w and — lj2why + l/2w; similarly we may replace jLgl^y 

^2 if we replace {2w' T l)/2w' by ± l/ 2 «;' and — ll2w' by H- l/ 2 io'. 

In terms of these non-antisymmetric matrix components, the components 
between antisymmetric states may be obtained by considerations such as 
those of § 3^®. Let oc — nl, j8 = n'l' and let all differences in quantum numbers 
be indicated by primes, subscripts merely denoting the electrons. Then 
unless a = j3 and J =j', the antisymmetric 

WioLj^f (2) 

Now if V is a symmetric observable, diagonal with respect to and 9i2^2» 
it is easily seen that for non-eguival&nt electrons 

(aji8/ = (oc^^) (3) 

Consideration of the matrix element 

(aja/ JM\v\oLfo,j'" JM) = {jjW'f') (4) 

for equivalent electrons must be divided into three cases. First, if 
j" ^j'", (2) applies to both states, and 

urnff) = - UifMfJ") - 
= (Jrj'iHfiil) - (id'Mjlfl) 

= (k3>\}"Ji) - ( - W^~'-'{3d'M3'Ul)- H") (5a) 

Second, if j ¥^j', j" =j"^, already either antisymmetric or sym- 

metric, corresponding to allowed and excluded states- For an allowed state 

we have {cf. 3«2) Uj'\v\rr)=-'/2(ju^Mj\f^). (j>/) (6b) 

Third, if =j"', and both states are allowed, we have simply 

(5o) 

These formulas, then, enable us to calculate the matrices of and for 
antisymmetric states in^J coupling using the non-antisymmetric values (1). 
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The diagonalization of these matrices for all two-electron configurations up 
to dd gives the set of transformation matrices in Table 1^®. On the left of 
the matrices are given the values of^’ and^*' for the ^]/-coupling states — ^the 
J value is shown at the top in the Russell-Saunders notation. The trans- 
formations are independent of M. 


Table 1^®. 



The j^-coupling states here have phases in accord with those used in 
deriving (1). The phases in LS coupling are arbitrarily chosen. These trans- 
formations could be used to obtain the matrix of spin-orbit interaction in 
LS coupling, since this matrix has a simple diagonal form in jj coupling. 
The transformation to jj coupling can alternatively be obtained by diagonal- 
izing the matrix (Table 1^^) of spin-orbit interaction in LS coupling; in this 
case the phases of the -coupling states would not be determined. This would 
possibly be useful for a configuration containing more than two equivalent 
electrons if the matrix of spin-orbit interaction is non-degenerate. 












CHAPTER XIII 


CONFIGURATIONS CONTAINING ALMOST 
CLOSED SHELLS. X-RAYS 

While most of the considerations up to this point have held in general for 
configurations containing any number of electrons, actual calculations by 
the methods given have usually become very laborious for configurations 
containing more than a very few electrons. There is little hope of improving 
this situation for multi-electron configurations which actually are very 
complicated, such as those which occur for atoms near the middle of the 
periodic table. But there is a class of multi-electron configurations occurring 
near the right side of the table which are given unexpectedly simple pro- 
perties by the Pauli principle. These are the configurations containing 
almost closed shells which were shown in § 1^^ to have essentially the same 
allowed states as the simpler configurations obtained by replacing the 
‘ holes’ in the almost closed shell by electrons. The transformations for such 
configurations were shown in Chapter xn to be immediately obtainable from 
the transformations for the correlated simpler configurations. In this 
chapter we shall give an arrangement of the energy-level and intensity 
calculations which will enable the matrices to be either obtained directly 
from those for the corresponding simpler configurations, or calculated with 
no more labour than for those configurations. 

1. The electrostatic energy in L8 coupling.* 

The electrostatic energy matrix for configuration ^ is in general quite 
different from that for ^ and must be separately calculated. Configuration 
^ consists of a closed shell minus € electrons, rj other electrons, and any 
number of completely closed shells. For a given state A in a zero-order 
scheme, denote the individual sets of the closed shell ^ by a\ a^, ..., a®, 
..., a’”, where ..., a”* are the sets occurring in A and ..., are 
the ‘missing’ sets. Denote the rest of the sets occurring in A outside of 
closed shells by a^, ..., a’?. It will usually be most convenient to cha- 
racterize such a state by giving the e missing sets and the rj others. The 
missing sets must satisfy the Pauli principle — no two of them can be 
identical. By writing down all possible combinations of missing sets satis- 
fying the exclusion principle, we obtain all possible zero-order states of the 
configuration. 

* SilORTLEY, Phys. Rev. 40, 185 (1932); 

Johnson, Phys. Rev. 43, 632 (1933). 
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The electrostatic energy matrix has non-diagonal elements between states 
of the same configuration only when these differ in regard to two individual 
sets. Since these elements have the simple form given by 7®4:, involving no 
summation over the electrons of shell 3 ^^ they cause no particular difficulty 
for configuration Since most of the electrostatic energies of interest are 
given by the diagonal-sum rule in terms of the zero-order diagonal elements, 
we proceed directly to a discussion of the diagonal element for the state A. 
This diagonal element is given by 9®2. The summation in 9®2 may con- 
veniently be divided into several parts. 

First, there are the terms in the summation in which both of the individual 
sets are contained in completely closed shells; the sums of these terms are 
given by 9®12 and 9®13. Second, there are terms in which one set is in a 
closed shell and the other is one of the 77 electrons of group a. These terms 
are given in simplest form by 9®11. Third, there are terms in which one set 
is in a closed shell, the other in shell S^. These terms are given, for each closed 
shell, by (m — e) times 9®1 1 . The terms already considered are the same for 
all diagonal elements of the configuration. Finally, the remainder of the 
diagonal element consists of terms in which both sets are outside of closed 
shells, and has the value 


rrh 

S [ a^) - K{a^ (A) 

m vj 

-H S S lJ{a'^ (A) - K{a 3 aO] (ft) ^ . 
S [«7(a'^a^) — jr(a^a’’)] (v) 

J 


( 1 ) 


The inconvenience here is caused by the long summations over the range 
e -f 1 to m; these we wish to reduce to summations over the more convenient 
range 1 to e. [For example, if shell contains nine d electrons, the sum in 
(A) runs over 36 terms, that in (jit) over 97/ terms, while if the range were 1 to 
€ the first sum would contain no, the second 77, terms.] 

Consider first the sum (A). We may write 



m 

s - 

me ^ \ 

• S S- s ) 

[ J" (a^’ a^’) — K(a'^ a’)] 

i>i=l 



m 

m € € € 

€ \ 

S - 

S S 4- S S - 

S 1 [e7’(a^a^) — ^(a*a^)] 

i >j =* 1 

i^l j=l i=iy=l 


m 


m 6 


i>i=l 


4- S [J {a^ a^) — K{a^ cdy], 

i>j=l 


( 2 ) 
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where we have used the relations J{a^a^) = K{a^a‘^), J{a'^a^) = J{a^a^), and 
K{a''aP) = K{a^ Of the three sums to which we have reduced (A), the 
first is a sum over the closed shell and is given by 9®12. The second is 
given by e times an expression of the form 9«H with nl^^nT, Only the 
third term depends on the particular state A. of the configuration, and thia 
has a simple sum over pairs of electrons chosen from c. 

The term {[x) of (1) becomes similarly 

(aa)= S S [J(a^aO-^(aMJ)]- S S (3) 

^ '^ = 1 J— 1 1=1 J = 1 

of which the first term is given by 9^11 and depends only on the con- 
figuration. 

Since the term (v) is already in its simplest form, we find for that 'part of 
(-^1^1-^) vjhich Tnay vary within the configuration the value 


2 [J(a^a^) — ^(a^a#)] (A) 

1>J = 1 

-■ 2 2[J(a<aO-ir(a«aO] (p,) ^ . 

i==l^ = l 

+ ^ (v) 

i>J=l J 


(4=) 


Hence, aside from common terms, we may calculate the diagonal elements 
using the quantum numbers of the missing electrons of shell exactly as 
for a simple configuration except that we reverse the sign of the interac- 
tion of a missing electron with an electron in another shell (i.e. in group a). 
In using the diagonal-sum rule to obtain from these the iS/S'-coupling energies 
we must remember that the and Mg values of the state A are given by 
the negatives of the values for the missing electrons plus the values for 
group a. 

As an illustration wo shall sketch the calculation of the electrostatic 
energies for n/p. We shall use a notation of the type (0+ 1~), in which the 
first entry gives the quantum numbers of the electron missing from the np 
shell, the second the quantum numbers of the electron n^p. The double 
entry table giving the Mj^ and Mg values of the zero-order states then has 
the form (cf. V2) 


p 

Ms 

1 

0 


2 

( - 1- 1+) 

( - 1- 1-)( - 1+ 1+) 

Mr, 

1 

( - 1- 0+)(0- 1+) 

( - 1- 0-)(0- 1~)( - 1-t- 0+)(0+ 1+) 


0 

( - 1- - 1+) 

(0- 0+)( 1- 1+) 

(-1- -l-)(0-0-)(l-l-) 

( - 1+ - l+)(0+ 0+)(l+ 1+) 
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Ibfojn this we obtain, using the above results, by the usual diagonal-sum 
procedure 

»D=- Fo- Fs I>=~Fo- J’a 

W+>D=-2Fo- 2J’a + 12«?a ^D=-Fo~ F^ + UO^ 

^D+^P=-2Fo+ 4J'a 3p=-Fo+ SF^ 

ap+»D+iDH-iP=-4^o+ 8Pa + 12G*2 iP=-Po+ 6Pa 

85'+«P+«P= -3Po- 6 P 2 “-S' = -Po-lOPa 

®Sr+®P+»D+iSf+ip+ip= -6Po-12Pa + 12<?2 + 6G'o = -Po-lOPa + ^O'o* 

This is one of the important almost-closed-shell configurations which is 
correlated to a (non-equivalent) two-electron configuration. With regard to 
such two-electron-like configurations we may make several general state- 
ments. 

In the first place, the configuration has the same singlet-triplet separa- 
tion as Zs; this means, e.g., that the separations for p^s and d^s are given by 
the same integral as for p s and ds. This may be inferred, if we like, from a 
generalization of the above scheme to include two or more almost-closed 
shells. The procedure is essentially the same as the above with the additional 
direction that one assigns the usual (not the reversed) sign to the integral 
connecting electrons missing from two different shells. If we consider the 
s shell of Z’”~% as having one missing electron, the result follows immediately 
from 8316. 

Second, the electrostatic energies for the two configurations, and 

I Z, correlal^ to I V are the same. This follows from 8® 16 if we note that the 
double entry table of the type (5) for may be obtained from that for 

I ~^Z by replacing the state {m'^m'i , m^m^) by the state ( — — mi, — — mj). 
Hence, e.g., p^d and d^ p have the same electrostatic energies. 

Third, since J {i,j) depends on only the absolute values of m^ m \ , mf , 
the terms in the electrostatic energies involving for l^-^l' will be just 
the negatives of those for IV. Furthermore K{i,j) vanishes unless mg = m^, 
hence in a table such as (5) we obtain Cfj/s only for states having J/g = 0; 
none of the triplets have O’s in their electrostatic energy expressions. These 
facts reduce our calculation for such cases to a determination of the co- 
efficients of the s for the singlets. The following formulas show certain 
striking characteristics with reference to these G^^’s. For each singlet, at 
most only one has a non-vanishing coefficient, namely that with k — L. 
Since for even Z-f Z' coefficients of (?a’s with odd k all vanish, and for odd 
l + l coefficients of Gjfe with even k vanish, every other singlet has the same 
energy as the corresponding triplet. This peculiarity was not noticed experi- 
mentally because for such configurations the spin-orbit interaction is 
usually as large or larger than the electrostatic. 
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Tlie electrostatic energies for several configurations correlated to two- 
non-eqnivalent-electron configurations follow: 


p^d or d^p 

®J’= -Po- 2 jPa 
ip=-Po- 2 P 8 + 90(?3 
8Z)= -Pj + TPa 

iZ)= -F^ + IF^ 

»P= -F^-IF^ 

»P= -Po'’7Pa + 20<?i 


P’^f or f^p 
»G<=-Po“ S-P’a 

6 Pa + 66 Gf 4 
«P= -Po + 15-^8 

iP=-Po + 16-F2 
*i>= -P,-12P3 
ID = - Po - 12Pa + 126<?j 


d^d 

«6?=-Pa- 4 Pa- P* 
» 6 ?=-Po- 4 Pa- P 4 + 140 (?, 
»P=_Pj,+ 8 Pa+ 9 P 4 
ip=-p„+ 8Pa+ 9P4 
8D = - Po + 3 Pa - 36P4 
iD=-Po+ 3Pa- 36P4 + 28<3'a 
8P=-P„- 7 Pa+ 84P4 
iP=-Po- 7 P 2 + 84 P 4 
«/S= -Po- 14 Pa- 126 P 4 

= - Po - 14 Pa - 1 26 P 4 + 10 (?o 


rf»/or/i8<f 
»N=-Po- 10 P 2 - 3 P 4 
iN=-Po- 10 Pa- 3 P 4 + 420 ( 3 f, 
= - Po + 16 Pa + 22 P 4 
i(?= -P 0 + I 6 P 2 + 22 P 4 
»P= -P 0 + IIP 2 - 66 P 4 
iP = - Po + 1 IPa - 66 P 4 + 12 QQ, 

®D = - Pa - 6 P 2 + 99 P 4 
*D = - Pq - 6 Pa + 99 P 4 
*P= -P 0 - 24 P 2 - 66 P 4 

»P = - Po - 24Pa - 66 P 4 + 70<?i 


For configurations of the type containing purely an almost closed shell 
we may say at once that the electrostatic energies are the same as for the correlated 
configuration l^. This follows from 8® 16 if we note that the double entry 
table of the type (5) for may be obtained from that for l^ merely by 
reversing the signs of all m/s and mfs. Hence dl, p^, and/’ have exactly the 
electrostatic energies of d®, and /’ respectively. We may also show that 
P^-^s has the same electrostatic energies as Ps, for any e. 


2. The spin-orbit interaction. 

We shall show here that the matrix of spin-orbit interaction in any coupling 
scheme with the correlations of Chapter xii is the same for configuralions J§f 
and except for reversal of the sign of the spin-orbit coupling parameter re- 
ferring to the almost closed shell SF , Since with the correlations of Chapter xii, 
all transformations are the same for SF and it will sufl0.ee to show that 
this relation is satisfied for any one scheme. The simplest scheme to consider 
is the nX^m scheme in which the spin-orbit interaction is diagonal and in- 
dependent of the m’s. Its value is given by 1^®2, in which the coefficient of 
^ni given as a sum over the {m — e) electrons of shell ^ . If this is written 
as a sum over the whole shell minus a sum over the € missing electrons our 
theorem is proved, since the sum over the whole shell vanishes. (This 
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vanishing may be inferred, e.g., from the fact that Mj^=Ms — 0 in 4'^2 for 
a whole closed shell.) 

Hence if the JS/S'-coupling states of ^ and are taken as the same linear 
combinations of the correlated zero-order states, the spin-orbit matrices in 
LS coupling are the same except for the sign of the spin-orbit parameter 
referring to shell 

3. Pure almost-closed-shell configurations. 

We have shown in § 1^® that the electrostatic energies of the two corre- 
sponding configurations Z® and which contain electrons in only one shell 

outside of closed shells, are given by the same formulas. This was first shown 
by Heisenberg,* who gave two examples of related configurations of this 
type which show an almost constant ratio between the term separations. 
These are repeated here, with the positions of the centres of gravity of the 
terms given in cm~^ above the lowest term of the configuration: 



TiI3d2 

NiI3d8 

Ni/Ti 


OIII2p* 


OIII/OI 


0 

0 



sp 

0 

0 



8324 

14724 

1-769 

ID 


15791 

1-271 

1/S 

14944 

t 

— 

^8 

42979 

33716 

1-275 

ID 

7032 

12549 

1-785 





^0 

11895 

21130 

1-776 






The constancy of the ratios is striking in view of the fact that the individual 
configurations do not fit the first-order theory particularly well (see §5’). 
This constancy would imply that the electrostatic parameters aU increased 
in constant ratio. Such, for example, is the case for the F’a if the two fields 
are both hydrogen-Hke with different effective nuclear charges. 

The matrix of spin-orbit interaction for Z”*“® is just the negative of that 
for the correlated states of Z®. This means that in Russell-Saunders couphng, 
all the multiplets which are normal in Z® will be inverted in P^~^, while those 
inverted in Z® will be normal in Z*"”®. This is a fact well known to empirical 
spectroscopists (of. Fig. 6’). For example, the lowest configuration (p®) of 
the rare-gas ions Ne II, All, and Efr II consists of an inverted doublet, with 
the level of lowest^' value highest. Since there is only one spin-orbit para- 
meter if only one shell is involved, the ratios of the term splittings are the 
same for the configurations Z® and Z*”"®, except for this inversion. 

From this argument we see that to the first order the terms of the con- 
figuration Z’”^^ have no splitting. This is illustrated by Fig. 6^^ for the case 
of p®. We cannot infer from this argument that the whole matrix of spin- 
orbit interaction is zero because for example in LS coupling, while the 

* Heisenbeeq, Ann. der Phys. 10, 888 (1931). 
t Not observed. 
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correlated states have the same SLJM or SLM^Mjj values, they have 
different phases since they are the same linear comhinations of different 
correlated zero-order states. 

The secular equations for the configuration are immediately obtained 
from those given in § 3^^ for p® by reversing the sign of The energies are 
plotted in Fig. 1^® as a function oIl x — ^1^® same manner as for jp® in 

Fig. 4^1. The only available experimental data are for Te I 5p^, which is 
plotted at x = 0*685 (1^2= 1227, ^ = 4203), determined by making the 
mean of and ^Pg , and the mean of ^Sq and ^Pq fit exactly.* The separa- 
tions between the levels of J = 0 and between those of J =2 are absolutely 
predicted by the theory. This configuration shows slightly the partial, 
instead of complete, inversion of the triplet which occurs for 



Fig. 1^®. The configxiration. p* in mteiraediate coupling, 


4. The r are-gas spectra. 

The simplest and most completely analyzed of the spectra of atoms con- 
taining almost closed shells are those of the rare gases and isoelectronic ions. 
The best known and most typical of these spectra is that of Ne I, the observed 
levels of which are plotted in Fig. 2^®. All known levels of the rare gases are 
included in the systems n'p^nl, where n' = 2, 3, ... for neon, argon, ...; this 
makes these spectra greatly resemble one-electron spectra so far as the 
distribution of configurations is concerned. 

The configurations of each series rapidly divide, with increasing n, into 
two groups of levels. That the upper group approaches as limit the ^P^ level 
of the ion and the lower the ® P.g level shows that the interaction which causes 

* This comparison was originally made by Goudsmit, Phys. Rev. 35, 1325 (1930). We have 
corrected a slight numerical error in his comparison. 
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this splitting is the spin-orbit interaction of the almost closed shell. This is 
a large and practically constant interaction for all configurations, while the 
spin-orbit interaction of the valence electron and the electrostatic inter- 
action between this electron and the core rapidly diminish with increasing 
n. This gives the higher configuration members to the resolution of Fig. 2^® 
the appearance of doublets. 



Fig. 2^®. The energy levels of neon I. (Scale in thousands of cm~^. Each line 
represents in general a group of observed levels not ‘ resolved ’ on this scale. ) 


The quantum number which distinguishes levels belonging rigorously to 
one parent level from those belonging to the other is the J value of the p® 
group, which is also the J value of the missing electron. Adding an s electron 
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(of j = to the eT” = ^ level of gives two states, of */ = 0, 1 ; adding it to 
the «7 = f level gives two states, *7=1, 2. This parentage may be shown 


schematically as follows : 







1.0 




2.1. 

The numbers here indicate J values. Similarly the j]^‘-coupling parentage 

for p®p is given by 








— >• 

1,0 

2, 1 

I 


2,1 

3, 2, 1, 0, 

while for p®Z with Z > 1, we have 





-i 

P® h+i 


1,1-1 


1 + 1,1 


1 + 1,1, 1- 

1,1-2 

1 + 2,1 + 1, 1,1-1. 


Hence in Fig. 2^®, the upper group of levels (those having the limit p|) 
contains two levels for and four levels for while the lower 

group contains two levels for p® s, six for p®p, and eight for p® d, .... For 
Nel, the configuration p®5 is completely known up to ll5, the p®p’s are 
complete up to 7p, while the p® d’s are completely analysed up to lOd. Only 
two levels of the lowest p®/ have been found. 

For those configurations which appear in Fig. 2^® as doublets without 
structure, the characterization by parentage is almost exact, i.e. the J 
value of the p® group is a very good quantum number. Since this is the case, 
a glance at the transformations of Table 1^® will show that assignment of L 
and S values is impossible. The states are not, however, in pure jji coupling, 
for the j value of the valence electron is in general not a good quantum 
number.* We shall consider the exact characterization of these states in 
the succeeding sections. 

A plot for the heavier rare gases would present essentially the same 
appearance as to the absolute location of configurations as Fig. 2^®, but with 
all n values increased by 1 for argon, 2 for krypton, 3 for xenon, etc. How- 
ever, the parent doublet splitting increases rapidly. It is about 800 cm“^ for 
neon, 1400 for argon, 5400 for krypton, and 10,000 for xenon. The fine 
structure of the parts of the doublet increases less rapidly than this, so for 
corresponding configurations the division into two groups becomes sharper 
as we go down the series of gases. For krypton and xenon even the lowest 

* This is typical of the coupling near the linait of any series in any atom. The quantum numbers 
of the jrnrent levels, in particular the J values of these levels, become asymptotically exact quantum 
numbers, because the interactions of the valence electron eventually become very small compared 
with the separations of the levels of the ion. 
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2 )®jP’s occur in two well-separated groups, so that the parentage may be 
qudte accurately assigned. 

5. The configurations p^$ and d^s.* 

The secular equations for are the same as those of § 3^^ for Zs if we 

reverse the sign of Hence for Oq > 0 — and all observed cases come under 
this category — ^we have in LS coupling a singlet above an inverted triplet. 
The transition from LS tojj coupling for p® s is plotted in Fig. 3^® as a func- 
tion of x=UI^ 0 ‘ 



Fig. 3^®. The configriration p® s in intermediate coupling. ( x = •) 

We see in Fig. 2^® that the ^)®s’s of neon are all close to the jj-covLp]mg 
limit, where they appear as two double levels. This is true of all the rare 
gases and rare-gas-like ions. For configurations very close to jj coupling, 
the theory predicts that the electrostatic splitting of he twice that of 
p\s:^, as seen at the right of Fig. The experimental ratios for the higher 
series members of neon are 

2^)® 6s Is 85 9s 10s 1 Is 

1-97 2-18 216 1-96 0 1-43 

* Laportb and iNOiiis, Ph;^. Rev. 85, 1337 (1930); 

Condon and Shobtley, ibid. 35, 1342 (1930). 
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The agreement is good up to 10^, which has a zero splitting for 2p| lOs^ in 
place of an expected splitting of about 8 cm“^. This term lies very close to 
2p| Id, on which we shall see in § 7ia that there is indication of perturbation — 
but a glance at Kg. 8^^ shows a perturbation as large as 8cm-^ to be quite 
unexpected. Tor argon, the agreement of the higher series members is not 
good; the observed ratios are 

65 la 85 9s 

1*19 4-24 - 1-13 1-29 

All other observed configurations have larger values of IJx and are 
plotted in Tig. 3^® at that x for which the levels J = 0, 2, and the mean of the 
two levels of J=1 fit the theory exactly. The agreement is in general good. 



Fig. 4^®. Interval I'atios for <Z*s. (x = fS/O'oO 


Just as for Is (cf. § we can find for l^-^s a pair of linearly related 
interval ratios to compare with the theory. If we take as ordinate 

and as abscissa we find 

21+1 1+1 
I 

The ordinate here is the ratio of the splitting of to the splitting of 

which is (1+ l)fl for jj coupling (abscissa 0). The intervals in d^s are 
compared with the theory in this way in Tig. 4^®. These configurations tend 
to lie closer to jj coupling, which is on the left in this plot, than to LS 
coupling. The agreement is again seen to be in general good. 


CS 


20 
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Unfortunately the spectra of the latter rare earths is not known, so we 
have no observed instances of/^®^. 

6. The configuration p® p in the rare gases.* 

The configuration p®p contains 1 level with e/ = 3, 3 with J' = 2, 4 with J =1, 
and 2 with J —0. Hence the diagonalization of the Hamiltonian for this 
configuration involves the solution of a linear, a quadratic, a cubic, and a 
quartic equation. These equations contain as parameters six radial integrals. 
Given the values of these parameters, the solution of these equations is 
rather complicated; to obtain the values of these parameters from the 
observed energies and then check the self-consistency of the equations, as 
we propose to do, is much more complicated. A simplification valid in many 
cases can, however, be made. Just as our consideration of one configuration 
at a time is an approximation in which we neglect the interaction between 
configurations, so we may use an approximation in which we also neglect 
the interaction between the groups of levels of the same configuration which 
have different levels of the ionic doublet as parents . This latter approximation 
is expected (cf. Fig. 2^®) to be increasingly good as we go up the series of 
configurations in the rare gases. 

Since the quantum number which distinguishes levels belonging to one 
parent from those belonging to the other is the J value of the p® group (i.e., 
the j value of the missing electron), in order to split the secular equation 
according to parentage, it is necessary to obtain the matrix of the Hamil- 
tonian in the jy -coupling scheme. 

The matrix of spin-orbit interaction is seen from §§ and 2^® to be 
diagonal in jj coupling, with the elements 

n'p’* np n'u^ np 

» -ir+K c (i.f): S'+K 

6 ihk)- -H'- S r- ^ ' 

In the parentheses are given the j values first of the p® core and then of the 
added p electron. The letters a, b,c,d are introduced as a convenient abbre- 
viation for the four possible combinations of_; values. States labelled by a 
and b belong to the lower doublet level, states labelled by c and d to the 
higher doublet level of the ion. These elements are independent of the J and 
M values of the states. 

The matrix of electrostatic interaction is diagonal in LS coupling; the 
diagonal elements are given in § 1^®. With the transformation of Table 1^® 
this matrix is found in jj coupling to have the value 


* Shobtley, Phys. Rev. 44i, 666 (1933). 




Oa od 


~5^’a+4(?„ 

-5V2i?’2 + 2V2&'„ 

-5V2F^ + 2V2Go 

20o 


In the notation here used, the J value is given as an arabic numeral, followed, 
by a letter which specifies the electronic^* values according to the scheme ( 1) . 
The matrices are independent of the value of M. 

Adding the spin-orbit interaction ( 1) and splitting these matrices accord- 
ing to the parent j values as indicated by the broken lines, we obtain the 
following equations for the energy levels: 

Upper levels 

(2c) =-ir’o+ +46^2 

(l c) =-F^+ C'+H 

(l d) =-Fo+ C- C 

iOd)==-Fo+ r- C +20^ 

Lower levels /o\ 

(3a) + ^ * 

2b'\ = - ^0 - U' - + %F^ + ^z±'V{U + + (2Fi - 4<9j)2 

(Oa) =-i?’o-irH-K-5i^a + 4G'o. 

The six unprimed levels of this group belong in our approximation rigor- 
ously to the quantum numbers assigned to them. The eigenstates for the 
primed levels are linear combinations of those for the corresponding un- 
primed levels. We arbitrarily denote the higher of the two levels by a' and 
the lower by h' since the level a would lie above the level b if the electrostatic 
interaction vanished. 


20-2 
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Now the value of one of the parameters, should in all cases in which 
our approximation is good be obtainable from the splitting of the parent 
doublet, which is just But this splitting is known from the spectra of 
the ions only to an accuracy of one cm~^- Hence we prefer to determine this 
parameter, along with the rest, from the data for each configuration, and 
then to check it against the doublet splitting of the ion later. 

The six linear expressions in (3) should determine the six parameters. 
IVom the values of the parameters we could then predict absolute positions 


Neon I 
2p-^np 


5Q00r- 



iOOO 


. 4000 ] 


JOOO 



200O\ 



eoo 


eoo\ 


4-00 


iOOO 


eoo 


o 


§ 


3 

u 


0 


Jp 



Fig. 5^®. The configuration in neon. 


of the other four levels. However, in order to make the values of the para- 
meters less sensitive to the small perturbations which must exist both 
between the two parts of one configuration and between neighbouring 
configurations, we prefer to fit by least squares the eight quantities obtained 
by adding to the above six levels the means of 2a' and 26' and of la' and 16'. 
This leaves the separations 2a' — 26' and la' — 16' to be absolutely predicted. 
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Xh.© results of sucli a calculation are shown in !Pig. 6^® for neon, Big. 6^® 
for argon, and Fig. 7^® for krypton and xenon. In these figures the empirical 
value for 16' has been taken as the zero for each configuration; a break in 
the wave-number scale indicates the separation between the two groups of 
levels. The scales are in cm“^. 

The first question one asks concerns the validity of the neglect of inter- 
action between the two groups of levels. If the parameters we have obtained 



Sp I 6p I Tp , dp 

Fig. 6^®. The configTirationfj^^j in argon. 


are approximately correct, the magnitude of this interaction may be found 
by using the interaction elements of the matrices (2) according to the second- 
order perturbation theory. In this way the largest interaction was found to 
have approximately the value represented by the length of the short black 
bar drawn underneath each configuration. This gives an idea of the agree- 
ment to be expected in the comparison. 
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Having obtained the values of the paranaeters, one can readily jSnd the 
eoeflicients in the expansion 

W{Ja’)^^{Ja){Ja\Ja') + ^{Jb){Jb\Ja') 

^{Jb')^^{Ja){Ja\Jb') + ^{Jb){Jb\Jb'). 

We may call \{Ja\Ja')\^ the purity of the levels Ja' and Jb' , It is, so far as 
this work is concerned, purely accidental that the electrostatic interaction 



Krypton 1 4p'^np Xenon I Sp^ Gp 

Fig. 7^*. The configuration in krypton and xenon, 
between Ic and Id vanishes identically and hence that these levels are to 
our approximation 100 per cent. pure. To the same approximation the 
separation between these two levels represents just the doublet spHtting of 
the np electron in the central field due to the core. 

Neon I {cf. Fig. 6^®). 

The Zp is taken from the work of Inglis and Ginsburg,* who solved the 
complete secular equation in LS coupling using the levels of = 0, 2, 3, and 

* Inghts and GmsBURG, Phys. Rev. 43, 194 (1933); corrected by Shobtlby, ibid. 47, 295 (1935). 
In regard to this configoration see also Rozbntal, Zeits. fur Phys. 88, 534 (1933). 
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the mean of the four levels with J” = 1 to obtain the parameters, leaving 
otherwise the J" = 1 levels to be absolutely predicted. 

The 2p® 6p is the first of the series to which our approximation is at all 
applicable. These levels agree to within the rather large maximum inter- 
action between the groups. 

For 2p®6^, the interaction is much smaller and the agreement corre- 
spondingly better. 

Tabld 1^®. Nean I 2j)® np. 




Zp 

5p 

6jp 

'IP 

Fo 


- 17370 

-385-8 

-314*7 

-291-9 

Fz 


157-7 

31-0 

10-4 

18-3 



750-6 

112-6 

66-8 

49-0 



44-8 

1-9 

3-0 

-1-7 



403-0 

628-6 

520-2 

621-0 

£ 


40-0 

8-1 

5-4 

13-2 

(2a 

2o') 

— 

0-921 

0-977 


(26 

2a') 

— 

0-390 

0-208 


(la 

la') 

— 

0-683 

0-697 


(16 

la') 

— 

-0-730 

-0-716 


% Purity 2a'6' 

— 

84-8 

95-6 


o/ 

/o 

Purity la'6' 

— 

46-6 

48-6 



Ip is found to agree not at all; the reason is that the lower 8^ group 
exactly overlaps the upper Ip and is therefore expected to interact strongly 
with it. 

The values of the parameters (in cm~^) and the coejficients in (4) are given 
by Table 1^®. The significance to be attached to these values must be judged 
by comparison with Fig. 5^^. The value of is to be compared with the value 
521 obtained from the parent-doublet splitting of 782 cm~^. 

Argon I {cf. Fig. 6 ^®). 

The p^p configurations of argon remain rather well separated from each 
other up to 3p® Sp, the last of the series which is completely known. 8p (Oa) 
falls about 200 cm“^ below Ip (Id) and the lower group of lip falls close to 
the upper group of 8p as indicated in the figure. There is definite evidence of 
perturbation on 8p. The 5/ group overlapping 6p does not have a pronounced 
effect. 

Table 2^®. Argon 1 np. 




5p 

Qp 

7p 

8p 

^0 


- 806-8 

- 686-6 

-621-4 

-616-7 

Fz 


76-7 

18-7 

9-8 

6-6 

Oo 


235-6 

96-6 

63-6 

28-3 



2-0 

6-4 

2-6 

2-6 

r 


977-2 

962-3 

953-5 

963-3 



44-1 

7-1 

3-6 

6-0 

(2a 

2a') 

0-927 

0-986 

0-968 

0-999 

(26 

2a') 

0-378 

0-168 

0-264 

0-046 

(la 

la') 

0-702 

0-690 

0-690 

0-723 

(16 

la') 

-0-712 

- 0-724 

-0-726 

-0-692 

%] 

Purity 2a'6' 

86-9 

97-2 

93-7 

99-8 

% Purity la'6' 

49-3 

47-6 

47 6 

62-3 
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The constants are given in Table 2^®. The value of C' is fo he compared 
with the 954 obtained from the ionic doublet splitting of 1431 cm”^. 

Krypton I and Xencm I {cf. Fig. 7^®). 

Even the lowest p^p'a of krypton and xenon are amenable to treatment 
with our approximation. For krypton the 2p®6p and 6p are completely 
known. The 2p® 5p agrees to within the error of the approximation. The 6p 
shows dejSnite evidence of outside perturbation which is imdoubtedly 
mainly due to the lower group of 7p which lies at only 6200 on the 6p scale, 
rather than to the 5/ levels plotted. 

In xenon only the 6p® 6p is complete. This in the first plot agrees very 
poorly with the calculations. It is definitely perturbed by the lower 7p 
group which overlaps as indicated. Although one cannot make a rigorous 
assignment of these overlapping levels to configurations, one suspects on 
comparing this figure with the others that the highest J = 1 of 7p might 
belong more exactly to 6p than the Id assigned to it. If we make this re- 
arrangement, we obtain the plot on the right, which shows a decidedly 
better agreement. 

TABIiE 3“. 

Krypton I 4p^ np Xenon 1 Sp^ 6p 


5p 6p Given Rearranged 




-2984 

-2028-4 

-4764 

-4682 

J’a 


213 

34-8 

321 

198 



671 

194-1 

748 

622 

G'a 


20 

16-3 

-26 

-2 

x: 


3632 

3667-6 

7028 

7094 

X, 


246 

49-0 

699 

374 

(2a| 

2a') 

2a') 

la') 

la') 

0-956 

0-999 

— 

0-954 

(26 1 

0-297 

0-022 

— 

0-299 

(laj 

0-736 

0-750 

— 

0-776 

(161 

-0-678 

-0-662 

— 

-0-632 

% Purity 2a'6' 

91-2 

99-0 

— 

91-0 

% Purity la'6' 

64-2 

66-2 

— 

60-1 


The constants for these spectra have the values given in Table 3^®. for 
krypton is to be compared with the 3581 obtained from the ion. The doublet 
splitting for the xenon ion is not known. 


7. The configuration d in. the rare gases. 

The diagonal elements of spin-orbit interaction for p^ d in jj coupling are 

Ti'p® nd nd 

where we have introduced a notation a^h^c^d similar to that used for p^p. 
Here the parameter , which is the same as the former accomplishes the 
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splitting of the configuration into two groups, states characterized hy a and 
6 lying in the lower group, those characterized by o and d in the upper. 

Transforming the electrostatic energies of § to jj coupling gives the 
matrices 

4a 



Just as in the case ofp^p we find, if we neglect the interaction between levels 
belonging to different parents, the following formulas to express the twelve 
levels in terms of six i)arameters: 

U2>X>cr levels 

(3c) = -^0+ +3003 

(2c) =:-Ff)+ ^jp+ t,a 
{2d)^-F^+ 

(Irf) =-Fo+ 

Lower levels 

(4a) =-J’o-K^+ 

^ +|ii’2 + 3003± V( a - 6O3 + ^^^)= + 96(303 - \F^)^ 

2^'^ 

21 / j = -^''o-Hv-Ha + !] ± Vi 5 U - IFa)" + ‘§1^2 

la ) . c# T irt . m ^ / n ^ •>! 1 TTT . "■ ft .nf \ft • i 4 yT# i 1 J. W \iS 


,/j = -K-Hv-Ha + !] ± Vi 5 U - + -§l^2 

‘^1 = - ^ -IF^ + '‘^i>a^±ViUa - f + (40x + W)* 

• 6 ) 


( 3 ) 
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We take the six levels given by linear expressions and the means 
of 3a\ 3b'; 2a', 2b'; and la', 16'; fitting the six parameters to these nine 
quantities by least squares. This leaves the 3a' ~3h', 2a' -2b', la'- 16' separa- 
tions to be absolutely predicted. 

From Fig. 2^® we see that our approximation should be applicable to all 
the _p®d’s of neon I. Since these are known completely from 3d through lOd, 
we obtain the long series of configurations plotted in Fig. 8^®. These all 
agree within the accuracy of the calculation except 6d and '7d, which are 
clearly perturbed. The most of this perturbation is due to the fact that the 
upper group of 6d lies only 26 cm“^ below the lower of Id. That there is 
further perturbation on the upper group of 7(Z is shown by the abnormally 
large 2c-2d separation, which should be just the 7{Z-electron doublet splitting. 
This further perturbation may be attributed to the fact that the lower part 
of ^d lies 100 cm“^ above the upper of. Id and perhaps to the 2p® 10s which 
lies about 20 cm~^ above Id. 

The constants used in these calculations are given by Table 4^®. The value 
of is to be compared with the 521 obtained from the ionic doublet splitting. 
We should from the values here given predict a doublet sphtting of 
780-4 + 0-2 cm“^ in comparison with the observed 782 cm~^. 

Thus the present theory accounts very satisfactorily for the observed 
structure of these rare-gas configurations. The perturbations which occur 
seem to be small except when two configurations of the same series overlap. 
Since there can be no spin-orbit perturbation corresponding to the inter- 
action which splits the configuration into two groups, in estimating the 
mutual perturbation of two configurations we should compare the distance 
of the nearest levels not to the overall configuration size but to the much 
smaller spread of each group of levels. This requires that two configurations 
he very close in order appreciably to affect each other. 

Table 4^®. Neon I 2f>® nd. 




3d 

4d 

5d 

6d 

Id 

8d 

9d 

lOd 

Fo 


-374-23 

- 306-59 

- 285-78 

-273-97 

- 269-61 

-266-62 

-264-38 

- 263-55 



16-607 

6-695 

3-620 

2-008 

1-433 

0-900 

0-615 

0-467 



2-98 

1-70 

1-04 

0-64 

0-47 

0-29 

0-20 

0-16 



0-002 

0-026 

0-016 

0-020 

-0-004 

0-004 

0-001 

0-002 



630-11 

621-62 

620-40 

619-10 

519-49 

620-24 

520-20 

620-36 

Cd 


1-178 

0-002 

0-141 

0-476 

0-064 

0-043 

0-000 

0-044 

(3a 

3a') 

0-957 

0-959 

0-961 

0-970 

0-955 

0-962 

0-96 

0-96 

(36 

3a') 

0-286 

0-281 

0-276 

0-241 

0-297 

0-276 

0-29 

0-27 

(2a 

12a') 

0-413 

0-399 

0-406 

0-444 

0-41 

0-41 

0-40 

0-41 

(26 

2a') 

-0-911 

-0-917 

-0-914 

- 0-898 

-0-91 

-0-92 

-0-91 

-0-91 

(la 

ila') 

0-615 

0-638 

0-659 

0-697 

0-682 

0-677 

0-678 

0-67 

(16 

la') 

- 0-789 

-0-770 

-0-761 

-0-718 

-0-733 

-0-736 

-0-735 

-0-74 

%] 

Purity 3a'6' 

91-6 

92-0 

92-4 

94-1 

91-2 

92-6 

92 

92 

% Purity 2a'6' 

17-1 

16-9 

16-6 

19-7 

17 

16 

16 

17 

% Purity la'6' 

37-8 

40-7 

43-4 

48-6 

46-5 

45-8 

46-0 

45 



*01V0 

‘990 

• 07^0 

^00 

'990 

07 VO 


6c/ , 7d . Qd - 9d lOd 

black bars represent the maxmmin interaction I 

le coarsenessofthecm-^scalefor the right half of tl 
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8. Line strengths. 

We may say immediately that the hne strengths in any coupling scheme, 
for transitions between two configurations ^ and having the same almost 
closed shell, are the same as for the corresponding configurations JSf and jSf 
To see this we note that in the nim^i scheme the quantum numbers in the 
almost closed shell cannot change since one of the other electrons definitely 
jumps. Since all quantum numbers except those of the almost closed shell 
are the same for the correlated states of JS? and the strengths in this 
scheme must be the same. The transformation to any other scheme is the 
same for the two cases, hence the transition arrays have the same strengths 
in any coupling scheme. 

Thus, e.g., the array p® jp has the relative strengths given by Table 2^ 
or by Table 3^® for p 8-^pp. We may obtain the relative strengths in any of 
the rare-gas transition arrays by using the matrices of in^^* coupling and 
the transformations of the eigenfunctions to the jy-coupHng scheme as cal- 
culated from the observed energy levels. The neon array 2p® 3p->2p® Bs is 
discussed briefly at the end of § 4^^. 

9. X-ray spectra. 

The characteristic X-ray spectrum of an element is obtained usually by 
making that element, or a compound containing it, the target in an electron 
tube so that it is struck by a beam of electrons which have energies corre- 
sponding to some tens of kilovolts. Under this excitation the atoms emit 
radiation of wave-lengths in the general range one to ten Angstrom units. 
Owing to their great wave-number, the spectroscopy of these radiations 
requires a special experimental technique. This is fully treated for example 
in Siegbahn’s Spektroskopie der Rdntgenstrahlen.* We confine ourselves 
to the theoretical problems involved. 

These high-frequency radiations arise from transitions between highly 
excited states of an atom, corresponding to configurations in which an elec- 
tron is missing from one of the inner closed shells of the normal atom. 
Practically all X-ray spectroscopy is done with the emitting matter in the 
solid state. It turns out that the interaction energy between the atoms in a 
solid is of the order of a Rydberg unit or less, whereas in ordinary X-ray 
spectra the energies are a thousand times greater. Thus to a first approxima- 
tion such interactions may be neglected and the spectra interpreted as due 
to isolated atoms. Of course the term ‘ X-ray spectra ’ is a practical category 
arising from a classification by experimental technique. From the theo- 
retical standpoint there is no sharp distinction between optical spectra and 
X-ray spectra, the two merge in a natural way. But experimentally they 
have been quite effectively separated because of the great experimental 

* Second edition, Julios Springer, 1931. 
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difficulties of working in the soft X-ray region and the extreme ultra-violet, 
where the merging takes place. 

Let us consider one of the heavier elements. Its normal configuration 
will be la^ 2s^ 2 p® 3p® 3d^® 4a® .... Here the shells have been written down 
in order of the firmness with which their electrons are bound to the nucleus, 
that is, in the order of the energy levels of the central field best suited for the 
starting point of the perturbation theory. If we remove an electron from the 
la shell and put it on the outside (just where, on the outside, does not matter 
in the first approximation), the energy of the resulting configuration will be 
very high. This level (really a group of levels quite close together if the 
structure due to the outer electrons not in closed shells could be observed) 
is called the K level. Similarly if an electron is removed from the 2 a shell we 
obtain a level not as high as the K level which is called the Lj level. 

If an electron is removed from the 2p shell we are left with a p® configura- 
tion plus closed shells. This gives rise to an inverted term. Evidently 
removal of just one electron in this way from any one closed shell will give 
rise to a doublet term, the nature of the term being the same as in alkali 
spectra but with the doublets inverted. The relation of the conventional 
X-ray level notation to the usual spectroscopic notation is given here: 


71 

s 


d!> 







1 

K 




2 

Lx 

Lxx Lxii 



3 


^11 ^in 

J/jV My 


4 

Nj 

Nxx N^xi 

Nxy Ny 

Nyx N VII 

5 

Ox 

On Oiii 

Ox'sr Oy 


6 

Pi 

^*11 ^’iTI 




The table ends with and Pm since the 5/ and 6d shells do not get filled 
in the known elements. 

Of course the full scheme of levels as here presented is only present in 
those atoms which contain normally all of these closed shells. If we start 
with uranium, where this scheme of levels is fully developed, and consider 
in turn elements of lower atomic number, the scheme of X-ray levels becomes 
simpler through the absence of the later entries in the table, for one cannot 
remove an electron from a closed shell that does not exist in the atom. For 
exam])lo in Mo (42) the scheme of the table extends to Nm ^ I'll® shell is 
only half-filled with this element (see § l^'i). 

To ignore the structure of the X-ray levels due to the outer electrons not 
in closed shells is formally the same as supposing that all electrons present 
are in closed shells except for the one shell whose openness is indicated by 
the above terminology. 
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The X-ray lines are produced by transitions between these levels. This 
level scheme, together with the selection rules AZ= + 1, A^* = 0, +1, gives an 
adequate description of the main features of the observed spectra. In addition 
there are observed weaker lines some of which receive their interpretation 
as quadrupole transitions in this level scheme. Other lines, sometimes called 
‘ non-diagram lines’ because there is no place for them in this simple level 
scheme, are supposed to arise from transitions in a level scheme associated 
with removal of two electrons from the inner closed shells. 

The K series of lines in an X-ray spectrum is produced by transitions from 
the K level to various lower levels. Thus the K line is produced by the 
transition from the K level to the level. In this transition an electron 
jumps from the 2p shell to the Is shell, that is, in a transition from the K 
level to the L level an electron jumps from the L shell to the K shell. It is 
sometimes convenient to focus attention on the missing electron or hole in 
the shell and to say that in the transition from the K level to the Ljji level, 
the hole jumps from the K shell to the L shell. The behaviour of a hole is just 
opposite to that of an electron: the normal state of the atom corresponds to 
the hole being in the outermost shell, that is, to all of the electrons being as 
far as possible in inner shells. 

The shift of emphasis from electron to hole is also useful in discussing 
X-ray absorption spectra. We cannot have an absorption line in normal 
atoms corresponding to a jump of the hole from the L shell to the K shell 
since in normal atoms there is no hole in the L shell. In normal atoms the 


holes are on the outside so the X-ray absorption spectrum is produced by 
the transition of one of these outer holes to an inside shell. The absorption 
spectrum is thus directly affected by the external structure of the atoms 
and the way in which this is influenced by the physical and chemical state 
in the absorbing substance. Such details we do not treat as being outside 
the scope of the theory of atomic spectra. 

The theory of the X-ray energy levels, neglecting structure due to outer 
electrons, is thus that of a one-electron spectrum. Suppose our central field 
approximation is based on the potential function U{r) and that we define 
the effective nuclear charge Z{r) at distance r by the equation 



( 1 ) 


The force on an electron at distance r is then 


dU _ [Z{r)-rZ'{ry\e^ 

dr r® 


The quantity in brackets is the effective nuclear charge for the force on the 
electron at distance r, which we denote by Z^(r) : 


Zy(r) = Z(r)—rZ'(r). 


(3) 



913 


X-BAY SPEOTBA 


319 


We know that Zf{r)-^Z as r-^-0 and Zf{r)-^1 for r greater than the ‘ radius of 
the atom.’ If we are dealing with a state of the atom in which the radial 
probability distribution has a strong maximum at r = h, it is natural to 
suppose, as a rough approximation, that the energy of the electron will be 
close to that of an electron in the Coulomb field 






as this has the same value and the same slope at r = 6 as has the effective 
field XJ (r). For such a field the energy levels are given by 5®1 1 including the 
relativity and spin effects. 

The development of such a theory of the X-ray levels is largely due to 
Sommerfeld.* It fits the facts surprisingly well. The account of it we have 
just given is incomplete in that it does not say how b is to be chosen. Let us 
approach this question through an examination of the empirical data. If 
we subtract the rest-energy from 5®1 1 and measure energy with the Ryd- 
berg unit, then each electron has an energy given by that formula on writing 
in the proper quantum numbers, writing Zf{b) for Z and subtracting the 
constant term Z'{b). (Note that as Z'{b) is negative this adds to the energy 
and hence decreases the absolute value of the negative numerical value of 
the energy of each electron. It represents the fact that the inner electrons 
move in a region where their average potential energy is increased by the 
presence of the outer electrons; this is sometimes called ‘ external screening.’) 
Consequently the atom’s energy is increased by the amount of one of these 
energy levels when the corresponding electron is removed. Accordingly the 
X-ray levels should be given by this formula with the opposite sign, which 
puts the K level highest as it corresponds to removal of the most tightly 
bound electron. 

Let us consider first the K levels. Their values are given for most of the 
elements in Table as summarized in Siegbahn’s book. The energies in- 
crease roughly as the square of Z, corresponding to the first known empirical 
regularity in X-ray spectra, as discovered by Moseley. Moseley found that 
the square roots of the line frequencies are approximately a linear function 
of Z. If the square root of the frequencies in Rydberg units be plotted against 
Z, the curve is strikingly linear, with slope close to 1 . The departures from the 
Moseley law are put strongly in evidence by plotting "s/v—Z against Z to 
remove the main linear trend. Such a plot is given in Fig. 9^®, 

The formula for the K level is, in Rydberg units, 


v{K) 


R^c 





(«) 




SoMMEKF’ELB, Aioinhau und Spektrallinien^ 6th edition. 
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Expanding tlie second term in powers of a and taking tke square root, we find 


Tablsi 6^®. The K eriergy levels of the atoms in Rydberg units. 


Element 

v(K) 

y/vi^K) 

Element 


Vv{K) 

92 U 

8477-0 

92-07 

47 Ag 

1878-9 

43-36 

90 Th 

8073-6 

89-85 

46 Rh 

1709-1 

41-34 

83 Bi 

6646-7 

81-63 

42 Mo 

1473-1 

38-38 

82 Pb 

6463-0 

80-39 

41 Ob 

1401-3 

37-43 

81 T1 

6289-0 

79-31 

40 Zr 

1326-8 

36-41 

80 Hg 

6116-9 

78-20 

29 Cu 

661-1 

26-71 

79 Au 

5940-4 

77-07 

28 Ni 

612-0 

24-74 

78 Pt 

6764-0 

76-92 

27 Co 

668-9 

23-86 

74 W 

6113-8 

71-61 

26 Pe 

623-8 

22-89 

67 Ho 

4116-9 

64-16 

26 Mn 

482-4 

21-96 

66 Dy 

3972-6 

63-03 

24 Or 

441-1 

21-00 

64 Gd 

3711-9 

60-93 

23 V 

402-3 

20-06 

63 En 

3683-4 

69-86 

22 Ti 

366-4 

19-11 

62 Sa 

3467-0 

68-80 

21 Sc 

331-2 

18-20 

60 Nd 

3214-2 

66-69 

20 Oa 

297-6 

17-26 

69 Pr 

3093-3 

66-62 

19 K 

266-3 

16-29 

68 Ce 

2972-2 

64-62 

17 Cl 

207-8 

14-42 

66 Ba 

2756-4 

62-60 

16 S 

181-8 

13-48 

65 Cs 

2649-1 

61-47 

16 P 

168-3 

12-68 

53 I 

2448-3 

49-48 

13 A1 

114-7 

10-71 

62 Te 

51 Sb 

2346-0 

2241-7 

48-43 

47-36 

12 Mg 

96-8 

9-79 


The quantity {Z — Zf) is often called the internal screening constant. It 
might be expected to be equal to one or two: it is some kind of average of the 
amount of charge of the other electrons in the atoms that is closer to the 
nucleus than the Is electron. It is harder to say how the term Z\b)J2RZfhc 
will depend on If we had n electrons on a sphere of radius p the potential 
energy of an electron inside the sphere would be ne^Jp and this term measures 
such a potential. As Z increases we have more shells so this term becomes 
'Eme^jp for the shells present. On the whole it seems reasonable that 
increases more rapidly with Z than the first power ; hence in spite of the Z^ 
occurring in the denominator this is perhaps a slowly increasing function 
of Z. As it appears here with reversed sign it will contribute a slowly decreas- 
ing function of Z to the K level. The third term is quite definite as soon as we 
know the screening constant Z— Z^. Using Z— Zf — 2, the dotted curve in 
Fig. 9^® is obtained by subtracting off the third term from the experimental 
values Z. The dotted curve therefore shows the combined effect of 

the external and internal screening. We see that it decreases rapidly except 
at the large values of Z, where higher terms in the expansion become 
appreciable so that the curve becomes meaningless. The value of Z — Z^ 
obtained is between one and two, so we see that the effect of the internal 
screening is as surmised above. 
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In view of the crudeness of the model we do not believe there is much to be 
gained by attempting to choose Zf and Z' if)) in such a way as to represent the 
data best. The formula evidently is in accord with the main facts and that is 
all that can be expected. 

This same model has also been used to discuss the doublet intervals in 
X-ray spectra. Let us consider the L levels, ij corresponds to removal of 
a 25 electron while and L^n. correspond to the inverted given by the 
2p5 configuration. For the same n the hydrogenic s states penetrate more 
closely to the nucleus than the p states. Therefore the 25 electron is more 
tightly bound than the 2p so the level will be higher than Lj^ or • 
The difference will be partly due to the difference in screening and partly to 
the spin-relativity effects. For a reason that has since become meaningless. 



Fig. 9^®. Plot of V viKS — ^ against Z to show departure from the Moseley law for the 

K. levels of the elements. 


the iyj and Z/jj levels, and in general the pairs of levels of the same n and J 
but different Z/, are commonly called ‘irregular doublets.’ 

If we calculate the doublet interval between Zy^j and Zyj^i by means of the 
hydrogenic formula, assuming the same values of Z'{b) and Z^if>) for the two 
levels, wo find to the first order that the interval should vary as . Hence we 
can conveniently test the formula by calculating empirical values oti Z — Zf 
from the doul)lct intervals and seeing if they have reasonable magnitudes. 
The quantity calculated in this way is sometimes called the screening 
constant for doublet separation. Such comparisons have been made by 

c s 


21 
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Sommerfeld and others,* and have shown that the simple screened hydro- 
genic model gives a good acconnt of the main facts. 

10. Line strengths in X-ray spectra. 

As emphasized in the preceding section, the X-ray energy-level scheme of 
the atoms has the structure of a one-electron spectrum. From § 8^® we see 
that the theory of the relative Hne strengths in a doublet spectrum is applic- 
able here. For example, the relative strengths of Xag (1®/S^->2®P^) and 
jK" (1 will be as 1:2, according to the results of § 6®. This is in 

accord with the experimental data: 


Element 

Intensity ratio 

Observer 

W (74) 

2-0 

(1) 

Mo (42) 

1-93 

(2) 

Zn (30) 

2-00 

(3) 

Cu (29) 

1-96 

(3) 

Pe (26) 

2-00 

(3) 


(1) Dtjaistb and Stbnstbom, Proc. Nat. Acad. Sci. 6, 477 (1920). 

(2) Duane and Patterson, ibid. 8, 85 (1922). 

(3) SiBGBAHN and 2i.6EK, Ann, der Phys. 71, 187 (1923). 

Likewise in the K series the lines K and K form the same kind of 
doublet. Allison and Armstrongf found intensity ratios of 2-1 and 2-0 in 
Mo and Cu respectively for this doublet. They also measured the relative 
intensities of the doublets arising in the hole transitions ls-»3^ {K K 
and \s^4(p {K The ratio of the intensity of the first of these doublets 
to that of the second increases with decreasing atomic number: 

Element Intensity ratio Strength ratio 

W (74) 2-3 2-6 

Mo (42) 7-7 8-3 

Cu (29) 41-0 42-0 

The third column gives the ratio of the strengths as obtained by dividing the 
intensity ratio by the fourth power of the frequency ratio. The great ratio 
obtained in the lighter elements is due to the greater difference in the relative 
effect of screening on the 3p and 4^ radial function for small Z. No calcula- 
tions of these relative strengths have been published. 

In the L series we have the possibility of studying the relative intensities 
in a ®P -> multiplet . For the hole transition 2p 3d the lines and measured 
relative intensities are 


* SoMMEBFEXiD, AUmibau und SpektraUinien, 5th edition, p. 297 ; 

Pauung and GtOTTDSMIt, The Structure of Line Spectra, Chapter x; 

Patjung and Sherman, Zeits. fur Kristallographie, 81, 1 (1932). 
f Allison and Armstrong, Proc. Nat. Acad. Soi. 11, 663 (1926); Phys. Rev. 26, 701, 714 (1926). 
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Element 

L ai 

L 0^2 


Mo (42) 

1 

0130 

0*33 (0*28) 

Rh (45) 

1 

0133 

0*24 (0*20) 

Pd (46) 

1 

0*119 

0*20 (0*16) 

Ag (47) 

1 

0*122 

0*17 (0*14) 


As the first two lines have the same initial state, their relative intensities 
should be the ratio of the relative strengths multiplied by the fourth power 
of the frequency ratio. The relative strengths from § 2® are as9:lorl:0‘lll. 
The interval in the M levels is so small here that the frequency correction 
is negligible, so the relative intensities are the same as relative strengths and 
are seen to be in good agreement with the theoretical ratio. Assuming natural 
excitation the relative strengths of the first and third line are obtained from 
the relative intensities by dividing by the fourth power of the frequency 
ratio. The results are given in parentheses. All the experimental values are 
less than half of the theoretical value this is probably due to the lack of 
natural excitation, the higher level being considerably less excited than 
the lower ® level. Jonsson* has estimated the correction for excitation and 
has found values which check much better with the theoretical 9 ; 1 : 5 
strength ratio. 

Wentzelt has given a theoretical calculation of the relative strengths of 
the different multiplets originating in the L levels based on use of approxi- 
mate eigenfunctions. Experimental measurements bearing on this question 
have been made by Allison. J 

11. X-ray satellites. 

In addition to the lines which are accounted for by transitions in the 
doublet energy -level diagram of the preceding sections there are observed 
a number of other lines known as ‘ satelhtes’ or ‘ non-diagram lines.’ These 
are close to the more prominent lines which are accounted for by the discus- 
sion just given. Such satellites were first studied by Siegbahn § when observ- 
ing the Lol lines of Sn, Ag, and Mo. Since then they have been the object 
of considerable study. 

The doublet structure is so simple that it is evidently necessary to con- 
sider the energy diagram corresponding to more than one non-closed shell 
to get any more detail. Several possibilities are open. V^entzel|| suggested 
double ionization (two holes) of the Is shell as an initial state of the satelhtes 
of the K lines. Then he supposed the satellites to be emitted when one of the 

* Jonsson, Zeits. fiir Phys. 40, 383 (1928). 

-j- Wentzel, Naturwiss. 14, 621 (1926). 
t Allison, Phys. Rev. 34, 7, 176 (1929). 

§ SiEOBAHN, Ark. f. Mat. Astron. Pys. 14, No. 9 (1920). 

II Wentzel, Ann. der Phys. 66, 437 (1921); 73, 647 (1924). 
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holes jumped to an outer shell. For initial states of some of the lines he 
suggested triple ionization with two holes in the K shell and one in the L 
shell. The relations proposed hy Wentzel are best considered from Fig. 10^®, 
which is a schematic level diagram. 

The first column shows the ordinary level diagram. In the second column 
we have this diagram extended for the case of two holes. The energy of 
removal, K', of the second Is electron will be greater than K, that for the 
first, but owing to screening not as much as the K of the element whose 
atomic number is one greater. Similar remarks hold with regard to U as 
compared with L. Now L' will be greater than L" because 2p is screened 

^ Js^2p 


/s^ 


OC6 


oc. 


oc, 


OCz 


Is ^3 


■2p 


-ts2p °‘'S 


-Is2p^ 


■2p' 


-2p‘ 


—Normal 

Fig. 10^^. Wentzel’ s interpretation of the K satellites. The levels are labelled 
by the configuration of the missing electrons. 

more by Is than by another 2p, and so on. Hence one readily concludes 

(a3-ai)<K-ot3)<(«6-a4) 

where a,j, is written briefly for the wave number of the corresponding line. 
The values, in Rydberg units, found by Wetterblad* are given below: 



Na(ll) 

Mg (12) 

AI (13) 

Si (14) 

ag-a^ 

0-52 

0-64 

0-71 

0-83 

ag-ag 

0-57 

0-67 

0-76 

0-91 


0-65 

0-76 

0-83 

0-94 


Moreover, since Is is so much closer to the nucleus than 2p, absence of a Is 
electron is almost like a full unit increase in the nuclear charge in its effect 
on the others, so (ag — a^,) of one element should be nearly the (ag — a^) of the 
next element. This is the case here. 

• Wetterblad, Zeits. fiir Phys. 42, 611 (1927). 
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The main objection to WentzeTs interpretation concerns the question of 
producing these multiply-ionized states. The mean life is so short that 
excitation by two successive singly-ionizing impacts cannot be ejffective; 
therefore the electron impacts must produce double excitation. This requires 
more than twice the usual K critical potential to produce the line 
Backlin* studied this point in A1 and found that K appeared at definitely 
lower voltages than expected on this hypothesis. It does appear however 
that the satellites require higher voltages (by about 25 per cent.) on the tube 
for their appearance than the related main lines. 


3% /s2s 
fp isZp 


Is 


i Ip 

i ~ 3p 2s2p 

= ' 2p^ 

2s ^ 

ag x' ag Xq (Langer) 

x! ag a4 ag x^ (Wolfe) 

— Norm a / 


Fig. 11^®. The Langer- Wolfe interpretation of the K satellites. 
(Configuration labels are for the missing electrons.) 

In Wentzel’s work no account was taken of the complex structure arising 
from electrostatic interaction of the holes, although he mentioned it as a 
possibility in later papers. f The importance of this structure was empha- 
sized by Langer. J On account of the existence of such structure the K 
satellites can be provided for without using the triple ionization process or 
the double ionization of the K shell. Langer ’s level scheme and assignment 
of the satellites is shown in Fig. 1 1^®. This scheme is consistent with the small 

* Baoklik, Zeits. fiir Phys. 27, 30 (1924). 
f Wbntzbl, Zeits. fiir Phys. 31, 446 (1925); 34, 730 (1925). 
t Lanoeb (abstract only), Phys. Rev. 37, 467 (1931). 



326 OONHGTJBATIONS CONTAINma ALMOST CLOSED SHELLS 11 ^® 

excess in the critical potentials of the satellites over those of the main lines. 
Similar views have been put forward by Drujrvesteyn.* Some calculations 
of the terms arising from these configurations have been made by Wolfef 
using a Hartree field for potassium. His assignments of the lines differs 
from Langer’s and is shown in the lower row of the figure. The calculations 
show that the structural energies are of the right order of magnitude to 
account for the satellites but the detailed assignments are quite uncertain. 
It seems quite likely that the X-ray satellites are to be accounted for by 
double excitation levels, but there still remains much to be done before the 
interpretations are satisfactory. 

RichtmyerJ has developed a somewhat different view of the origin of 
the satellites in which two-electron jumps as well as double-hole levels are 
employed. As, generally speaking, two-electron jumps are weaker than 
single-electron transitions, it seems that such processes should not be con- 
sidered unless it is found that the one-electron jump picture is inadequate. 

Another possible source of more detailed structure is the open shells in 
the outer structure of the atom, as was noted by Coster and Druyvesteyn.§ 
The relation of the filling of electron shells to the periodic system of the 
elements is discussed in § As mentioned in § 91® the doublet structure of 
the X-ray levels depends on a model in which there is but one hole in the 
shells. For elements in which an outer shell is being filled the outer shell is 
incomplete, so there should be a complex structure due to the interaction of 
the outer electrons with the open inner shell. Such interactions are pre- 
sumably somewhat smaller than one Rydberg unit and in case of ordinary 
resolution give rise to broadened lines more than to observable structure. 
Structure of this kind, if appreciable, we should expect to be sensitive to the 
state of chemical combination of the element in the source. These ideas 
have had practically no detailed development thus far. 

* DBtJYYBSTEYN, Diss. Groningen, 1928; Zeits. fiir Phys. 43, 707 (1927). 

t Wolfe, Phys. Rev. 43, 221 (1933); see also Kennaed and Ramberg, Phys. Rev. 46, 1040 
(1934). 

t Richtmybr, pm. Mag. 6, 64 (1928); Phys. Rev. 34, 574 (1929); J. Franklin Inst. 208, 326 
(1929). 

§ Coster and Drtjyvesteyn, Zeits. fur Phys. 40, 765 (1927); 

Coster, ibid. 45, 797 (1927). 



CHAPTER XIV 
CENTRAL FIELDS 


1 . The periodic system. 

We have now to consider some of the relations between the spectra of 
different atoms . Chemists long ago discovered the great power of Mendele j eff ’s 
periodic system of elements as a coordinator of their empirical knowledge of 
the chemical properties of atoms. As these properties are all, in the last 
analysis, related to the energy states of the atoms, we shall expect the 
periodic system to play an important part in coordinating the different 
atomic spectra. More than that, as Bohr showed, the theory of atomic 
structure through its picture of the arrangement of electrons in closed shells 
provides a clear understanding of how it is that elements with similar 
properties recur periodically in the list of elements. In this section we shall, 
then, consider the empirical data on the gross structure of the atomic spectra 
in its relation to the chemist’s periodic table. 

In Fig. 1^^ are shown the energies of the highest and lowest observed levels 
of the principal configurations of the first eighteen elements, plotted up 
from the lowest level of the atom, the even configurations on the left and 
the odd on the right. This takes us past the initial hydrogen and helium 
pair through the second Mendelejeff period of eight. We have included, 
in addition to all the low-lying configurations, at least the lowest con- 
figuration of each observed series. The lowest level of the ion of each 
element is indicated by cross-hatching, and configurations of the ion 
which may have importance as parents are shown in broken lines. 

We see that in normal helium the second electron has gone into a Is state 
and that the next excited state is very high — much higher than the whole 
ionization energy of hydrogen. Moreover we see that Is 2s is definitely 
lower in energy than Is 2p. This we shall connect with the fact that the 2s 
state comes nearer to the nucleus than the At any rate, the fact of 2s 
being lower than in helium leds us to expect that 2s will be the normal 
state of lithium. In lithium we see that 2p is considerably higher than 2s; 
this points to 2s^ as the normal state of beryllium.* Now the 2s shell is 
closed. The fact that in beryllium the 2p energy is considerably less than the 
3s leads us to expect boron to have 2p for its lowest configuration. t In the 
next six elements the normal configuration is in each case obtained by 

* That He is, and Bo is not, a rare gas, although both have closed s shells for their ground states, 
is connected with the extreme ditTcrcnco in energy necessary to excite one of the electrons in this 
closed shell. 

f For brevity wo omit mention of the closed shells already present and speak of when of 
course the complete designation is 28^ 2p. 
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Fig. 1^^. Main features of the energy -level scheme of the elements from hydrogen to argon. (Scale in thousands of em“i.) 
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successive addition of a 2p electron to the normal configuration of the pre- 
ceding atom. At neon the process is brought to a stop by the operation of the 
Pauli principle, as six is the maximum number of electrons in any p shell. 
As we go from boron to neon we observe that the interval between the normal 
configuration and the lowest excited configuration progressively increases. 
There is thus little ground for ambiguity here as to prediction of the order 
of the low configurations in the element (Z + 1) from a knowledge of the 
spectrum of element Z. 

Thus we see that the first period of eight is connected with the sequence 
of normal configurations obtained by successive addition of two 2a electrons 
followed by six 2p electrons. Looking at the spectrum of neon we see that 
2p^ 3s lies below 2p^ 3p, with the other configurations definitely higher. This 
makes us expect a repetition of the previous development in the next eight 
elements by successive addition of two 3a electrons followed by six 3p 
electrons. This is in fact what happens. The close parallehsm of the period 
from Li to Ne and that from Na to A is very striking, although our know- 
ledge of the second period is far from complete, especially in regard to 
phosphorus and sulphur. 

What next? We notice in argon that 4s is lower than 3d, the departure of 
the effective field from the Coulomb form being sufficiently great to upset 
the order of n values as it occurs in hydrogen. Looking back we see that the 
inversion occurred at least as far back as neon where p^4s is definitely 
below p^ 3d. Even in nitrogen the known terms of p^ 4s are below 3d, but 
not so much but that the complete configurations probably overlap. This 
inversion has not occurred in boron; but by the time we reach sulphur, 
chlorine, and argon it is quite definite. Therefore we expect the next element, 
potassium, to have 4s for its lowest configuration. 

The eighteen elements from potassium to krypton are shown in Fig. 2^*. 
Here we have a situation which is quite different from that in the first two 
periods. There is a close competition going on between configurations of the 
type d'^s^, d''^+^s and for the distinction of contributing the normal 
state of the atom. As all of these are even configurations their proximity 
undoubtedly gives rise to strong interactions so that the assignment of a 
definite term to a definite configuration has much less meaning than in the 
cases heretofore considered. In scandium, the configurations ds^, d^s and d^ 
are rather widely separated, but in titanium the configurations d^s^ and d^s 
overlap considerably; similarly for succeeding elements. The competition 
is especially close in nickel where, although the lowest level is d® s^ , the 
term intervals are such that d^s^^F^ is considerably higher than d^s^Z)^ 
which hes only 205 cm~^ above the normal level. Our knowledge of these 
spectra, while extensive owing to their great complexity, is by no means 
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complete, but generally it may be said tbat the configurations and s 

overlap completely so that the question of which configuration gives the 
normal state, as far as it has significance, is as much dependent on the 
internal interactions in a configuration as on the central field. A striking 
property of these atoms is their almost constant ionization energy as con- 
trasted with the upward trend in the ionization energy during the filling of 
a p shell. The lowest levels of the doubly ionized atom are indicated in 
parentheses for some of these elements. 

Copper is somewhat akin to the alkalis in that its level system is mainly 
due to various states occupied by one electron outside the closed Zd shell. 
But configurations like d^s^ and d^sp are still in evidence relatively low, 
whereas the corresponding and p^sp are not observed in alkali spectra. 
In copper and zinc we note that 4p is definitely below 5s; this leads us to 
expect that the 4p shell will be filled in the next six elements. This is the 
case, although our knowledge of some of these spectra is quite fragmentary. 
We thus arrive at another inert gas, krypton, the eighteenth element after 
the last preceding inert gas, argon. In these eighteen elements the 4s, Zd and 
4p shells have been built in. This is known as the first long period in the 
periodic table. 

There are many variants of the periodic system employed by chemists : a 
fairly common form is reproduced in Table 1^^. Let us note how their treat- 
ment of the first long period differs from that of the short periods and the 
relation of this to the facts of spectroscopy. In Groups I and II, potassium 
and calcium are clearly alkali and alkaline earth, but from Group III to 
Group VII the elements do not have such a close relationship to the ele- 
ments of the first two periods: the metal, manganese, has certainly little 
in common with the halogens, fluorine and chlorine. That is correlated here 
with the fact that a d shell rather than ap shell is being filled. As the d shell 
is longer than a p shell, they have to introduce a Group VIII and lump three 
elements into it. Then they omit an entry from Group 0 and put the remain- 
ing elements into the second or ‘ odd’ series of the long period. With these 
an s and a p shell are being filled, so we expect them to show more chemical 
similarity with elements of the first and second short periods than did the 
first part of the long period. This is certainly the case for the elements 
bromine and krypton at the end, but not for copper and zinc at the 
beginning of this group. In the table the rare gases are counted in at the 
beginning of new periods, whereas we prefer to count them in at the end: 
this is just one example of the kind of arbitrariness present in the empirical 
system, which has led some to suggest that the elements should be distri- 
buted on a spiral curve drawn on a cylinder to emphasize the arbitrariness 
in the choice of beginning and end of a period. 



Table 1“. The periodic UMe. 



Mfth long (Even series Rn*® — Ra*® Ac®® Th®® Pa®^ 
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Fig. 3“. Main features of the energy-level scheme of the elements from rubidium to xenon. 

Fig. 4^^. (Inset.) Main features of the energy -level scheme of the elements from caesium to uranium. 
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It is not necessary to discuss the remainder of the system in such t 
The second long period builds in the 5s, 4d, and 5p shells, ending with xen_. 
This is illustrated in Fig. 3i4 where the similarities with the first long perio*- 
are evident. 

With the third long period greater complications set in (Fig. 4i4). It starts 
off hke the others with the alkali, caesium, and the alkaline earth, barium, 
closing the 65 shell. After this the 6a and 5d electrons start a long-period 
competition as before, but now the 4/ states enter the competition. The com- 
plexity that presents itself is so great that thus far very little progress has 
been made in disentangling the spectra of the elements which have/ electrons 
in their normal configuration.* These are the rare earths — the chemists do not 
have such an easy time with them either. There are fourteen places, from 
cerium (^ = 58) to lutecium (Z = 71), where the 4/ shell is being filled. 
From Hf 72 to Pt 78 the fillin g of the 5d shell, interrupted by the rare earths, 
continues. In the process the 6s electrons have been displaced so that they 
must come in again at gold (79) and mercury (80) to give elements chemically 
resembling copper and zinc, having respectively one and two s electrons 
built on just completed d shells. Finally in the elements thalhum to radon 
the 6p shell is built in. In these spectra, due to large spin-orbit interactions, 
there is a pronounced tendency tojj coupling. The radioactive metals follow: 
almost nothing is known about their energy-level schemes. 

For many purposes it is convenient to have a periodic table of the elements 
which shows the electron configuration of the normal state of the atom. 
Table 2^4 jg arranged in this way, and provides a convenient summary of 
the main facts which have been discussed in this section. 

2. The statistical method of Fermi-Thomas.f 

The first method of getting an approximate central field which we shall 
consider is that of Fermi and Thomas, who treated the cluster of electrons 
around a nucleus by the methods of statistical mechanics as modified to 
include the Pauli exclusion principle, that is, by the Fermi-Dirac statistics. 
In this method the phase space associated with the positional coordinates 
and momenta of each electron is divided into elements of volume and the 
exclusion principle is brought in by the restriction of the number of electrons 
in each cell to two (corresponding to the two possible spin orientations). 

If p is the resultant momentum of an electron, the volume of phase space 
corresponding to electrons having less than this resultant momentum and 
located in volume dv of physical space is %‘Tc'p^ dv. Let us suppose the number 

* See the recent paper by Albertson, Phys. Rev, 47, 370 (1936). 

■j* Pebmi, Rend. Lincei 6, 602 (1927); 7, 342, 726 (1928); Zeits. fiir Phys- 48, 73; 49, 560 (1928) ; 

Thomas, Proc. Camb. Phil. Soc- 23, 542 (1927). 
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of electrons in unit volume is n. We assume that the kinetic energy of 
electrons at each point is as small as possible consistent with the density 
at each point. This means that^o> maximum value of p at each point, 


47rp® 


is connected with n through the relation 2 -^^ — n, so that 


Jl 


( 1 ) 


gives the maximum value of the kinetic energy of the electrons occurring at 
a place where the density is ti. If 9 is the electrostatic potential at the point 
in question, counted from zero at infinity, the potential energy of the elec- 
tron is — 69. If py^fj, < 69, the kinetic energy of the electron is insufficient 
to permit the escape of that electron to infinity. As this must be the case in 
the atom, we write i 

— p5=e(9-9o), (2) 

where 90 is a positive constant.* Since for a neutral atom 9 tends to zero at 
infinity we also assume that u = 0 for regions of space where (2) leads to a 
negative maximum kinetic energy. Using (1) and (2) we see that the electron 
density at a point is related to the potential 9 by the equation 


Stt 


w = [2^6(9 -9o)]^^. 


(3) 


Treating the charge distribution as approximately continuous we may 
use the Poisson equation of electrostatics, A9 = — 47r/), to obtain the basic 
equation of the statistical method: 

^ 327r2e , 

Ar) = 


I2fj£r]f, 


(4) 


3/^8 

where 17 = 9 — 9o . 

This equation has been used for an extension of the statistical method to 
moleculesi" and to metals. J We confine our attention to its application to 
the atomic problem. For the atom we need a solution of (4) which is such 
that9->--Zfe/r asr->0, and r9->0 asr->-oo, and which has spherical symmetry . 
It turns out that for the neutral atom we may put 9^ = 0. Using the polar 
coordinate form of the Laplacian and writing 




= xb b = = 


88634a 

__ ^ 


( 5 ) 


* The introduction of 90 is due to Gtith and PurEHLS, Phys. Rev. 37, 217 (1931). 
t Huiro, Zeits. fur Phys. 77, 12 (1932). 

} Lennabd- Jones and Woods, Proc. Roy. Soc. A 120, 727 (1928). 
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we find that satisfies a differential equation free from universal 
stants: 



oon- 

( 6 ) 


We need a solution of this such that x = 1 a-t = 0 and x “ 0 at r — oo. Such a 
solution has been computed numerically* and is given in Table 3^^. 


TABiiB 3^*. Thefunctdon x(®)* 


X 

X 

X 

X 

a? 

X 

X 

X 

0000 

1-000 

0-417 

0-651 

0-917 

0-449 

7-083 

0-0460 

0-010 

0-986 

0-468 

0-627 

0-968 

0-436 

8-126 

0-0355 

0-030 

0-969 

0-600 

0-607 

1-000 

0-426 

9-167 

0-0287 

0-060 

0-924 

0-642 

0-682 

1-260 

0-364 

10-000 

0-0244 

0-080 

0-902 

0-684 

0-669 

1-667 

0-287 

11-16 

0-0198 

0-100 

0-882 

0-626 

0-662 

2-083 

0-234 

1 12-01 

0-0171 

0-160 

0-836 

0-667 

0-636 

2-500 

0-193 

13-33 

0-0139 

0-200 

0-793 

0-709 

0-518 

3-125 

0-150 

16-01 

0-0109 

0-260 

0-765 

0-760 

0-502 

3-960 

0-110 

20-00 

0-0058 

0-292 

0-727 

0-792 

0-488 

4-375 

0-0956 

24-00 

0-0038 

0-333 

0-700 

0-833 

0-476 

6-000 

0-0788 

30-00 

0-0022 

0-375 

0-675 

0-875 

0-461 

6-042 

0-0587 

36-92 

0-0011 


With this approximate potential function Fermi was able to make a 
striking calculation of the number of s, jp, d electrons in the atom as a func- 
tion of atomic number. At a point where the maximum value of ^5 is the 
actual momentum vectors are equally likely to be anywhere inside the 
centred momentum-space sphere of radius Hence the number of elec- 
trons in unit volume for which the component of p perpendicular to the 
radius vector has a value between p^ and p^ + dpj^ is 


^TTp^ypl-pl;,^ sWpl-L^lr^ 
p 


LdL 


if we introduce the orbital angular momentum L=pj. Hence the whole 
for which L lies between L and L -1- dL at all places in the shell 

between r and r -t- dr is 

32772 




■ "\/ p^ — Zi^jr^ dT L dL. 


Replacing pi by its value and integrating over those values of r for 

which the radical has real values, we obtain for the number of electrons for 
which L lies between L and L + dL 

N{L) dL = ^ jV2iJ.e(p-L^jr^dr^ LdL. 

* A short table was given by Fermi. The values given here are calculated 

with the differential analyser by Bush and Caldwell, Phys. Rev. 38. 1898 (1931). 
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We shall suppose in this semi-classical argument that we have to put 
L= and dL=h in order to find 

NAZ) = 2{2l+l)lj Jzy. (e9 - (7) 

where Ni{Z) is the number of electrons whose orbital angular momentum 
quantum number is I in the atom of atomic number Z. Written in this form 
the expression has a simple interpretation ; hr^ times the integral is the value 
of the radial quantum number, calculated classically, for an electron of zero 
energy and orbital angular momentum moving in a central field of 

potential energy, —e(p{r). The factor 2 (2Z-M) is the number of electrons in 
a closed shell and the other factor is the number of closed shells occurring. 
The integral in this expression has to be evaluated numerically. Fermi has 
done this; the results are compared with the empirical data in Fig. 6^^ 
where the smooth curves give the values of the theoretical Ni{Z) and the 



Fig. 6^*. Nximbers of s, p, d, and/ electrons in the normal state as a function of Z, 

as given by the statistical-field method. 

irregular curves give the empirical values as discussed in the preceding 
section. The agreement is extremely good. 

Another question which has been studied by the statistical method is that 
of the total ionization energy, that is the energy necessary to remove all of 
the electrons from a neutral atom. This was calculated by Milne and Baker.* 
The method is to calculate the electrostatic energy of the charge distribution. 
The total energy is half of this since by the virial theorem the average 
kinetic energy is minus half of the average potential energy in a system of 
particles interacting by the Coulomb law. The result is that the total energy 
of the normal state of the neutral atom of atomic number Z is 

W = 20*83 Z^ electron volts. 

An examination of the experimental data has been made by Youngf for the 

* MUiNE, Proo. Camb. Phil. Soc. 23, 794 (1927); 

Baker, Phys. Rev. 36, 630 (1930). 
t Young, Phys. Rev. 34, 1226 (1929). 
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elements up to neon. He finds good agreement with, the exponent of Z but • 
that the data are better represented by the formula 

W = 15-6 electron volts. 

Milne gave the theoretical coejBficient the value 17 because of numerical 
inaccuracies; this accidentally gave a much better agreement. 


3. The Wentzel-BriUouia-Kraixiers approximation.* 

An important method of finding approximately the eigenvalues and eigen- 
functions of one-dimensional Schrodinger equations was developed by 
Wentzel, Brillouin, and Kjcamersf independently. It is of interest because 
it exhibits the connection with the older quantization rules of Bohr and 
Sommerfeld. Let us first consider motion along a single coordinate xmder the 
potential energy Z7(a:). For convenience we suppose this has but one mini- 
mum and increases monotonically to the right and left of it. 

We enter the wave equation 

^''+^(£-cr)^=o (1) 

with the assumption ^ = ( 2 ) 

so that 9 has to satisfy + — JE1)== (3) 

If fi were zero this would be the same as the Hamilton- Jacobi equation of 
classical mechanics for the action function 8{x). This suggests writing 

9 ~ ^ “f" ij^9i "t” • . • -l“ {iKy^ 9j4 “)-•••• 


Equating successive powers of h to zero in the equation for 9 , we find 

S'^+2fx(U-JS) = 0, 

2<p[S' = S" 

for the first two approximations. These lead to 


Six) = J V2/X {E - U) dx, 

<Pi{x)^llog\2fM{E-U)l 

Hence in this approximation the wave function is given by 


where 


«Aa = IH ^expj^±ijcrda;j, 


(4) 

(5) 


The approximation is evidently not valid where E —U—0 as tp^ becomes 
infinite there. In this approximation (.&— inside the 

* A good discussion of this topic has been given by Habtiubis:, Proc. Manchester Lit. and Phil. 
Soc. 77, 91 (1933). 

t Wentzel, Zeits. fiir Phys. 38, 518 (1926); 

Brillouin, Jour, de Physique, 7, 363 (1926); 

Kbamebs, Zeits. fiir Phys. 89, 828 (1926). 
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classical range of motion, where E>U> this is equal to the classical pro- 
bability of being between x and x + dx^ the latter being taken proportional 
to the fraction of the whole period spent in going through this interval. 

Next let us investigate the behaviour near the classical turning points of 
the motion, that is near the roots x-^ and x^ (x^^kx^) of the equation 
E—U{x) = 0. In the neighbourhood of these two points 

a = '\/(x.j^{x — Xj), a = 'S/aL^{x^ — x)f 

where and <x.^ are both positive. Writing 

f (a; - x^) or a| — x), 

the wave equation near either of the turning points assumes the canonical 

form <^" + 1^=0. (6) 

The solution of this which is finite everywhere is an Airy integral* which 
Elramers took in the form 


tP = co{i)= f exp(^« -I- dt, 
zVrrJ G 


( 7 ) 


where the path G comes from infinity along the t — and goes to 

infiboity along the ray The function may be expressed in terms of 

Bessel functions of order one-third, so that the numerical tables and func- 
tional properties given in Watson are applicable : 


V- 




tf>0) 

(f<0) 


( 8 ) 


Applying the asymptotic formidas given in Watson (Chapter vn), we find 
that for large i coa(ffi - J^), (f > 0) 

(f<0) 

Comparing this with the approximation valid away from the turning points 
we see that 

a>(a^(x — — |OOsM adx — -gj 


OC^ / *77*\ 

aj(oc| {x^, — x)^ — I ~ I O’ da; 4- — I 


{x > x-^ 
{x < Xj) 




|a|4 

* Watson, Theory of Bessel Functions, p. 188. 


{x < X^) 

{X > X^) 
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These forms will join up smoothly in the region x^<a:<X 2 "wdth the solution 
(4) only if the arguments of the two cosine functions differ by an integral 
multiple of -zr. This implies that 

rxi 

2 adx = (2n + l)7ry 
J Xl 

or, in terms of the classical momentum at the point a;, that 


I* 

opdx 


= (% + !) h. 


( 9 ) 


This is exactly of the form of the Bohr-Sommerfeld quantization rule except 
for the occurrence of {n + in place of n. It thus appears that the use of 
quantum numbers increased by ^ in the old rule gives an approximation to 
the energy levels as determined by quantum mechanics. With the energy 
level so determined the approximate eigenfunction (not normalized) is 
given by , , , 

I lcr|“®expl i I adx\^ 

a ~ 1 a>(al (a; — aJi)), 


= 


Or^ COSI 


4k|-i exp^ij* od(j^. 


{X < Xj) 

{x^<x< ajg) 
(x^Xz) 

(x > 


( 10 ) 


This completes the discussion for a single rectilinear coordinate where the 
boundary conditions require that i/f be finite in the range — oo<a:< +oo. 
For atomic theory we are more interested in the equation for the radial 
eigenfunctions, where the coordinate range is 0 to + oo and the boimdary 
conditions jK(0) = jR(oo) = 0. This was treated by Kramers as follows: 

The equation is 

Near the nucleus U{r) is — Ze^/r+ G, so the equation has the form 


R" + 


2[x 

■p 






2fju 


J 


If we neglect the constant term in the coefficient of R, this equation may be 
solved in terms of Bessel functions to give 


S(r)~A SZrla), 


( 12 ) 
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the asymptotic expression for which is 


A I r \* 
V^\2Z^} 


cos 




Let Tis suppose that we have to take 


/2^a a 2*2 /y\ 

J 


as the argument of the complex exponential in (2). To terms of order r~^ this 

becomes oj .2 

VSZr/a + - ^ r .. ■■ - rrk, 

‘ VsZrla. 

so with this accuracy the approximation in the region of classical motion 
becomes / r \i T , 1 

Comparing this with the asymptotic expression for the Bessel function we 
see that they will agree if 

A='\/TTf jS = 7r/4, }c — l + ^. 

At the outer bound of the classical motion in r, one may join the approxi- 
mation smoothly by means of the co function as before. Thus Kxamers is led 
to the conclusion that one should use the classical quantum condition in 
the form . 

^p^dr = {nj.-\-^)Ti = {n — l — \)h, (13) 


where 


\ ^ TT, ^ + W 77 , 


That is, one uses half-integral values of the radial phase integral and uses 
(Z + ^)® instead of 1) in the term representing the efEect of the orbital 

angular momentum on the radial motion. 

This result is the basis of a method for finding an effective central field 
U (r) which was developed before quantum mechanics by Fues and Hartree.* 
This early work is characterized by the use of integral quantum numbers. 
This made the work easier because for the circular orbits the radial integral 
was zero, so their empirical energies gave several points on the curve directly. 
The first calculations with the half-quantum numbers demanded by the 
new theory were made by Sugiura and Urey.'j' They worked by a graphical 
process. Prokof jew J made calculations for sodium by a numerical method. 


* Etjbs, Zeits. fiir Phys. 11, 364; 12, 1; 13, 211 (1922); 21, 266 (1924); 

Habtbee, Proc. Camb. Phil. Soo. 21, 625 (1923). 
t StTGiTTRA and Urby, Kgl. Danske Vid. Selskab, Math. fys. 7, No. 13 (1926); 

SxrarcrBA, Phil. Mag. 4, 495 (1927). 
t Prokobjbw, Zeits. fiir Phys. 48, 265 (1929). 
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If we write ^(p)= -—Q{p)lp^, P^rfa, 

the quantum condition is 

(n-l-i)='^jv Q{p) - i[ep»+ (I + 

where the limits of integration hound the range in which the integrand is 
real. For large p we have Q(p) = p and for aU values Q{p) > p. Since the / terms 
of sodium are essentially hydrogenic, to a good approximation Q{p)=p 
for p>6*125. For smaller values Prokofjew assumes Q{p) in the form 
ap2 + jSp + y, choosing two coefficients in such a way as to join smoothly to 



Fig. 6^"*. Effective nuclear charge for potential field in sodium. 


the analytic expression used for larger p values and the third so as to fit the 
empirical energy values to the radial quantum condition. With this form for 
Q(p) the integral can be evaluated exactly. Prokofjew gives the following 
table as the result for Q{p) determined this way: 


Range of p Q(p) 


0 

to O'Ol 

Up 

001 

0-16 

-24-4 p“ + 11-63 p- 0-00264 

0-16 

100 

- 2-84 p2+ 4-46 p + 0-6276 

1-00 

1-65 

+ 1-608 p® — 4-236 p 4- 4-876 

1-65 

3-30 

0-1196p®+ 0-2072p + 1-319 

3-30 

6-74 

0-0006p® + 0-9933p + 0-0222 

6-74 

00 

P 
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In Fig. 6^^ is plotted the effective nuclear charge for potential 

U{p)^-^Z{p), 

ap 

as a function of p for this field as determined by Prokof jew and also for the 
Fermi-Thomas potential for an electron in sodium. We see that the latter 
does not approach the asymptotic value suj60Lciently rapidly in this case. 


4. Numerical integration of the radial equation. 

Given an approximate potential function, the eigenvalues and eigen- 
functions may be found by a numerical integration of the radial equation. 
We shall not attempt a thorough discussion of this matter as it involves 
varied questions of technique. A sketch of the method follows. 

A trial eigenvalue is chosen; the differential equation to be solved is then 


of the form 


1)2 y{x) = g{x), where g{x) =f{x) y 


and/(a;) is a known function (2) = d/da;). By assuming a power series for yi^x) 
near the origin one may find the numerical values of the coeflSLcients and 
compute a table of values of y{x) for small values of x. In terms of the back- 
ward difference operator V the finite difference tables 


Vo 

Vi 

Vz 

2/3 


go 

91 VVa 

'^^93 

9z 

Ws 

93 


may be set up for interval ^ in a;. We now try to calculate the next value of 
in terms of quantities either known or almost known. We have — g{x) 

so = V2gr ; hence = D-^V^g. 


Since 1 — V = we may express the operator in powers of V by 

the series 


V® lbg“2( 1 — V) = l — V- 1- ( 1 H- V) - 1 - terms of order V®, 
from which follows 


vVti = \gn~x + + ...]. 

Referring to the above scheme, we see that V22/4 involves the known 
and the unknown VV4 and These must be estimated from the 

trend in the table and a trial value of V22/4 calculated. From this we get 
V2^4 and 2/4 which gives us and so permits the extension of the table of 
differences of p by one more row. The computed value ofV^g^^ serves to verify 
the estimate already made. If they do not agree the computed is used 
to get a new value of the process repeated. With experience the 

first estimate will be right more than half the time and it ought never to be 
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necessary to make more tlian one correction to tke estimate of In 

this way the table is successively extended. 

The process is carried out until the behaviour at large values of a; is 
discernible. In general the trial value of the parameter will not be an eigen- 
value so the process must be repeated with a difEerent trial. By comparing 
the behaviour of the two trial functions one attempts to interpolate or 
extrapolate to a considerably improved trial value. No general rules for this 
have been given. 

5. Normal state of helium. 

We wish now to consider another type of approximate method of obtain- 
ing atomic energy levels, namely the variation method, and to illustrate its 
use with reference to the very exact calculations of the normal state of 
helium made by Hylleraas.* The key idea consists in recognizing that the 
Schrodinger equation is the differential equation corresponding to a mini- 
mum problem in the calculus of variations. From the general principles of 
Chapter ii we know that ^HxJj will be greater than the least allowed value of 
H for all j/f except the eigen-j/r belonging to this least allowed value. Moreover 
it is easy to see that tfsHtp is stationary for ^ in the neighbourhood of each of 
the eigen-j/r’s of H and that the stationary value is equal to the corresponding 
allowed value. In a general way it is a consequence of this stationary pro- 
perty that one can often calculate a fairly accurate value of the allowed 
energy from an evaluation of ifjHijj from a relatively inaccurate j/r. 

From the standpoint of the calculus of variations the Schrodinger equa- 
tion is simply the Euler equation which expresses the fact that the normal- 
ized minimizes iJjHtp. Instead of seeking ifj through its Schrodinger equa- 
tion, we may use the Ritz method.^ In this one tries to represent the 
unknown function ijj as belonging to a class of functions, say <f>{a,b,c , ...) 
depending on several parameters a,b,c, Then one chooses the para- 

meters in such a way that fH<f> is a minimum when <f> is normahzed. This 
implies a set of equations 

= = ... ( 1 ) 

which determine the minimizing values of the parameters. Evidently if the 
family <f>(a, b,c , ...) happens to contain the exact eigenfunction for some set 
of values of the parameters, the exact energy and eigenfunction will be found 
ill tins way. That would be a lucky accident. Generally the method furnishes 
that member of the family which gives the closest fit to the true eigenfunc- 
tion »/r. Moreover the value of fH<f> found this way will surely be greater than 

* HylTjIOraas, Zeits. fiir Phya. 48, 469 (1928); 54, 347 (1929); Norske Vid. Akads. Skrifter, 
Mat. Kl. 19.32, No. 6. 

t Hitz, Oesatn 7 ncUe Werke, Paris, 1911, p. 192; or Jour, fiir reine und angew. Math. 135, 1 (1907). 
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or equal to the least allowed value of H. This one-sided approach of the 
successive approximations to the true value is a useful feature of this 
method. It gives us a semi-test of the theory in comparison with experiment, 
since if we ever find a value lower than the observed lowest energy level the 
theory must be wrong. 

This method of dealing approximately with variation problems was 
developed for classical problems, especially in the theory of elasticity, and 
has proved to be a valuable tool in that field- It was first used in quantum 
mechanics by Kellner* to calculate the normal state of helium; the problem 
has been later treated with much greater precision by Hylleraas. It is 
evident that the success of the method depends principally on a fortunate 
choice of the family of functions ...) on which the approximation is 

based. In the work on helium it has been found convenient to use the dis- 
tances , ^* 2 , and ^12 and the three Euler angles specifying the orientation of 
the plane determined by the two electrons and the nucleus as coordinates. 
For the normal state, i/j does not depend on these angles. 

The simplest possible choice of eigenfunction is obtained by normalizing 

the product of two hydrogenic Is eigenfunctions (r is in atomic units). 
Here the integrations are simply performed and give, as the lowest energy 
level, —{Z — atomic units, and the eigenfunction (not normalized) 

This gives 1-695 Hydberg units instead of the observed value 1*810 for the 
ionization potential of helium. For the ionization potential as a function of 


Z we find (in Rydberg units) 

H-(l) 

He (2) 

Li+(3) 

Be-+-^ (4) 

Calculated — 0-066 

1-696 

6-446 

11-196 

Observed — 

1-810 

6-660 

11-307 

% error — 

6-4 

2-1 

1-0 


This shows that the simple screened hydrogenic eigenfunction gives quite 
good values as Z increases, corresponding to the fact that the interaction of 
each electron with the nucleus increases as Z^ while the electron interaction 
energy increases as Z. 

Using atomic units for length, let us write 

s = r-^->rr^, t = — and u = 

Then one parameter may be handled at once, in any trial function, namely 
the one which merely changes the scale of lengths in the trial function. For 
the energy of a function <j>{k8, kt, ku) we find 

E = ^{k'^M-kL), 


* JLblukwr, Zeits. fur Phys. 44, 91 (1927). 
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where, if we let 9 = u), 

Zf=J* cfoj* du^ dt{4zZsu — s^-\-t^)(^'^, 

(i)'+ ®y] 

+ 2 ^ ^ ^ 4 - a («*- , 

^=j dsi du[ dtu{s'^ — t^)cf^. 

Jo Jo Jo 

The condition dJE/jdk = 0 leads to fc = Lf2M, so 

jE7= -L^I4MN. 

This fixes the value of k in terms of the other parameters and gives us the 
minimum value of E with regard to variation of the scale of lengths in <f>. 
For <j> Hylleraas assumes 




^(s, t,m) = e S 

Odd powers of t cannot occur since <f> must be symmetric in the two electrons. 

The results of such calculations are extremely interesting and show that 
quantum mechanics is undoubtedly able to give the correct ionization 
potential to within quantities of the order of the neglected spin-relativity 
and nuclear kinetic energy terms. In the third approximation Hylleraas 

<^(s,i,2A) = e-*®(l-i-0-08w + 0-0U2), /b = 3*63 


E= -1'80488 Rhc, 
while in the sixth approximation 

<f>is, t,u) = e-^%l + 0’0972u + 0-0097t^ - 0-0277a -|- 0 - 002552 _ 0 - 0024 ^* 2 ), 

-1-80648 R^c. 


An eighth approximation led to 1-80749 R^c = 198322 cm“^ for the ionization 
potential as compared with an experimental value of 198298 ± 6 cm~^. It 
will be noticed that the theoretical value exceeds the experimental value by 
24 cm~^, which appears to contradict our statement that the Ritz method 
always gives too high an energy value. The discrepancy is due to the neglect 
of the finite mass of the helium nucleus and to relativity effects. When these 
are included the theoretical value becomes 198307 cm“^, which is in agree- 
ment with the experimental value. This is an important accomplishment of 
quantum mechanics since it is known that the older quantized-orbit theories 
led definitely to the wrong value. 

In order to calculate the ionization potentials of the ions iso-electronic 
with He, Hylleraas* modified the details of the use of the Ritz method so as 

* Hylleraas, Zeits. fiir Phys. 65, 209 (1930). 
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to obtain the ionization potential as a series in Z~'^. The result, in Rydberg 
units, neglecting the finite mass of the nucleus and the relativity correction 
is given by the formula 

E = Z^- 1*25^ + 0-31488 - 0-01752Z-1 4 . 0-00548Z-2. 

The data for comparison of theory and experiment are given in Table 4^^, 
from which it is seen that there is agreement within the experimental error 
of the known ionization potentials. 


TabiiB 4^*. Ionization potentials of tvm-dectron atoms. 



H- 

He 

Li II 

Be III 

BIV 

cv 

Calculated in RAc 

006284 

1-80749 

6-65965 

11-31084 

19-06160 

28-81211 

Mass correction 

-20 

-29 

-47 

-67 

-94 

-130 

Relativity correction 

- 2 

- 9 

-29 

-46 

-77 

-105 

Total 

0-05262 

1-80711 

6-65859 

11-30971 

19-06143 

28-81586 

Calculated in cm~^ 

6 774 

198 308 


1 241 222 

2 091 770 

3 161 770 

Measured in cna"*- 

* 

198 298 


1 241 350 

2 092 000 

3 161 900 

Probable error of 
measurement 

■ 

8 



300 

800 


6. Excited levels in helium. 

The variation method is peculiarly adapted to calculation of the lowest 
energy level of a system, for this is the level which corresponds to an 
absolute minimum of iJjHtp. The next higher level is characterized as the 
minimum value of ij/Hiff under the auxiliary condition that ^ be orthogonal 
to the normal state, and the third level is that which makes a minimum 

under the two auxiliary conditions that if/ be orthogonal to each of the two 
states of lower energy. In approximate work these auxiliary conditions make 
trouble, since in the absence of exact knowledge of the if/’s for the lower 
states all one can do is require orthogonahty to the approximately known 
lower states. This inaccurately apphed auxiliary condition in general intro- 
duces a large error in the calculations by permitting the trial ip to contain a 
component along the true ifj of the normal state, with a resultant * sagging’ 
of the minimum value of below the correct value. 

Nevertheless the existence of quantum numbers that are exact permits 
the exact fulfilment of the auxiliary conditions in some cases. This is 
exemplified by the calculations of Hylleraas and Undheimf on the I 5 2s 
level of helium. In so far as He has exact Russell-Saunders coupling this ip 
must be an antisymmetric function of the position of the two electrons. This 
condition alone serves to make it exactly orthogonal to the normal state, 
which is a symmetrical function of the position coordinates. Using hydro- 

* Loziisb, Phys. Rev. 36, 1417 (1930), finds that the electron affinity of the hydrogen atom 
is roughly 0*6 electron volt (6000 cm~^). 

•j- Hyix.i!RAAS and Undheem, Zeits. fiir Phys. 65, 769 (1930), 















614 EXCITED LEVELS IX HELIIJM 349 

g6iiic eigonfuiictioiis with. Z—% for the l5 state and. Z= \ for the 25 state, the 
eigenfunction (not normalized) for becomes 

C(i« - 2) sinhfi - coshfi], (1) 

where s and t are the elliptic coordinates of the preceding section, measured 
in atomic units. The value of ijillip for this, relative to the normal state of the 
He ion, is — 0*2469 Rfec which is considerably higher than the experimental 
value, - 0*36048 R Ac. Preserving the requirement of antisymmetry, one 
may generalize (1) to 

^ ~ [( + OgS + G^u + C^iLs) sinhci + i ( C ?3 + C^u) coshci] (2) 

and choose the parameters to minimize tJ/Hip. In this way Hylleraas and 
Undheim found - 0*35044 RAc for the energy of this level, agreeing with the 

experimental value to about 0*01 per cent. 

To illustrate the error involved in failing to apply the auxihary condition 
properly, they calculated ^Htji for the symmetric function analogous to (1) 
for the 21/S level. The value, - 0*3422 RAc, lies considerably below the 
observed — 0*29196 because of the ‘ impurity ’ of the normal state ip which is 
contained in the trial wave function. They tried a more general form 

ipr^e~^ [(Oi + C 2 S + C 4 U + coshc^ + t{C^ + Gqu) smhci] 

and apphed the orthogonality condition by a special device. The minimizmg 
conditions expressed by S^l are satisfied by several values of the energy. 
Instead of taking the least root, they chose the parameters in such a way as 
to minimize the next to the least value of the energy. This gave a value 
— 0*28980 RAc, that is, 0*7 per cent, higher than the observed value. A more 
significant way of estimating the accuracy is to note that it gives the 
departure from the hydrogenic value -0*25 RAc to within 6*4 per cent, of 

the actual departure from this value. 

OrthogonaUty of the 2 P terms relative to the normal state and the 2 S 
levels may be accurately obtained by the proper use of the dependence on 
the angular coordinates of these eigenfunctions. Calciilation of the 2 P level 
was made in this way by Breit,* by using the hydrogenic functions for Is 
and 2 p in the proper combination, with the effective nuclear charges Z^^g 
and Z^-o as the parameters. The value obtained was -0*2616 RAc, the 
experimental value being - 0*2664 RAc, an error of 1*8 per cent, on the 
value or 29 per cent, on the departure from the hydrogenic value. Eckartp 
made the corresponding calculation for the 2^P term, obtaining -0*245 
instead of the observed value - 0*2475. He made calculations with hydro- 

* Breit, Phys. Rev. 36, 569 (1930); 86, 383 (1930). 

-j- Eckabt, Phys. Rev. 36, 878 (1930). 
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genic functions and variable Z for the 2®/S', 2 and 2®P levels in Li II as 
well as He I. The results were, in Rydberg units: 


2 S/S 
2 sp 
2 ip 



Evidently the method could be applied to find the lowest levels in any 
series of configurations because of the orthogonality of the trial functions 
in the angle variables. 

Historically the first helium calculations are contained in a paper by 
Heisenberg.* It was in this paper that he laid the foundations of the theory 
of atomic spectra by showing the importance of the symmetry of the eigen- 
functions. Heisenberg’s calculations were confined to the Isnl configura- 
tions with Z#0. He assumed that the Is eigenfunction was almost entirely 
confined to smaller values of the radius than the 7il eigenfunction, so he 
could take for the potential energy function of each electron 

Z7(r ) = r — — + t;(r)'le® with v(r) — - ^ 

L ^ J (l/r. (r>ro) 

An electron inside Tq moves in the full field while one outside Tq moves in a 
screened field of effective nuclear charge, Z—l. 

If Tq is taken rather larger than a./Z and at the same time smaller than the 
values of r for which R{7il) becomes appreciable, one may use as a good 
approximation the hydrogenic eigenfunction with full Z for the Is electron 
and the corresponding function with nuclear charge {Z—l) for the nl 
electron. This implies a correction to the energy of 

(ls|^;(r)| Is) -f- {nl\v{r) — c^jr\nl) 

to allow for the fact that they do not correspond to U{r) but to purely 
Coulomb fields instead. In calculating the first order perturbation one needs 
the direct and exchange integrals of the Coulomb interaction as well as the 
perturbation energy corresponding to the fact that the true central field is 
the field, — Ze^jr. This provides the additional terms 

(ls'/iZ|e-/ri 2 |ls'/fc/) ± {lsnl\e^ [ry^\nl Is) — (ls|?;(r)| Is) — ( 7 ?.Z|?;(r)|nZ) 

with the result that the whole energy becomes independent of the choice of 
to the first approximation. It is 
Wlh^i 

^ {Is nl\e^ fr^^l Isnl) — {nl\e^ /r\nl) ± {Is nl\e^ Is). 


The third and fourth terms are nearly equal and opposite: on account of the 
spherical symmetry of the Is eigenfunction its field is like that of a charge 

* Hbisbinbeeo, Zeits. fur Phys. 89, 499 (1927). 
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concentrated at the centre. These two terms fail to compensate exactly 
because some of the R{nl) charge distribution penetrates to smaller radii 
than some of the Is charge. 

The numerical value of the third and fourth terms together (in Rydberg 
units) as calculated by Heisenberg is 

2^3 Zp Zd 

He (2) -0-0020 - 0-00070 6-7x10^8 

Li+(3) -0-0098 - 0-0032 

These values do not give a good approximation to the location of the mean 
of the singlet and triplet terms because we have neglected polarization. 
When the outer electron is present its field acts on the inner electron to 
distort its wave function and give an induced dipole moment which gives 
rise to an altered interaction between the two electrons. This polarization 
effect can, in principle, be calculated with the aid of the second order per- 
turbation theory. The most careful calculations of the polarization effect 
are those given by Bethe.* 

The separation of the singlet and triplet states is given by calculating the 
exchange integral {l 8 nl\e^lr-^ 2 \nlls). The values given by Heisenberg are 
(Rydberg units): 

2j), Zp Zd, 4(i 4/, 6/ 

He (2) 0-00766 2-57 x lO"® 6-26 x lO"® 

0-00246 1-60x10-8 4-31x10-8 

Li+(3) 0-0307 0-000189 6-96 x 10-’ 

0-00935 0-000108 6-72 x 10-’ 

7. Normal states of first-row atoms. 

In this section we shall review the work that has been done on the use of 
the variation method for finding the energies of the normal states of the 
atoms in the first row of the periodic table. Tor the Li iso-electronic sequence 
the most complete work is that of Wilson. f He works with an antisymmetric 
combination of one-electron functions as introduced in 3®6. For the radial 
functions he uses the forms 

R{2s)fr'^^cx,r e~^'^ — 

so that the trial function contains four variable parameters, i, yj, ^ and a. 
The minimizing with regard to the scale factor ^ can be carried out directly 
since ^ here plays the same role as fc in § 6 ^^. Because of the complicated way 
in which a, 17 and ^ appear in the expression for ifsHifs it was not possible to 
solve analytically for the best values of the parameters so a graphical- 
numerical method was used. 

• Betht!, Handbuch dor Physik 24/1, 2“ ed., 339 (1933). 
t Wilson, J. Chem. Phys. 1, 210 (1933). 
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To compare with, earlier work by Eckart and by GnilLe min . and Zener* it 
shoxild be noted that Eckart’s J?(2s) is obtained firom Wilson’s by the special- 
ization, = parameters to vary, while Guillemin 

and Zener’s is equivalent to writing ^ = r) in Wilson’s, leaving them with 
three parameters to vary. Comparing with Hylleraas’ precise calculations 
on helium we note the absence of any dependence of the trial functions on 
the mutual electronic distances, this would make the numerical work 
extremely difficult. The results show that the first term in JS(2s) is much 
larger than the second, so Zener and Slater'f have pointed out that good 
approximations can be obtained by simply omitting the second term in 
Ri2s). 

The results of all such calculations as summarized by Wilson are given in 
Table 5^* where the energies are expressed in atomic units (twice the Ryd- 
berg unit) . The calculated values of the ionization potential are the difference 
between the calculated normal state of the three-electron problem and that 
of the corresponding two-electron problem. 


Tablb 6^*. Energies of the Li iso-dectronic sequence. 



Total energy 

% difference 

Ion. potential 

% difference 

Lil 





Experimental 

- 7-4837 

— 

0-1983 

0-91 

Wilson 

- 7-4192 

0-86 

0-1965 

Guillemin-Zener 

- 7-4183 

0-87 

0-1966 

1-3C 

Slater 

- 7-4179 

0-88 

0-1963 

1-51 

Eckart 

- 7-43922 

1-22 

0-1696 

14-5 

Bell 





Experimental 

- 14-3422 

— 

0-6704 

0-61 

Wilson 

- 14-2639 

0-55 

0-6663 

Slater 

- 14-2684 

0-58 

0-6607 

1-45 

Bin 





Experimental 

- 23-476 

— 

1-396 

0-36 

Wilson 

-23-363 

0-48 

1-390 

Slater 

- 23-360 

0-64 

1-378 

1-22 

CIV 





Experimental 

- 34-778 

— 

2-3722 

0-30 

Wilson 

-34-713 

0-19 

2-3650 

Guillemin-Zener 

- 34-698 

0-23 

2-3496 

0-95 

Slater 

-34-690 

0-25 

2-3422 

1-26 


The i2(ls) functions used in all this work are hydrogenic in character 
except for the variable scale factor. The i2(2s) functions as used in the varia- 
tion problem are not directly comparable as they stand, since they are not 

* Eckabt, Phys. Rev, 36, 878 (1930); 

fi-TT TTT.Tgivmi r and Zbnhb, Zeits. fiir Phys. 61, 199 (1930). 
f ZBiiiBB, Phys. Rev. 36, 61 (1930); 

SiATER, ibid. 36, 67 (1930). 
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orthogonal to the i2(ls) functions and therefore cannot be regarded as 
belonging to the same effective central field. One can correct this by con- 
sidering Ji°(2s) ~ Ii(2$) 4- j8 i2(ls) as the proper 2s radial function, choosing 
^ so that Jil°(2s) is orthogonal to Ji(ls). This does not alter the value of the 
W in determinant form, since this change in i?( 25 ) corresponds to adding to 
one row of the determinant a constant multiple of another row. 



A, Wilson; B, Guillemin -Zener ; C, Slater; Z>, hydrogen -like. 

The four different i2(25) functions obtained by the four processes are 
compared by Wilson in Fig. 7^^, where R°\2s) is plotted after the i2(2s) has 
been made orthogonal to the i2(ls). It will be noticed that this process has 
introduced a node into Slater’s form for R{2s) although it was node-less in 
the original form. The figure shows a striking similarity of the It{2s) for the 
three forms which gave best agreement with experiment. 

Zener (Zoc. cit.) has applied the variation method to the normal states of 
the other atoms in the first row from Be to F. 

C S 
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8. Hartree’s self-consistent fields. 

The different applications of the variation method, that of seeking the 
i/f*8 which make iJiHip stationary for normalized may be classified according 
to the type of trial function admitted for In the Ritz method a trial 
function depending on several parameters is used. This makes the value of 
ipHilf depend on these parameters and the stationary values are sought by 
ordinary calculus methods. At the other extreme we have the case in which 
the variation of if/ is wholly unrestricted; then the Euler variation equation 
is just the Schrodinger equation of the problem. In between these extremes 
we may admit trial functions of special forms and determine their detailed 
character by the variation principle. The most useful of these is a method 
devised by Hartree* on physical considerations; recognition of its connection 
with the variation principle is due to Slater and to Fock.t 

Although we know from Chapter vi thait tfs must be antisymmetric in all 
the electrons, let us neglect that requirement for simplicity and write for the 
if/ belonging to the complete set A the simple form (2®4) 

... 

instead of the properly antisymmetrized function (3®6). Let us suppose each 
of the tt’s normalized, although as yet they are not specified to be solutions 
of a particular central-field problem as they were in §§ 1® and 2*. If we use 
the approximate Hamiltonian 1®1, neglecting spin-orbit interaction, the 
value of ^Hifj is 

V / 1 1 y.p%, \ N 

E = ^Hifj— S (u^— r^)“^ ^ (1) 

i=l \ 1^/^ ^ I / i>j = l 

the calculation of the matrix components being exactly as in §§ 6® and 7® 
only simpler because there are no permutations and hence no exchange 
integrals. The dependence of E on any particular factor of say is 

shown more explicitly by writing 

r r 1 r r (=h) g 2 

+ terms independent of Uiia "^) . ( 1 ') 

This dependence on is exactly of the form of the dependence for a 

one-electron problem in which the electron having the quantum numbers 
moves in an effective field for which the potential energy function is 

(+i) 

F(a^n)= — — + S \ — (2) 

M 3 J^ij 

This is true for each of the u’s, since they occur symmetrically in if/. Hence if 

* Harxbee, Proc. Camb. Phil. Soc. 24, 189 (1928). 
t SlA-THR, Phjrs. Rev. 35, 210 (1930); 

Fook, Zeits. fiir Pbys. 61, 126 (1930). 
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we make E stationary by varying eacb %(a^) independently, each must 
satisfy a one-electron Schrodinger equation in which the effective field is 
that of the nucleus plus the classical potential energy field due to the other 
electrons calculated according to their quantum-mechanical probability 
distributions. 

In this way the variation principle leads us to a set of simultaneous 
equations for the w’s. But they are very difficult, being non-linear and 
integro-differential through the appearance of u{a^) u{a^) under the integral 
sign in (2). Hartree’s procedure is to solve this system of equations by 
numerical integration using a successive approximation process. 

Physically the set of equations appears to be very reasonable. Each 
electron actually does move in a field that is due to the fixed nucleus and to 
the action of the other electrons. It was by such an argument that Hartree 
set up his equations rather than by way of the variation principle. This 
field, or set of fields, Hartree calls self-consistent in the sense that their own 
eigenfunctions are consistent with the potential field from which they are 
determined. The method is evidently applicable in principle to the calcula- 
tion of other problems where several electrons are involved. Eor example, 
Brillouin* has developed it for use in the theory of metals. 

Generally the potential in (2) due to the other electrons will not be 
spherically symmetric owing to a departure from spherical symmetry of 
the charge distribution '^u{a^)u{a^). To consider such departures from 

i 

spherical symmetry in the atomic problem would be very difficult and 
probably would not correspond to an improvement in the final result. For 
that reason Hartree does not use the actual non-spherically-symmetric 
potential field defined by (2) but the result of averaging this field over all 
directions. This results in each electron’s moving in an effective central field. 
To keep this symmetrizing process within the form of a variation problem 
we may assume for each u{a^) that it is of the form of the wave function of a 

central-field problem, i 

= - R{n^ P) S{P m\), (3) 

T 

where /S(Z^m|) = 0(Z^m|)O(m|) is the normalized spherical harmonic appro- 
priate to the set of quantum numbers a^. This means in the variation pro- 
blem that only the radial function B,\r is subject to variation. In (1') the 
integral representing the interaction of the electrons with quantum numbers 
and is now of the form 

J a?) = ufa^) ^ dvjdv ^ , 

* Bbillouin, Jour, de Physique, 3, 373 (1932). 

23-2 
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whose evaluation we have considered in § 8®. There we have seen that 

J a^) = 2 m|, P mj) JF^(rPP, nH^), 

h 

where the a’s are the coefficients in Table 2® and the are the radial 
integrals defined in 8® 15a. From this expression it is clear that the effective 
central field for the electron with q^uantum numbers becomes 

( =)=■*) 

F(a^,r,)= - — + S ~^R\nW)dr^. (4) 


This is a central field, to be sure, but its value depends on the of the 
electron in question. This is an undesirable feature since we have to use the 
various complete sets A belonging to a configuration to calculate the details 
of the level structure of that configuration, as in Chapter vn and later 
chapters. As that structure involves integrals of the type F* anyway, it is 
not likely that we gain much in accuracy by dealing with different central 
fields for each value. For any fixed value of Pm\ , the a’s of Table 2® have 
the property that the average over m\ vanishes for and is equal to 
unity for fc = 0. Therefore if we use for each value of m\ not the field given by 
(4) but the value on averaging over the values of we have the same result 
as if we had taken the non-central field (2) and averaged it over all directions 

of Vi , that is, (=H) /• _2 

V{a\ r,) = - — + 2 — E^{7PP) dr . . 

j J 


This is the field with which the Hartree method actually works. 

By this operation of introducing central symmetry, the system of equa- 
tions becomes a system of ordinary integro-differential equations for the N 
radial functions, E{a^), instead of a system of N partial integro-differential 
equations, each in three independent variables for the N functions, u{a^). 

Let us next see what value this method gives for the energy of the atom. 
The characteristic value €(a^) of the equation for the electron is not the 
work necessary to remove it to infinity with no kinetic energy, for in the 
actual process of removal its contribution to the effective field in which the 
others move is removed which in turn alters the characteristic values of all 
the other electrons. Nevertheless it turns out empirically, as we shall see, 
that these characteristic values for the deep-lying electrons do provide good 
approximations to the X-ray term values, so it must be that the correction 
terms are quite small. 

The value of E from (1) is given now by using our results for the self- 
consistent wave functions. It is evident that we shall have 


jEJ = 2 e(a^) — S (a^ a^ | |a^ a^’), 

i >js=l 


( 5 ) 
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since the interaction of each other electron with the electron is counted 
once in the equations by which each €(a^) is determined. On summing over 
i in the first term therefore the interaction of the electrons is counted twice 
whereas in (1) it should be counted but once, so the interaction energy has 
to be subtracted from Se(a^) to allow for this.* Suppose we compare this 
with the energy E' for the N — 1 -electron problem in which the electron is 
removed: 

E'=‘ S€'(a^')— S 

j j>k 


where, however, the values of the terms occurring are calculated from the 
altered self-consistent field (indicated by '). The increase in energy for 
removal of this electron is 


m) (^) 

{E'-E)=-€{a^)-\- S [€'(aO-€(aO]+ S 

i 3 

(=K) 

— S \_{a‘^ a^\e^lrjjf.\a^ — {a^ a^\e^lrjjg\aP a^)], 
j>k 

which exhibits the terms responsible for the difference between €(a^) and the 
ionization energy of the electron. Roughly, the removal from the equa- 
tion for each other electron of the positive potential due to the electron 
will make each < €(a»‘), so the first sum is negative. In so far as we can 
calculate €'{a^) — €(0^) by taking the average over the state u(a'f’) of the change 
in potential energy without allowing for the change in u{a^) itself, the term 
€'{a^) — e{aP) = — (a^ \ e^/r^^\a‘^ aP) so that the first two sums cancel each other 

approximately. In this same approximation the third sum vanishes, for its 
whole value arises from the changes in the functions u{a^) and u{a^). This 
shows us roughly why the quantity €{aP) is equal to the energy of removal of 
the electron. 

Before proceeding to discussion of the numerical results of the Hartree 
method we observe that each electron’s field depends on the particular 
configuration being considered. As a consequence the i/f’s obtained for the 
different configurations are not orthogonal and so cannot be made the basis 
for a calculation in which configuration interaction is taken into account by 
the perturbation theory. On the other hand the various complete sets 
belonging to the same configuration do have orthogonal eigenfunctions 
since their orthogonality depends simply on the spherical harmonics and 
the spin functions. Therefore we can use the radial functions found by the 
self-consistent field method to calculate the term structure of any one con- 
figuration by the methods developed in previous chapters on the basis of 
a more strict central-field approximation as set up in Chapter vr. 


* Gaunt, Proo. Oamb. Phil. Soo. 24, 89, 111, 426 (1928); 25, 225, 310 (1929). 
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9. Survey of consistent-field results. 

In, this section we shall give an account of the numerical results which 
have been obtained by the application of Hartree’s method to particular 
atoms. The computing labour involved for accurate results is considerable 
but the results so far obtained indicate that the method is an excellent one 
for obtaining good radial functions for a first approximation to the atomic 
structure problem and as the starting point for more exact calculations. 
Therefore a number of workers are now engaged in a programme of these 
calculations, the chief activity being that of Hartree and his students at 
Manchester. He is constructing a differential analyser of the Bush* type 
which will be largely employed on this work and will soon add considerably 
to our knowledge of this type of atomic wave function. Owing to the 
rapidity with which these calculations are being made this section of our 
book win probably be out of date soon after publication, so the reader who 
wants to keep abreast of the field will need to follow the current literature. 

According to a summary prepared by Hartree for the summer spectro- 
scopic conference at the Massachusetts Institute of Technology in 1933 , the 
work may be divided into two classes according to the standard of accuracy 
with which the self-consistency condition is fulfilled. In class A the maximum 
error is two or three units in the fourth decimal place. Class B includes 
calculations of a decidedly lower standard of accmracy. Of class A the 
following were complete at that time: 

Oxygen I, II, III, IV Hartbbb and Black, Proo. Roy. Soc. A139, 311 (1933). 

Neon I McDotrOALL, unpublished. 

Sodium II McDoxraALL, unpublished. 

Copper II and chlorine negative ion Hartbbb, Proo. Roy. Soc. A141, 282 (1933). 

Potassium II and caesium II Hartree, ibid. A143, 506 (1934). 

Silicon V MoDoucAUii, ibid. A138, 550 (1932). 

In addition to these he reported that various persons associated with him 
were at work on Be, AlIV, A, and Rbll and that he would shortly under- 
take the negative fiuorine ion and Ca III. 

In class B the following were complete: 

Helium I (and two-electron ions) Caldwell (Mass. Tech.) and unpublished work by Hartree. 

Lithium I Hargreaves, Proc. Camb. Phil. Soc. 25, 75 (1928). 

Be II and Be I, also B III Hartree, unpublished. 

Nel, FI, and fluorine negative ion Brown, Phys. Rev. 44, 214 (1933). 

Boron I Brown, Bartlett, and Dunn, ibid. 44, 296 (1933). 

and in progress were carbon by Torrance (Princeton)t, silicon by Lindsay 
(Brown), and titanium V, silver II, and mercury III by Hartree. J 

It would take too much space to make a full presentation of all details. 
Therefore we shall tell only of the programme of Hartree, in collaboration 

* Bush, J. Franklin Inst. 212, 447 (1931). 
t Now completed: Torrance, Phys. Rev. 46, 388 (1934). 
j For naercury see Hartree, Phys. Rev. 46, 738 (1934). 
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with Comrie and Sadler, and the work of Hartree and Black on oxygen, as 
representing some of the most interesting possibilities of the work.* After 
standardizing the computing method, Hartree arranged with Comrie and 
Sadler to carry out the detailed computations. The procedure, as Hartreet 
explains, was as follows: 

“From the earlier work, I make revised estimates of the contributions to 
the field from the various electron groups, and the computing work carried 
out professionally is concerned with the calculation of wave functions in the 
field so constructed, regarded as given^ and of charge distributions from these 
wave functions. For reference I will call these calculations the ‘standard 
calculations.’ Unless estimates of the contributions to the field have been 
unusually fortunate, the results of these standard calculations are not yet 
near enough to the self-consistent field to be quite satisfactory, but they 
should be near enough for the effect of any variation of the estimates to be 
treated as a first order variation from the results of the standard calculations. 

“A further revision of the estimate is made if necessary and the variations 
in the wave functions, etc. due to the variations in the estimates from those 
used in the standard calculations are calculated, and the variations of wave 
functions, etc. added to the results of the standard calculations; the varia- 
tions are so small that this variation calculation is very much shorter and 
easier than the main calculation. If necessary, further revisions of the 
estimates are made and corresponding variations from the results of the 
standard calculations are worked out, until a thoroughly satisfactory 
approximation to the self-consistent field is obtained.” 

We now turn to the results for Cl~ and Cu+. If R{nl) is the normalized 
radial function of the self-consistent field, then the total charge due to an 
electron in this state lying within r is given by 

ZQ{nl, nl;r)~j R^{nl) dr, 

this being a special case of a more general set of radial functions 

nH ^ ; r) = r-^^ C rj R{nW) dr ^ , (1)$ 

J n=0 

which arise in other parts of the work. The effective nuclear charge for field 
strength (which we called Zf in § 9^®) is then, at radius r, 

Z(r) = Z—'Tt ZQ{nl, nl\r), 

the sum being over the nl values of the configuration under consideration. 
The quantity [1 — ZQ{nl, nl ; r)] is the contribution to Z at radius r from unit 

* For OpII extended discussion, of the calculation of the terms of the one-electron spectrum. 
Si IV, starting from, the Hartree field for Si V, see McDouqalIj, Proc. Roy. Soc. iV.138, 660 (1932). 

I Haetrbe, Proc. Roy. Soc. A141, 282 (1933). 

J Hartreo’s notation for this function is n^l^\r). 
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change on the nucleus as screened by an electron in an nl state. “ It is in 
terms of these contributions to Z that work on the self-consistent field is 
usually done, and the extent of the agreement between estimated and 
calculated contributions usually expressed.” 

In the standard calculations the contributions to Z were evaluated to 
three decimals with the last uncertain by one or two units. The standard of 
self-consistency was such that the difference between the estimated and 
calculated contributions to Z for each whole group of electrons of the same 
value did not exceed 0*02 at any radius. Hartree says: 

“The contributions to Z may be called ‘stable’ in the sense that if the 
estimated contributions from any group is increased over a range of r, the 
effect of this is to decrease the calculated contribution from this group (and 
from others also); for an increase of Z means that the attractive field on an 
electron towards the nucleus is increased, the wave functions of electrons 
in the field become more compact, and the proportion of the electron dis- 
tribution lying inside any given radius is increased^ . . . 



Fig. 8“. Illustrating ‘ over-stability ’ in calculation of Hartree field for Cu II. Full line 
shows change of estimated contribution to broken curve shows the consequent 
change in the calculated contribution to Z. 

“For all but the groups of the outermost shell, it is usually if not always 
the case that the change in the calculated contributions is smaller than the 
change in the estimated contributions. If this were so for all groups, an 
iterative process, taking the calculated contributions from one approxima- 
tion as the estimates for the next, would give a series of calculations with 
results converging to those for the self-consistent field; though this process 
would be unnecessarily lengthy, as with experience it is usually possible to 
make revised estimates better than those obtained by simply taking the 
calculated contributions of the previous approximation. But for the groups 
of the outer shell, and particularly the most loosely boimd group, there 
sometimes occurs a phenomenon which may be termed over-stability, in 
which a change of estimated contribution to Z causes a change in the 
calculated contribution larger than the change in the estimate. When a 
group is over-stable in this sense, an iterative process would not converge, 
but, for small variations, would oscillate and diverge, and it is then quite 
necessary to choose, as revised estimates of contributions to Z, values 
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better than the calculated contribu- 
tions of the previous approximation; 
it is also unusually difficult to make 
satisfactory estimates and adjustments 
to them, so the process of approxima- 
tion to the self-consistent field is most 
troublesome in such cases.” 

An example (Fig. 8^^) of this kind of 
over-stability is given in the calcula- 
tions for the group in Cull. The 
tables of the radial functions obtained 
are given in full in Hartree’s paper. To 
exemplify the point discussed in the 
preceding section that the individual 
electronic eigenvalues, €(a^'), agree fairly 
well with the X-ray terms, Hartree 
gives this table: 


nl 

€ 

v/R from 
X-ray data 

Per cent, 
difference 

la 

658-0 

661-6 

0-64 

2a 

78-46 

81-0 

3-1 

2p 

69-86 

68-9 

1-6 

3a 

8-968 

8-9 

0-8 

3p 

6-078 

6-7 

6-7 

3d 

1-195 

0-4 

200 


From the radial functions the total 
charge distribution in electrons per 
atomic unit of the radius can be calcu- 
lated. Using the results for KII and 
Rbll, the alkali ions preceding and 
following Cull in the periodic system, 
an interesting comparison is made in 
Fig. 91^ from Hartree’s paper. This 
shows clearly that the charge distribu- 
tion for Cull is much more compact 
than for either of the alkali ions, a fact 
which is reflected in the interatomic 
distances in the crystal lattices of the 
three metals: 

Half intoratomio distance 

K II 2-309 

Cull 1-275 

Rbll 2-43 




Fig. 9^“*. Charge distributions in KII, 
Cull, and Rbll as obtained by the 
Hartree method. 
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Comparison of these values with the charge distribution curves shows that 
in each case half the interatomic distance is just a little greater than the 
abscissa of the last inflection point in the total charge distribution curve. 


10. Self-consistent fields for oxygen. 

While most of the calculations on self-consistent fields are for atoms or 
ions in which all the electrons are in closed shells, this is not the case in 
oxygen for which an interesting study has been made by Hartree and 
Black.* This affords a more severe test of the method than closed shell 
structures in which there is no approximation involved in averaging the 
field over all directions in space. The results obtained for the total charge 



Fig. 10^*. Charge distributions in OI, Oil, OIII, and OIV, as obtained 

by the Hartree method. 

density distribution are shown in Fig. 10^* which indicates clearly the 
increasing compactness of the atom as the degree of ionization is increased. 

This closing-in is mostly due to the change in the 2p radial function as is 
brought out nicely in Fig. 11^^ which shows the radial charge distribution 
of the electron for several stages of ionization. The curves are not 
accurately representable as a single function plotted to different scales of 
abscissas, however, which is the approximation implied when the wave 
functions are treated as hydrogenic with appropriate screening constants. 

In using these radial functions to calculate the energy levels of the normal 
configurations of the oxygen ions, the quantity 'FjfTF is evaluated, where T* 
is the properly antisymmetrized combination of the one-electron functions, 
as in 3®6. This integral can be evaluated for each state of the zero-order 

* Hartkbb and Black, Proc. Roy. Soo. A139, 311 (1933). 
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approximation in terms of the F and G integrals as in Chapter vi and then 
these may be used as in Chapter vn to find the energies of the Russell- 
Saunders terms. The present calculation goes beyond that of Chapter vn, 
for now we have the radial functions and so can get approximate theoretical 
values of these integrals instead of treating them as adjustable parameters. 

There are two points to be noted in extension of the developments of 
Chapter vi : 

First, the results of Chapter vr, especially of §§ 6 ® and 7®, depend essentially 
on the fact that the one-electron eigenfunctions, uia^), are orthogonal. If the 
functions are not orthogonal, analogous results can be developed but they 
are much more complicated. The self-consistent functions are orthogonal 



with respect to I, rrig, and rrii because the spherical harmonic and spin 
factors have been retained, but they are not orthogonal with regard to n 
since different central fields are used for R{nl) and R{n'l). This is most simply 
remedied by using for R{nl) and R{n’l) not the functions given directly by 
the Hartree method but linear combinations of them that are orthogonal. 
This does not affect the value of T because it amounts to performing the 
same linear transformation on all the functions in the same rows or columns 
of a determinant, (Compare § 7 ^^^) "^^0 pause to note that the fact that this 
may be done in a large variety of ways without affecting the result shows 
that the exact distribution of the charge density among different values of n, 
for the same Z, is without significance. Thus for the I 5 and 2^ electrons any 
two orthogonal functions for which R\\s) -f- R'^{2s) is the same function of r 
as is given by the Hartree field will do equally well. In the actual numerical 
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work it is found convenient to take the following combinations as the 
orthogonal functions (denoted by °), 

i2°(ls) = i2(l5), 

i2®(25) = (1 - >S2)-^[i?(25) - SB{ Is)], 


where 


iS= rj!(i«)je(2s)(*-. 


Second, in the Hartree method the radial functions are not, as in Chapter 
vt, eigenfunctions of the same central-field problem. As a consequence the 
calculation of the quantities 

J ~ 

becomes an actual calculation, whereas before we could replace 


j* w(a^) 4- ?7(r)^ u(a^) dv 


at once by E{a'^) since the u{a^) were characteristic functions of this central- 
field problem. This makes necessary a fair amount of additional computing. 

The results of the calculations are very good, with regard to both the 
absolute values of the terms and the inter-term separations. Measuring each 
term down from the normal level of the ion with one less electron, the values 




Calculated 

Observed 

0 III 2pa 

ap 

1-988 

2-025 



0-099 

0-091 


W 

1-889 

1-934 



0-148 

0-105 



1-741 

1-829 

0 II 


1-258 

1-301 



0-129 

0-134 


w 

1-129 

1-167 



0-087 

0-062 


ap 

1-042 

1-105 

01 2j)* 

ap 

0-416 

0-500 



0-073 

0-072 


W 

0-343 

0-428 



0-109 

0-081 



0-234 

0-347 


The agreement here is as good as can be expected. On the standard first 
approximation the interval ratio (}D — ^S)I{^P — W) should be 1"5 while the 
observed ratio is only 1- 14 in 0 1 and O III (cf. § 5^), so evidently large per- 
turbations of the second order are important here. 



CHAPTER XV 

CONFIGURATION INTERACTION 


Hitherto we have neglected matrix components of the electrostatic and 
spin-orbit interactions which connect different configurations when applying 
the perturbation theory. Now we have to consider what properties of atomic 
spectra are distinctively associated with these matrix components. So long 
as the inter-configuration components are neglected, the resulting eigen- 
functions are precisely associated with definite configurations; this has been 
the standpoint of the preceding chapters. If they are no longer neglected, 
their effect may be treated as a perturbation which causes interacting energy 
levels to be pushed apart and results in an intermingling of character through 
Hnear combination of the T”s of the interacting levels. 

Such interactions are of quite general importance in atomic spectra. 
Generally the T* of a level cannot be accurately approximated by a single 
definite function of the type 3®6 or of combinations of them belonging to one 
configuration such as we have considered exclusively except in the last 
chapter. In Chapter xiv we have seen that more general forms were needed 
by Hylleraas in order to obtain an accurate calculation of the normal state 
of helium. When the variation method is used, all attempts to recognize the 
trial functions as the wave functions of a central-field approximation are 
given up. The reader may readily satisfy himself, however, that any wave 
function depending explicitly on the distance r-^i^ of the two electrons in 
helium corresponds to no definite configuration assignment in any central- 
field problem. In such calculations of energy levels the central-field ter- 
minology is more in the background, however, so we must look elsewhere 
for really distinctive manifestations of the interaction of configurations. 

These are of several kinds. So far very little theoretical work has been 
done in the way of definite and detailed calculations of these effects, so this 
chapter must be in the nature of an outline sketch. 

First, it may happen that two particular configurations have a large electro- 
static interaction which is sufficient to make the order of the terms be other 
than that given by the ordinary first-order theory of Chapter vil. The best 
example is the interaction of sd and configurations in Mg I, which we 
consider in § 1. 

Second, one term of a configuration may interact with an entire series of 
terms with a consequent departure of the series from the simple Rydberg 
or Ritz formulas which usually hold for series. This we shall discuss in § 2. 

Third, terms lying higher than the ionization potential of an atom are in 
a position to interact strongly with states in the continuous spectrum corre- 



366 OONFIGUBATIOlSr INTERACTION 

sponding to unclosed electron orbits of one electron relative to the ion. As a 
result such levels lose their sharpness and acquire something of the cha- 
racteristics of the continuous spectrum. They give rise to broad fuzzy lines, 
their lifetime is altered and their intensity relationships become quite 
sensitive to the partial pressure of free electrons in the source. This pheno- 
menon, which is analogous to predissociation in molecules, has not been 
treated very exactly theoretically in any special case. We shall report the 
known facts in § 3. 

Fourth, as already mentioned in § 1®, the possibility of so-called * two- 
electron jumps,’ that is, line emission in which the apparent configuration 
change involves two of the nl values, is connected with breakdown in con- 
figuration assignments. This is discussed in § 4. 

Finally, in § 5 we discuss the intensity anomalies in the alkali spectra 
which are associated with spin-orbit interaction between configurations. 

1 . Interaction of sd and in magnesium. 

The general theory of the Russell-Saunders term energies (Chapter vn) 
gives and for the simple sd configuration and for the interval — ®i> 
the formula iX) - n'd) , 

where the O is defined by 8®15b. From their definition the 6?’s do not need 
to be positive like the F’s, and so at first sight it appears that the singlet 
might on occasion lie below the triplet on the energy scale. This is actually 
the case in the ZsZd configuration of Mg I. However, Bacher* noticed 
that no reasonable approximation to the radial functions R{Zs) and R{Zd) 
would make the O integral negative. Using radial functions determined by 
a method devised by Slater he calculated ~ -I- 4000 cm“^, whereas 

the actual experimental value is 1600 cm~^. 

Thus the is actually about 5600 cm~^ below its position calculated by 
the ordinary method. This Bacher ascribes to interaction with the con- 
figuration, which gives ^Z), and '^8 terms. Since and commute with 
, the electrostatic interaction will have no matrix components con- 
necting terms differing in regard to L and 8. Likewise since the electrostatic 
interaction commutes with the parity operator ^ of § 11® there will only be 
interaction between configurations of like parity. The parity condition is 
satisfied, so we expect an interaction of and sd, but only of the ofp^ with 

the^Z) of sd. The former is above the latter and as all such interactions make 
the levels move apart the situation is right for an explanation of the effect. 
What is surprising is that the interaction is large enough, for the ^Z> of is 
above the ionization level of Mg I, about 15,000 cm-^ above the mean of 
^Z> and ®Z> of the sd configuration. 

By setting up the electrostatic interaction in terms of the zero -order wave 

* Baoebr, Pliys. Bev. 43, 264 (1933). 
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functions and transforming to LS eigenfunctions, by methods explained in 
Chapter vm, Bacher finds that the non-diagonal matrix component con- 
necting sd andp^^jD amounts to 13,200 om—^. Their interaction energy is 
thus comparable with their unperturbed separation. Calculating the effect 
in detail he finds that the interaction pushes the sd ^Z) down to 4000 cm~^ 
below the triplet, whereas it is only observed 1600 cm-^ below. The conclu- 
sion is that the configuration interaction is certainly adequate to account 
for the inversion. As to the inaccuracy of the final result, perhaps no better 
agreement can be expected because of the approximate character of the radial 
fimctions used. 

With such a large interaction, of course, the exact assignment of the 
below sd^D to the configuration sd is quite meaningless. Its true wave 
function will be a linear combination of those for sd and p® ®i> in which 
there is a large component of the latter. Naturally this alteration in the 
character of the wave function will bring with it other special features of the 
spectrum, e.g. altered intensities. 

Another detailed study of configuration interaction has been made by 
Ufford,* who calculated the interaction between the configurations nd^n's, 
nd^, ndn*s^ and nd^n*'s. He compares the results with observed data in 
Ti II and Zr II, and finds definite evidence that the configuration interaction 
has altered the intervals between terms. We have seen in § 1^^ that in all the 
elements where a d-shell is being filled, the energy of binding of an s electron 
of one higher n value is about the same as that of a c? electron, so that there 
is a large amount of overlapping of the terms arising from such configura- 
tions as d^, d^~^s and d^~^s^. Hence quite generally we may expect large 
effects due to configuration interaction here, although as yet the only detailed 
calculations we have are those due to Ufford. 

2. Perturbed series. 

Perhaps the most interesting effect of configuration interaction is that of 
producing strong departures from the usual Rydberg-Ritz formulas. Such 
* irregular’ series have been known for a long time and various explanations 
for them have been advanced, but Shenstone and Russell,^ following a 
suggestion of Langer, J have given very convincing evidence that they are 


due to configuration interaction. 
The Ritz formula is of the form 


R 




n 


★ 2 ’ 


( 1 ) 


(n4-/A + occT-.,,)^ 

where is the absolute energy value of the term measured from the 
series limit, R the Rydberg constant and /a and a are constants, a being small. 

* Ujtfobd, Phya. Rev. 44, 732 (1933). 
t Shenstone and Russeu:., Phys. Rev. 39, 415 (1932). 
j Lanueb, Phys. Rev. 36, 649 (1930). 
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The effective quantum number w-* is defined by the relation given in (1). 
It is convenient to study the behaviour of series by plotting {n* — n) against 
. In that case the Rydberg formula (a = 0) is represented by a straight line 
n* — n = fi, parallel to the axis of o-, while the Ritz formula is a straight line 
with intercept {j. on the axis of ordinates and slope a. 

Shenstone and Russell find that they can represent many series which 
depart from (1) by the formula 

n* = n + iJ^ + a.ajj^-] — , ( 2 ) 

the added term in the formula for the effective quantum number representing 
the effect of perturbation of the series members by a foreign level at the term 
value ctq . Such a formula plotted with n* — n against represents a hyper- 
bola with a vertical asymptote at ct — ctq. Before the perturbation of series 
levels by an extraneous term was recognized, the extraneous term \\'as often 
counted in as a member of the series. As a result the value of n* — 7i would 


change rather rapidly by a whole unit in going piist the value of the perturb- 
ing term because by counting it in the series all higher terms would be 
erroneously assigned an n one unit too high. 

This is illustrated in Fig. 1 which shows the series of the levels of Ca I. 
Curve (1) shows the n* — 7i values as ustially given and curve lo shows how 
this becomes a hyperbola with asymptotes at or = <7,) when the higher series 
members are given the altered n assignments. To indicate how accurately the 
hyperbolic law is obeyed, curve (2) shows a plot of (/?.* — -or„), which 
should not contain the singularity in the curve of (n.* — 7i), agaitist cr. In 
curve (3) the values of {n* — n) — — arc plotted to an exaggerated 

scale which shows in another way how accurately the formula, is satisfic<l. 

Related to the perturbation of the levels of the stu’ics is the j)erturba- 
tion in the intervals between the levels of ea.(!h term. In this series the 


intervals increase to a maximum up to the p(‘rtiurl)ing term and then 
rapidly sink to zero as one goes up the series. ’'Phis is diu'! to the tact that 
there are three series, and eacih of whicth a re s(‘| )ara.tely {>ertui*bcd 

by the corresponding level of the extraneous term. As the p(*rturl)ing term 
has larger intervals than the series would have if unperturhe<l. this tends to 
increase the other intervals by the dilTerential ciTcHd. of tin’s perturisation. 

Numerous examples of other jserturhed series are given by {Shenstone and 
Russell. The subject has recently attracted the athnition of a number of 
spectroscopists.* Pincherle has given a theorcticsal calculation of the per- 
turbation of the lis7ul scries in Al 11 by the 3p" ^ I) term and (imls order-of- 
magnitude agreement. Beutlor has extended tins work of Siienstone and 


* 1‘1NCJIKUIJ3, Ni«>vr> CinKTiio 10, :}7 (lU.'i:}); 
Bkxitlbu, Zoitn. fiir l/iiyn, 83, 404 (iO.Tt); 
Hahmushbn, ibid. 83, 4(>4 (1033); 

Lanostuoth, Troc, Roy. Soc. A 142 , (U>33). 
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Bussell on the perturbed and series in Hgl. Basmussen has obtained 
new experimental data on the F series in Ball showing perturbations. 
Langstroth has made quite a detailed study of perturbations in Bal, 
including the effect on intensities. Some general theoretical work on the 
way in which configuration interaction affects line strengths has been done 
by Harrison and Johnson.* 

The most thorough calculation by quantum-mechanical methods of series 
irregularities are those given by Whitelaw and Van Vleok for Alll.t 



An explanation involving configuration interaction for the occurrence 
of inverted doublets in the alkali spectra (§ 8®) has been proposed by 
White and considered in detail by Phillips, f This inversion is shown to be 
capable of production by interaction with configurations of extremely high 
energy in which one of the electrons of the p® shell in the core is excited. 

3. Auto-ionization. 

At all energies higher than the minimum necessary to remove one electron 
of an atom to infinity, the spectrum of allowed energy levels is continuous. 
In the one-electron problem the continuous range of positive energies has 

* Harmson and Johuson, Phys. Rev. 38, 767 (1931). 

•|* WiiiTisLAW, Phys. Rov. 44, 544 (1933); 

Van Vlisok and Whitelaw, ibid. 44, 551 (1933). 

t White, Phys. Rev. 40, 316 (1932); 

Phillips, ibid. 44, 644 (1933). 
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associated with it a continuum of states for each value of the orbital angular 
momentum. To label these states the integral total quantum number n of 
the discrete states is replaced by the continuous variable E which gives the 
limiting value of the kinetic energy of the electron when at large distances 
from the nucleus. It may happen that a configuration in which two electrons 
are excited, but in which both are in discrete levels of the basic one-electron 
problem, gives rise to energy levels lying above the least ionization energy 
of the atom, i.e. in the midst of the continuous spectrum. If there is no 
interaction between these states and the configurations involved in the 
continuous spectrum, these levels do not exhibit any special properties on 
account of their location in the continuous spectrum. However, if there is 
interaction the T* of the quasi-discrete level becomes coupled with the T*’s 
of the neighbouring levels in the continuum. As a consequence the state 
assumes something of the character of the states of the continuous spectrum. 
The most important feature of the states of the continuum is that they are 
unstable in the sense that one of the electrons moves in an orbit which extends 
to infinity. Hence as a result of interaction with them the discrete level 
acquires to some extent the property of spontaneous ionization through one 
of the electrons moving off to infiLoity. This property is called auto-ionization. 

The direct spectroscopic effect associated with auto-ionization is a broad- 
ening of lines whose initial levels are subject to the effect and an alteration 
in the intensity of these lines with variation of the concentration of free 
electrons in the source. There are two mathematically equivalent ways in 
which we may regard the broadening of the lines. 

We may say that the discrete level, as a level, remains sharp, but that 
owing to coupling with the continuous spectrum there is a probability per 
unit time that the atom will make a radiationless change of state over into 
a state of the continuum of equal energy. Owing to this possibility of leaving 
the discrete state rather quickly, the interaction of the atom with the radia- 
tion field is limited to the production of short wave trains of mean duration 
equal to the mean life of the atom in the discrete level. In the spectroscope 
these short wave trains give rise to a broadened line because the Fourier 
integral representation of the short wave train involves a band of frequencies 
in the neighbourhood of the mean frequency. 

Another way of regarding the matter is to treat the discrete level as com- 
pletely assimilated into the continuum. At each energy B the 'F of the corre- 
sponding state in the continuum will contain a certain component of the 
eigenfunction of the assimilated discrete level. This will be larger the nearer 
E is to the original position of the discrete level. Assuming that the assimi- 
lated discrete level, A, is capable of strong radiative combination with a 
lower discrete level, 15, while the ordinary continuum combines weakly or 
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not at all with i5, it is clear that the intensity of radiation from the con- 
tinuum in combination with the discrete level JB will be dependent mainly on 
the amount of 'F(^) contained in the eigenfunction of the continuum at each 
energy. As this is a maximum at the original location of the discrete level A, 
we obtain also by this argument a broadened line at this place. 

Auto-ionization is thus a consequence of the presence of matrix components 
of the Hamiltonian connecting a discrete level above the ionization energy 
with the states of the continuum at the same energy. If these are not to 
vanish, these states must be of the same parity and the same J value; more- 
over in case of Russell-Saunders coupHng they must have the same L and 8 
values. The perturbation theory for this case requires some modification to 
take into account the fact that the interaction is with a continuous spectrum 
of states. This has been discussed by Wentzel.* Apart from the general 
formulation and some qualitative discussion based on the apphcation of the 
selection rules, very little has been done so far in the way of attempted 
quantitative calculations of the amount of auto-ionization. The theoretical 
problem is related to that underlying the theory of predissociation, the 
analogous phenomenon in molecules, whereby a molecule may spon- 
taneously dissociate if put into a quasi-discrete state in which its energy 
exceeds the energy necessary for dissociation. 

In view of the lack of an accurate detailed theory we shall have to be 
content with a review of the main experimental /s2s^ 

facts. The first evidence for auto-ionization was non- 

spectroscopic in character. Augerf showed that 
when a gas in a Wilson cloud chamber absorbs 
X-rays there are frequently several electron tracks 
diverging from the same point. One trail is long and 
is interpreted as due to the primary photo-electron 
ejected from the K shell by the light quantum. 

Another of the trails was found to be of the correct 



length to correspond to a kinetic energy of about 
K — 2Z/, where K and L are written for the corre- 
sponding excitation energies of the atom. Other 
trails, when present, correspond to electrons of 
considerably less energy. The interpretation of the 
trail of energy K — 2L is clear from the diagram 
(Fig. 2^®). The atom is left in the K level by removal 
of an electron from the K shell. Of equal energy 


/s^ 2 s 

Z 


fs^ 2 s ^ 

Fig. 2^®. Auto -ionization 
or Augor effect in a iiC 
level. 


* Wentzei., Zeits. fiir Phys. 43, .524 (1927); Phys. Zeits. 29, 321 (1928). 

•j’ Auger, Comptes Rendus, 180, 65 (1925); 182, 773, 1215 (1926); Jour, de Physique 6, 206 
(1925); Anil, de Physique 6, 183 (1926). See also Looker, Phys. Rev. 40, 484 (1932). 
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with the K level is the configuration 2s^ Es, where E — K — 2L. Hence 
the atom may pass over into this configuration by the auto-ionization 
process, which implies expulsion of an electron with energy K — 2L. The 
argument is correct in principle, though rather rough in detail in that 
we have supposed the energy of removal of the second 2s electron 
also equal to i, but such roughnesses are acceptable in view of the lack 
of precision with which the electron energies are measured. The short 
electron trails are supposed to be due to further auto-ionization processes 
occurring in the ion in the 2s® configuration. Such spontaneous ionization 


c/77’' — ► 



Fig. 3^®. Fraction, p, of atoms emitting IC radiation as a function of the atomic 
number. The probability of auto-ionization of the JC level is given by 1 —p, 

processes are by no means rare. An atom in the E level may get out either 
by radiation of a fine or by auto -ionization. For light elements the auto- 
ionization processes occur much more frequently than the radiation, while 
the reverse is true for heavy elements. This is shown in Fig. 3^®, where the 
ordinate, p, gives the fraction of all atoms in the K level which emit K radia- 
tion, so that 1— p gives the fraction which pass from the K level by auto- 
ionization. The abscissas are the atomic numbers Z. The heavy curve is the 
theoretical value as estimated by Wentzel. According to him the probability 
of auto-ionization is nearly independent of Z, so the whole variation of p 




AUTO-IOlSnCZATION 


316 


373 


with. Z is due to the increase of the radiative transition probability, approxi- 
mately as Z^. 

Recognition of the importance of auto-ionization in atomic spectra in the 
optical region is due to Shenstone and to Majorana.* Shenstone discussed 
the effect in general and especially in connection with the spectrum of Hgl. 
Among other things he showed how it provides an explanation of the ultra- 
ionization potentials discovered by Lawrence.f Lawrence found that the 
probability of ionization of Hg atoms by impact of electrons having energies 
close to the ionization potential shows discontinuities of slope as if new 
modes of producing ionization are becoming effective with increase in the 
voltage. These were interpreted by Shenstone as due to excitation to the 
levels which are subject to auto-ionization. This view seems adequate to 
explain the observed facts, although at present there is no detailed correla- 
tion between the values of the ultra-ionization potentials and known spectro- 
scopic levels. Shenstone thought the levels responsible, for the ultra- 
ionization potentials were probably connected with the d^s^p configuration 
in Hg, but later work by BeutlerJ on the far-ultraviolet absorption spectrum 
shows that this particular identification cannot be the correct one. 

Majorana ’s paper deals with the ®P terms due to 5p^ and 6p^ in the 
spectra of Zn, Cd and Hg respectively. Here the striking thing is that in all 
three cases the and ^P^ levels are known but the ^Pg cannot be found. 
The absence of ^Pg is interpreted as due to strong auto-ionization pro- 
bability, and this raises the problem as to why this level should be so much 
more affected than the other levels of the same term. The auto-ionization 
arises by interaction with the continua associated with the 4s col limit in Zn 
(correspondingly the 5s col in Cd and the 6s col in Hg). The 4s JSp continuum 
is due to an odd configuration and hence cannot give rise to auto-ionization 
of the even 4p2 configuration, which can only be unstable through inter- 
action with even parts of the continuum, that is, with 4s Ps and 4s Pd. 
These give rise directly to interactions making the 4:p^^S and terms sub- 
ject to auto-ionization. Through partial breakdown of the L8 couphng in 
the p^ configuration, ^'(^Pg) acquires a component of T*(^Z) 2 ) thus 
becomes subject to auto-ionization through interaction with 4s Ed. As ^P^ is 
the only level in the configuration with 1, it is not subject to breakdown 
of LS coupling and so escapes auto-ionization. However, ^Pq should become 
mixed with and hence unstable; the fact is that the interaction here 
seems to be much weaker than for ^Pg but Majorana’ s theoretical discussion 
does not show clearly why this should be so. 

* Shenstone, Phys. Rev. 38, 873 (1931); 

Majobana, Nuovo Cimento 8, 107 (1931). 

Lawrence, Phys. Rev. 28, 947 (1926). See also Smith, Phys. Rev. 87, 808 (1931). 

J Beutleb, Zeits. fiir Phys. 86, 710 (1933). 
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The arc spectrum of copper is known to have a large number of levels 
above the ionization limit, some of which give rise to broad lines. Results 
of the experiments of Allen* find satisfactory explanation in terms of the 
auto-ionization process as was pointed out by Shenstone in a note appended 
to Allen’s papers. Particularly interesting is the behaviour of lines in multi- 
plets arising from a term which lies in the range from 95 to 2164 om~^ 
above the ionization limi t of Cu. This arises from an even con- 

fi.guration (3d® 4s 5s) and so can show auto-ionization through interaction 
with of Ed if there is enough breakdown of L8 coupling to permit 
violation of the selection rule on ^.^Rut according to the J selection rule 
only the levels and can show auto-ionization. Therefore in a multi- 
plet, lines arising from the and levels should be sharp while those 
originating from the other two levels of the quartet should be broadened . 
This is in fact the case. Allen measured the line breadths in a Cu arc running 
in air at various pressures up to 80 atmospheres. The breadth of all lines 
originating jfrom the quartet levels was found to increase linearly with the 
pressure, with the same rate of increase for unit pressure increment. But lines 
from *jD|. and were found to approach finite width at zero pressure whereas 
those from the other two levels approached vanishing width at zero pressure. 

Allen also studied the variation of relative intensity of the lines arising in 
a term with change in the arc current. The arc in these experiments ran 
at atmospheric pressure. It was found that the lines from the unstable levels 
of the quartet term were very sensitive to arc current, approaching zero 
relative intensity at currents below one ampere and approaching constant 
values for currents above twelve amperes. These intensities are relative to 
other lines of the spectrum, auxiliary experiments having shown that lines 
not subject to auto -ionization retain constant relative intensity with varia- 
tion of arc current. It seems likely that this effect is due to the fact that the 
atoms in the unstable states normally fall apart by auto-ionization before 
they can radiate. But if there is a high concentration of free electrons around 
the ions the inverse process, in which free electrons are caught up by an ion, 
comes into play. This could nullify the effect of auto-ionization and build up 
the strength of the lines from the unstable levels. This view has not been 
subjected to a quantitative discussion. 

Auto-ionization effects observed in spectra of the alkaline earths and in 
rare-gas spectra, as shown by White, f provide further examples of the 
operation of the selection rules. 

BeutlerJ has found a long absorption series in Hg vapour corresponding 

* Aixen, Phys. Rev. 39, 42, 65 (1932). 

t White, Phys. Rev. 88, 2016 (1931). 

j BEtrnaiB, Zeits. fiir Phys. 86, 710 (1933); 87, 19, 176 (1933). 
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to the transitions These are all subject to 

broadening by the auto-ionization process and the experiments show that 
the amount of the broadening decreases as one goes up the series, showing 
that terms near the ionization limit are more unstable than those of similar 
character at higher energies. 

4. Many-electron jumps. 

As we observed in § 1®, it is a consequence of the fact that the various 
moments — electric-dipole, electric-quadrupole, magnetic-dipole, etc.— are 
quantities of type F that the only non-vanishing matrix components con- 
nect states differing in regard to one individual set of quantum numbers. 
Therefore in the approximation in which an energy level is assigned defimtely 
to one configuration of a central-field problem, radiative transitions occur 
only between configurations differing in regard to one of the nl values. Such 
transitions are called one-electron jumps. However, in many spectra, 
especially in the elements of the iron group, lines are observed corresponding 
to transitions in which two of the nl values change. These are known as 
two-electron jumps. 

This is clearly due to the breakdown of precise configuration assignments.* 
If we know accurately the eigenfunctions ^P(A) and T*(.B) corresponding to 
two levels A and the existence of radiative transitions between them 
arises from the non-vanishing of the matrix components (A|a|J?) con- 
necting the states of A with those of B, where a stands for any type of electric 
or magnetic moment of the atom. If we try to describe the atom in terms of 
a central-field approximation, 'F(A) and 'F(.B) will appear as expansions in 
terms of the eigenfunctions of the states built on that central field. In 
general this expansion will involve several different configurations for T" {A ) 
and for T(5). 

If the configuration interaction is not too great, one configuration in each 
expansion will appear with a considerably larger coefficient than the others, 
and the experimental spectroscopist will assign the level to that configura- 
tion. The one-electron jump rule will not then apply to this approximate 
label, for A may combine with configurations excluded by this rule in virtue 
of the other configurations involved in its eigenfunction. In this way 
apparent two- or many-electron jumps may be permitted. 

This view appears to be fully adequate for the interpretation of the 
apparent two-electron jumps. However, there have not been as yet any 
quantitative investigations of this point. What is needed are estimates of 
the amount of configuration interaction either from a precise calculation 
from the fundamental wave equation, or inferentially from the observed 

* Condon, Phys. Rev. 36, 1121 (1930); 

Goudsmit and Gboppbk, ibid , 38, 226 (1931). 
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perturbations of the energy levels. With this one could calculate the relative 
transition probabilities for the different configuration transitions to compare 
with measurements of these transition probabilities. 


5. Spin~orbit perturbation of doublet intensities. 

We have seen in § 2® that one of the simplest conclusions from the sum 
rules for line strengths is that the two components of the doublet 
should have strengths in the ratio 2:1. This result involves the assumption 
that the radial factor of the wave function is the same for the two levels of 
the ^P term. The result is generally in agreement with experimental results, 
as mentioned in § 9®, but in the case of the higher members of the principal 
series of Cs the ratio is found to be larger than two. The different experi- 
mental results are not in complete accord, but agree in indicating that the 
ratio for the second member of the principal series, 7 ®P->6 ^S, is between 
3*5 and 4*5, although the ratio seems to have the normal value for the first 
member, 6 ^S. This was explained by Fermi* as an effect of the matrix 

components of the spin-orbit interaction connecting different terms of the 
®P series. 

The spin-orbit interaction, from §4®, is given by i{r)L’S. For ^Pf the 
value of L*S is while for ^Pj it is The non-diagonal matrix com- 

ponents connecting different members of the ^P series are then 

{n^PjM\^(r)L-S\n' ^PjM) = (£-S)'J*^(r) R{np) Rin'p)dr, 

where (L’S)' is the appropriate value of L’S. Because of this perturbation, 
the first order eigenfunctions are altered and by different amounts for the 
two levels of ^P. As the perturbation is diagonal in Z, J and M, it is only the 
radial factor of the eigenfunction which is altered. If we write B{np J) for 
the radial factor in ^Pj in the first approximation, and ^^{np) for the radial 
factor before the spin-orbit interaction is considered, we have 


R{np I) = Po(wp) + in^'LE^in'pY-^ 




f i{'r)RQ{np)RQ{n'p)dT 
R{np i) = Roinp) - TiR^ifi'p ) ^ ^ . 

When we calculate the strengths of the two lines ^P^-^^8 and the 

calculations go through as before except that we must use these altered 

radial functions in calculating the integral j r R{np) R{n"s) dr whose square 

enters as a factor in the strength of the line. The ratio of the line strengths 


* Teemi, Zeits. fiir Phys. 59, 680 (1929). 
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for and®Pj->®;S' is thus 2, from the angle and spin factors, multiplied 
by the square of the ratio of the two radial integrals, 

~JrB(np§)B(n''s}dr : lrB(np^}B(n''s)dr . 

This is what makes possible the departure of the line strength ratio from the 
value given by the simpler considerations of § 2®. 

The numerical values of the integrals involved have been estimated by 
Fermi, who finds that in the case of Cs the values are probably large enough 
to account for the observed intensity ratio. The quantities 



which measure the change in the radial function are small compared with 
the energy differences so the actual change in the radial functions 

is quite small. For the first member of the principal series the small change 
does not produce an observable effect because its strength is so great relative 
to the higher members of the series (cf . Tables 7® and 8®) that the introduction 
into it of small components of the radial functions of the higher members 
produces no appreciable effect. For the higher series members, however, the 
situation is reversed. Introduction of a small component of the radial func- 
tion of the lowest term into their radial functions produces a relatively 
large effect because of the fact that the first series member combines so 
much more strongly with the normal level. 



CHAPTER XVI 
THE ZEEMAN EFFECT 

In § 10® we have treated the Zeeman ejBfect for one-electron spectra. This 
serves as a simple pattern for the present chapter, which is devoted to the 
Zeeman effect for the general case. 

1. The ‘normal’ Zeeman effect. 

The argument of § 10® which leads to 10®5 is valid for each of the N elec- 
trons in the atom, so that a magnetic field of strength ^ in the direction of 
the 2 -axis contributes to the Hamiltonian the term 

ir^=oS(i^+2,Srf)=o(i^+2S,), (1) 

i=l 

with o = e3^j2fjic as in 10®6. The whole theory of the effect of a magnetic field 
on the energy levels of an atom is therefore given by a study of this per- 
turbation term. 

Before developing the theory from this standpoint it will be instructive 
to consider a little of the history of the Zeeman effect. Prior to the intro- 
duction of the electron-spin hypothesis in 1925 physicists had attempted to 
give a formal description of atomic spectra in terms of a purely orbital 
scheme of electronic states, so that the entire angular momentum of the 
atom was given by the sum of the L vectors for the individual electrons. In 
such a scheme the sum of the 2 -components of the orbital angular 
momenta, is a constant of the motion which is quantized to integer values 
MJi.* Likewise the magnetic perturbation energy is given by (1) without 
the 8g term. Therefore the magnetic energy is simply o times a constant of 
the motion, so the effect on an energy level characterized by the quantum 
number L would be to split it into 2L + 1 equally-spaced levels by addition 
of the quantity to the unperturbed value, where ~ X < ^ L. 

The ordinary dipole radiation involves transitions between states for 
which A Jf == 0, in which case the radiation is linearly polarized with the 
electric vector in the plane determined by the z-axis and the direction of 
propagation, and KM 2 ^= + 1, in which case the radiation is circularly 
polarized when viewed along the 2 -axis. Since, according to the foregoing, 
all the energy levels are split by the magnetic field in the same way, the 
observed splitting of all lines is the same on this view of the matter. The 
transitions for which KM^ = 0 will all have the same frequency and will 
coincide with the unperturbed line. The transitions for which -f 1 


* This is actually the case for singlet levels {8=0) in Russell-Saunders coupling. 
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on emission will all have the same frequency which will be in fact shifted 
toward lower frequency from the unperturbed line by an amoimt o/27r sec~i 
or o/27rc cm“i. The transitions for which — 1 will be shifted toward 

higher frequency by the same amount. For longitudinal observation, that 
is, observation in the direction of the magnetic field, the radiation is cir- 
cularly polarized: for the high frequency component it is polarized in the 
direction of the positive current which in a solenoid would produce the 
apphed magnetic field, for the low frequency component it is oppositely 
polarized. 

The conventional way of exhibiting this result, which we shall adopt, is 
shown in Fig. 1 ^®^ With longitudinal observation one sees simply the two 
components which are circularly polarized in the directions indicated if one 
imagines the magnetic field to be up from the paper. Observation in a 
direction transverse to the field shows all three components, the undisplaced 
one showing linear polarization parallel (tt) to the field, the others showing 
linear polarization perpendicular (a, for senTcrecht) to the field. 


right 

1 


O 

L ongitudina! 1 

0 

1 

1 

-1 

Transverse | ^ 1 

_J 

1 


Fig. 1^®. The normal Zeeman triplet. 


The influence of a magnetic field on spectral lines was discovered by 
Zeeman in 1896. Soon after, a simple electron theory of the effect predicting 
the normal triplet was given by Lorentz, Although we have described the 
theory of the normal triplet in terms of quantum mechanics, this is by no 
means necessary. The same result follows from a consideration of the action 
of a magnetic field on a vibrating electron moving according to classical 
mechanics. By comparison of the observed behaviour of some of the zinc 
and cadmium lines with the Lorentz theory, it was found that the displace- 
ment corresponded to negatively charged particles having the same value 
of e/ju, as had been found for electrons by deflection of cathode ray beams. 
Thus, in the very beginning of modern atomic theory, the Zeeman effect 
provided very strong evidence that the emission of light is connected with 
the motions of electrons in the atoms. 

This agreement between theory and experiment for the fines of zinc and 
cadmium gave a great impetus to the infant electron theory. Almost a year 
elapsed before further studies of the new effect on other fines showed that the 
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normal Lorentz triplet is by no means the general behaviour of a spectral 
line under the influence of the field. Generally speaking the patterns are 
much more complicated, so that it was something of a happy accident that 
the first lines studied were those to which the simple Lorentz theory was 
applicable. With characteristic love of the simple, physicists fell into the 
habit of referring to the triplet pattern as ‘normal’; all other forms of the 
effect were called ‘anomalous.’ This characterization remains in use even 
to-day although we are now in possession of a complete theory which gives 
a rational account of all the observed effects . In terms of the complete theory 
the so-called normal effect is simply a special case in which the effects of 
electron spin are absent. 

Nevertheless the ‘anomalous’ effect remained a great puzzle until the 
electron-spin hypothesis was introduced — and that was a quarter of a 
century later. Perhaps the continued use of the adjective anomalous is 
appropriate in view of the long time during which the general Zeeman effect 
resisted the attempts of physicists to understand it. Before leaving this 
brief review of the historical setting it may be remarked that the essential 
feature of the spin theory is the occurrence of {L^+2S^) in (1) rather than 
(Lg, S^. That is, that the ratio of magnetic moment to angular momentum is 
twice as great for spin angular momentum as for orbital angular momentum. 
If this were not the case introduction of electron spin would make no alter- 
ation in the theory of the normal triplet as just sketched, for J ^ would simply 
be written for everywhere with no change in the observable results. 


2. The weak— field case: Bussell— Saunders terms. 

Most of the work on the Zeeman effect ai^plies to spectra in which Bussell- 
Saunders coupling holds quite accurately, so it will ])e convenient to begin 
the study with this case. As we have already seen in § 1()‘^, special effects arise 
if the magnetic field is strong enough to produce energy changes comparable 
with the separation of the levels of a term, so it is also convenient at first to 
consider the case of weak fields, meaning by this fields whose effects are 
small compared with the unperturbed intervals — the fields commonly used 
are weak in this sense. The name Paschen-Back effect is given to the special 
features of the Zeeman effect which arise when the field is not weak. 

To find the weak-field perturbation of a Bussell-Saunders level charac- 
terized by 8LJ, we must calculate that part of the matrix of (1^®1) 
which refers to this level. Since can be written as and 

since 8^^ commutes with *7^, this part of the matrix will be diagonal with 
respect to M. The diagonal element of for the state 8LJM is Mhi the 
diagonal element of 8^. for this state is obtained as a special case of the results 
given in § 10®. If we identify with S and ^2 with L, the diagonal matrix 
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element of Sg is given by a combination of 10®2a and 9®1 1 . Altogether we fund 
for the diagonal element of the perturbation energy the value 

(y 8LJM\H^\y 8LJM) = oUgM, (1) 

in which g{SLJ) = 1 + ~ 8{S+l) ^ 

2«/ (t/ + 1) 

If gr were equal to unity, (1) would give the splitting which corresponds to 
the normal Lorentz triplet. 

We see that the energies of the perturbed states are distributed S 37 m- 
metrically around that of the unperturbed level. These states are 2J + 1 in 
number, as before, but the scale of the splitting differs from the simple theory 
by the factor g. The factor g differs from unity by a term which arises from 
the matrix component of Sg. For singlet levels S = 0 and L = J, so the 
additional term vanishes. In other words, the theory of the normal Lorentz 
triplet applies to the Zeeman effect of lines which are combinations of 
singlet levels. 

These results which we have so easily obtained are in good accord with the 
empirical data. The winning of the result (2) as a generalization from the 
empirical data was not so easy and represents a great amoimt of study by 
spectroscopists. This formula expresses implicitly Preston’s rule* which 
says that all the lines in a spectral series have exactly the same Zeeman 
pattern. This is due to the fact that the perturbation energy (1) is indepen- 
dent of y, which stands for all quantum numbers other than those explicitly 
written- More generally, the Zeeman pattern depends only on the S, L, and 
J of the initial and final levels, provided RusseU-Saunders coupling obtains 
for the atom in question. 

Runge’s rulef says that the displacements of the Zeeman components 
from the unperturbed line are rational multiples of the Lorentz splitting 
o/27rc. Since the displacement in a line is actually the difference of the dis- 
placements of the initial and final states, and since the gr’s are rational 
fractions, it follows that this rule is contained in our results. 

The empirical fact that the Zeeman effect of Russell-Saunders terms is 
given by the formulas (1) and (2) was worked out by Lande, and g is usually 
known as the Lande factor. Land^’s formulation was based on the modem 
experimental measurements by Back. This work is admirably summarized 
in the book by Back and Land6, Zeemanejfekt und Multiplettstruktur der 
Spektrallinien, which furnishes a good account of the subject as it stood just 
before the electron spin and quantum mechanics gave the theoretical basis 
for the experimental material. 

In Table 1^® are given the g values for the terms of interest. The table 

exhibits some interesting properties. For J = 0 the formula for g gives but 

* Pkeston, Trans. Roy. Soc. Dublin 7, 7 (1899). 
f Runge, Phys. Zeits. 8, 232 (1907). 
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tlie splitting is of course zero since */ = 0 implies iHf = 0. As already remarked, 
singlets give the normal separation. For L = S the g factor equals f for all 
values of «7. A somewhat surprising feature is the fact that certain terms 
such as and have g = 0 and so are not split by the magnetic field; 

others such as and show negative g values, which means that the 

sense of the effect is turned around, as it would be if the electron were a 
positive charge and the behaviour ‘normal.’ 


Table 1^®* Landi g factors for RussellSaunders terms. 
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In the vector-coupling theory one regarded 5 and L simply as two classical 
angular momenta whose sum is^. The simplest cases are J= L + S,in wliich 
L and 5 have to be parallel vectors, and J = L — S, in which L and S’ are 
anti -parallel. For J = i -f we find 

J S L 
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Normal 


/-o 


which is just the ratio to be expected from the fact that the spin, angular 
momentum coxmts double in magnetic 
effect. The value for J = L—S, however, 
does not correspond to the expectation 
based on this simple view, but is 

8 _L-28+l 
J+l~L-8+l' 

Let us now consider the pattern to be 
expected in the transition between two 
levels. Using a prime to refer to the 
initial and a double prime to refer to the 
final level, we have 
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where A Jf = M" — M* . By the selection 
rule Aikf = 0 for the components show- 
ing parallel polarization, while A Jf = ± 1 
for those showing perpendicular polar- 
ization. The pattern is readily seen to be 
symmetrical about o-q and is conveniently 
characterized by reducing the values of 
the factor in brackets to a common de- 
nominator. Following Back and Lande 
the numerical values of the numerator 
which correspond to parallel polarization 
are put in parenthesis. Thus one may 
readily calculate that the values of the 
l^racket factor for to are 

(4)8(12) 1624 
15 ’ 

which means that there are tt components 
at + and ± of o/27rc from the undis- 
placed line and o components at + 

+ 4-g, and ±1^. In this notation, the 
pattern is independent of which is the 
initial and which the final level. 

The different Zeeman components are 
by no means of equal intensity, as we 
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Fig. 2^®. Zoeman patterns for several 
common multiplets. The relative 
stren gths of the components of each 
inultiplet are indicated by the 
lengths of the bars (divided by the 
indicated factor in the case of the 
weaker satellites). 
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ah a ll see in § 4^®. Experimentally both the Zeeman pattern and the dis- 
tribution of intensity provide important aids to the recognition of the 
character of the energy levels involved in a spectral line. The relative in- 
tensities are readily indicated graphically by drawing ordinates at the 
positions of the lines whose lengths are proportional to the intensity. Fig. 2^® 
contains such diagrams, and indicates clearly the diversity of the patterns 
for some common transitions. 

For the Zeeman pattern it is convenient to make a double-entry table 
aiTviil a.r to those already used for multiplets. The method will be illustrated 
by means of the pattern for d® 4^ 45 in Mn as studied by Back.* 

Table 2^® has a row for each state of the level and a column for each state 
of the * level. It is seen that the pattern is symmetrical around the position 
of the line in zero field. The upper figure in each cell is the theoretical value 
of the displacement, the lower is that observed by Back, the unit being ^ of 
the normal Lorentz splitting. 


Table 2^®. 


Unit 


1 o 
352770 


cm"^ 




CO 

21 

H 


-1 

-11 

-21 

-31 



175 

125 

75 

26 

-26 

-75 

- 126 

-175 


140 

-35 

-34-8 

+ 16 
+ 15- 12 

+ 66 






li 

84 


1 1 

o 

oo 

+ 0 

+ 9-07 

+ 69 





i 

28 



-47 

-47-0 

+ 3 
+ 3-02 

+ 53 
+ 530 




- i 

-28 




-53 
- 63-0 

-3 

-302 

+ 47 
+ 47-0 




-84 





- 59 

-9 
- 907 

+ 41 
+ 40-8 


-2J 

-140 






- 66 

- 15 

- 1512 

+ 35 
+ 34-8 


3. Weak fields: general case. 

In the preceding section we have considered the highly important case of 
the Zeeman effect for Russell-Saunders terms. Let uh now consider the 
nature of the effect for an energy level of any type in the woak-field case. An 
energy level of a free atom is always rigorously characterized by a quantum 
number J of resultant angular momentum. The states resulting from the 


* Back, Zeits. fur Phys. IS, 20C (1923). 
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appKcation of a weak field will be characterized by J and M. The vector ^ 
of resultant spin is of the type considered in § 9®, and hence 

(a JM\ SJ\aiJM) = (a J\S\a. J) M. 

Therefore the magnetic alteration of the energy level is, in general, 

( a JM \H^\ai JM ) = o^M ( 1 ) 

as in 2^®1, where we have, in place of 2^®2, 

9^= 1 + (a J'j/S'ja J). (2) 

(The special result of the preceding section is obtained if oc = y 8L.) In other 
words all energy levels are split into + 1 equally spaced levels sym- 
metrically distributed around the unperturbed level. The amount of the 
splitting is governed by a Lande g factor as in Russell-Saunders levels, but now 
this factor is given by the general equation (2). The whole theory of the weak 
field effect for any term is thus reduced to an evaluation of (a J\S\^ J). 

If we express the state 'F(a J M) in terms of the -coupling scheme, we 


have 


T-(a JM) = S 'F(y 8L JM) {ySLJ\oiJ). 

ySL 


Hence the matrix component that we need is 

(J.+ 

= 'Z'^{vSLJM)(J^+S^)'V{yaLJM) \{y SL J\a.J)\‘. 

y S Tj 

Since Jq+ 8g{ = L^+28^ is diagonal with regard to y, S, and L in this 
scheme - 

The {J 8^"^ combination occurring after the summation sign is, 
however, simply g{SL J)M1i, whereas the quantity on the left is g{(x. J) MK\ 
hence we have the result 

gr(«J)= s g{8LJ)\{y8LJ\oiJ)\^, (3) 

which expresses the g factor for an arbitrary level in terms of the ordinary 
Lande factors of the Russell-Saunders scheme and the transformation 
coefficients {y 8L J\cx.J). 

If we regard a as a variable label running over all the levels which have 
a particular J value, and sum (3) over a, we obtain 

'Zg(«.J)='Z g(SLJ), (4) 

OC ySL 

since the coefficient S |(y /SL e/|a -/)|2 which multiplies g{S L J) on the right- 

hand side of the summed equation is equal to unity because the transforma- 
tion is unitary. The result contained in (4) is known as the g-sum rule. 

Actually of course in an atom there are an infinite number of levels 
associated with each value of J that occurs at all, so (4) merely becomes 
uninteresting oo = oo if applied to all the levels of the atom. Its importance 
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lies in the fact that the summation over y which expresses an actual atomic 
state in terms of states of the RusseU-Saunders scheme is finite to a good 
approximation. Thus in atoms where the states 'F(a J) may be assigned 
electron configurations, ySL are restricted to those values associated with 
the same electron configuration as a. In this case (4) tells us, if we let a run 
only over levels of a given configuration, that although the individual g 
values are altered by a breakdown of Russell-Saunders coupling, the sum 
of the g values for all the levels of a given J in the configuration is the same 
as in Russell-Saunders coupling. 

This is exemplified by the measurements of Paschen on the Zeeman effect 
in neon. The configuration 2p® 3s gives rise to one level with J = 0, two with 
J —1 and one with J = 2. The coupling is as we have seen far from the 
Russell-Saunders case (§5^®) in which the levels would be labelled 
, ®Pi and ^Pg . 

The level of *7 = 2 is regardless of coupling so we do not need the gr-sum 
rule to tell us that the g value for the state oiJ = 2 should be This is 

I and Paschen found 1-503 which is good agreement. For the two states 
with J=1 Paschen found gf= 1-034 and ^=1-464 so Sgr= 2-498, whereas 
9'(^Pi) + 9'(^Pi) = h ^ good agreement. 

Similarly the g^-sum rule may be api)lied to Paschen’s values for the levels 
in the 2 j 3 ® 3p configuration. Here J = 1 is represented by four levels, which in 
the LjS scheme are ^Si, ^P^, ^P^ and The corresponding Russell- 

Saunders g values are 2, -|, 1, with a sum of 5. The experimental values for 
the four levels of *7=1 are 1-984, 1-340, 0-999, and 0-099, with sum eq^ual to 
5-022 providing a good sum-rule check although the individual values are 
far from the Land6 values. For J = 2 there are three states with experimental 
g values 1-301, 1-229, and 1-137; sum 3-667. The corresi^onding states in the 
LS scheme are ^Pg , and “Pg which have a g sum of Af in good agreement 
with experiment. 


4. Intensities in the Zeeman pattern: weak fields. 

The components arising from a given spectral line when the source is in 
a magnetic field will be said to form a Zeeman pattern. The different com- 
ponents, as we have just seen, are connected with the different changes in M. 
The relative strengths of the lines are therefore given by application of 
formulas 9®11 as noted in § 7^, where the necessity arose of summing over all 
these separate transitions to find the total strengths of the lines of an 
unperturbed atom. 

In the early work on the Zeeman effect, observation was made of the longi- 
tudinal effect (radiation along ± 3^) and of the transverse effect (radiation 
emitted in any direction perpendicular to 3^). This revealed quite generally 
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tlie phenomenon of the circular polarization in longitudinal observation of 
the lines which appear polarized perpendicular to 2^ in transverse observa- 
tion, and also the absence in longitudinal observation of the lines which are 
polarized parallel to 2^ in transverse observation. Since transverse observa- 
tion gives the complete pattern and is more convenient experimentally, that 
is the arrangement which is always used in modern work. 

For the Zeeman pattern of any line in which there is no change in J, the 
strengths of the components in transverse observation (^ = 7r/2 in 7^4) are 
proportional to 

^ |(a /iir|P|a' + 1)|2 = I (oc JjPja' | ( J ± M){J + M+1). (<r) J ^ ^ 

Since the component — M-^ — M + 1 has equal and opposite displacement 
from the original line to that of M-^M — 1, it is evident that the pattern of 
strengths given by these formulas is symmetrical about the position of the 
unperturbed line. 

Similarly we may write two more sets of formulas giving the relative 
strengths of the components of the Zeeman pattern for J->J + 1 transitions 
and J — 1 transitions in transverse observation. They are 

{{oiJ M\P\<x' J+lM)\^^\{o:J\PW J+\)\^[{J + i^)] 

l\{aJM\P\a'J+lM+l)Y = \{oiJ\PWJ+l)Yl{J^M+l){J + M + 2) (<x)j 

and 

I (a J Jf 1 P| a' J- 1 ilf ) I a = I (a J: Pja' J -l)\^ {J^ - M^) (tt) | 

l\{aJM\P\oL' J-lM+l)\^==\{oiJ\PW J-l)\^l{J±M){J±M-l). (<7)J 

These also give patterns that are symmetrical around the undisturbed line. 

It should be explicitly emphasized that these formulas are valid in any 
coupling scheme, that is, are independent of the natuie of the quantum 
numbers symbolized by a and a'. The positions of the components of the 
Zeeman pattern depend, as we have seen, on the other quantum numbers, 
but the relative strengths do not. 

These formulas were first obtained empirically by Ornstein and Burger* 
and later derived in terms of the correspondence principle by Kronig and 
Goudsmit, and Honl.f 

As an example of the experimental test of these formulas we give some 
measurements by van GeelJ on a plate, taken by Back, which gave good 
Zeeman patterns for a^Si-^z^P\ (A4852) and a^8i->z^P» (A4762) in Mnl. 
The theoretical pattern for A4852 is given in Fig. 3^®. Van Geel used the 
theoretical values of the intensities of the perpendicular components, 

* Ornstein and Burgkr, Zeits. fur Phys. 29, 241 (1924). 

't' Kronig and Goudsmit, Naturwiss. 13, 90 (1925); Zeits- fur Phys. 31, 885 (1925); 

HonLi, Zeits. fiir Phys. 31, 340 (1926). 

X Van Geel, Zoits. fiir Phys. 38, 836 (1926). 


25-2 



THE ZEEMAN EEEECT 


4.I6 


388 


together witli the observed blackening of the plate for these lines, as a means 
of finding the blackening curve of the plate. Using this blackening curve he 
foimd as the experimental values of the relative intensities of the parallel 

components 41:36:27-6:15, 

whereas the theoretical values are 

40:36:28:16. 

As the line A4752 was on the same plate, the same cahbration was applicable 
to this. The relative intensities of tt- and o-components, independently, were : 

TT-components of-components 

Observed 57:46:27 70:66:37:22:12:? 

Theory 64:45:26 73:62:35:21:10:3 

These are evidently excellent agreements. The paper of van Geel includes 
several more examples of this sort, all of which agree well with theory. 



Fig. 3'®. Theoretical relative intensities in the Zeeman pattern . 

5. The Paschen-Back efiect. 

As already mentioned, the departure from the above theory of weak-field 
Zeeman effect which occurs with a magnetic field strong enough to produce 
splitting comparable with the interval between levels of a term is called 
the Paschen-Back effect. The theory has already been presented for one- 
electron spectra in § 10®. Now we may consider the effect in general. 

The magnetic perturbation of 1^®1 is evidently diagonal in any 
scheme of states in which and Mg appear as quantum numbers, the 
value of the diagonal matrix element being 

ofi{M^ + 2Ms). ( 1 ) 

Suppose we start, as in Chapter vi, with a set of states based on a complete 
set of M individual sets of quantum numbers. We have seen in Chapter vii 
that the inclusion of the electrostatic interaction of the electrons necessitates 
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a transformation from this scheme to an i^/S-coupKng scheme in order to 
obtain states in which this part of the Hamiltonian is in diagonal form. In 
§ 1'^ we saw that Mg and Mj^ can be retained as quantum numbers in an L8- 
coupling scheme — ^it is only when the spin-orbit interaction is included that 
it is necessary to pass to a scheme in which J and M are quantum numbers 
in order to obtain a scheme of states in which the complete Hamiltonian is in 
diagonal form. 

On the other hand is not diagonal in a scheme in which J and M are 
quantum numbers. Hence we see the place of the Paschen-Back effect in the 
theory of the Russell-Saimders case. For values of 3^ such that the 
matrix components are small compared to the spin-orbit-interaction matrix 
components the eigenstates of energy will be nearly those in which J and M 
are quantum numbers. This is the weak-field case of the preceding sections. 
For values of such that is large compared to the energy of spin-orbit 
interaction, the magnetic term will dominate and the energy eigenstates 
will be nearly those in which Mg and Mj^ are quantum numbers. For a 
variation of from zero to such strong values there will be a continuous 
change in the character of the eigenstates from one of these limiting types 
to the other. 

Predominance of the magnetic -field energy therefore draws the eigen- 
states toward those in which Mg and M^ are quantum numbers. In view of 
the fact that commutes with and S^, and that we can have a scheme 
of states in which SLMgMj^ are quantum numbers, we see that there is no 
tendency of the magnetic field to break down the coupling of the individual 
orbital or spin angular momenta of the electrons into a resultant L and 8.* 
In the Russell-Saunders case therefore the Paschen-Back effect results from 
a competition between the spin-orbit interaction which works for the JM 
scheme and the magnetic field which works for the MgMj^ scheme. Since 
M = Mg + Mj^ is a quantum number in both schemes, we see that the groups 
of states having different values of M may be treated independently. In 
dealing with a particular M group we may set up the secular equation for 
the energy values either in the M gMj^ scheme or in the J M scheme. For the 
former we need to have the non-diagonal matrix components of the spin- 
orbit interaction and for the latter we need the non-diagonal matrix com- 
ponents of the magnetic energy. The matrix in the MgMj^ scheme is more 
neaidy diagonal at the outset for strong fields, the matrix in the J M scheme 


* This is true in so far as we treat the magnetic perturbation as of the form of (1). Rigorously 
however there are other terms proportional to the square of the vector potential as mentioned in 
10'’2. They do not commute with tlie orbital angular momentum, and so at fields strong enough to 
make them important L and the individual i’s of the electrons are no longer quantum numbers. 
However, this is of purely theoretical interest because the fields necessary are much greater than 
any attainable ones. 
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for weak fields. These matrices may be obtained j5:om the calculations 
already given in other chapters so that the secular equations can be written 
down for any special case and solved by the usual methods. Except for the 
case of one-electron spectra, which has been already fully treated in § 10®, 
this procedure will not be here carried out in detail, for it can lead into very 
lengthy calculations which have very little applicability to spectroscopy 
since the fields needed to produce large Paschen-Back effect are seldom 
obtainable. The best experimental illustrations of the Paschen-Back effect 
are in connection with hyperfine structure (§ 5^®) where attainable fields can 
effect a complete transition from one scheme of states to the other. 

The Paschen-Back effect was important in the pre-quantum-mechanical 
theories of atomic spectra for the information it gave about the coupling 
relations, and was studied in this connection by Heisenberg and by Pauli.* * * § 
Sommerfeldf showed the relation of an old classical coupling theory of 
Voigt to the effect. The quantum-mechanical treatment was first given by 
Heisenberg and Jordan and detailed cases were discussed by I)arwin.$ 

Although the preceding remarks have, for definiteness, been made for the 
Russell-Saunders case, it is evident that they hold with appropriate minor 
modifications in the case of any other coupling for the unperturbed atom. 


PROBLEM. 

Show that for all field strengths the sum of the magnetic changes in energy of all states of the 
same M is equal to where is the sum of the Land6 g factors for the corresponding states 

when in a weak field. This is known as Pauli’s g-'permanence^ raZe. 


6. The Paschen-Back effect: illustrative examples. 

As an illustrative example we take the 4:s4:d^D-^4:s4rp^P multiplet in 
Znl which has been studied by Paschen and Back and later by van Geel.§ 
The first reference includes a number of other cases, the emphasis being on 
the fact that strong magnetic fields bring out lines which violate the ordinary 
selection rule on J so that in the magnetic field the multiplet is 

completed to all nine lines instead of the usual six. This is, of course, a simple 
consequence of the fact that the states in a strong magnetic field are not 
characterized by precise J values. The second reference provides accurate 
intensity measurements on the forbidden lines for various field strengths. 

* Hbisbutbeiig, Zeits. fiir Phys. 8, 273 (1922); 

PAtJU, ibid. 16, 155 (1923); 31, 765 (1925). 
t SoMMEBFEUD, Zeits. fiir Phys. 8, 267 (1922). 
j Heisbesbbg and Joedast, Zeits. fiir Phys. 37, 263 (1926); 

C. G. Daewin, Proc. Roy. Soo. A115, 1 (1927); 

£. DAB^m, ibid. A118, 264 (1928). 

§ Pasobusn and Pace, Physica 1, 261 (1921); 

VA2J GbbIj, Zeits. fiir Phys. 61, 51 (1928). 
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Tlie matrix components of in the SLJM scheme are obtained jfrom 
9811 and 1082 . They are 

{SL JM\H^\SLJM) = onMg{8L J) 
i8LJM\H^\8LJ-lM) (1) 

/{J-L+S)iJ + L-S){J + L + S+l){L + S-\-l-J) 

= 4y2(2J-l)(2 j+Tr ^ ~ • 

where g{SL J) is the Lande factor of § 2^®. 

The Znl 45 intervals are 190 and 389 cm~^, so the weak-field theory 
is adequate for them. The intervals, however, are only 3-28 and 4*94 cm“^, 
so the quadratic term in the perturbation theory is important here. The 
interval ratio shows that we are fairly close to Russell-Saunders coupling. 
The 45 4d is 300 cm“^ below the indicating a strong perturbation of it 
by as discussed in § 1^®. 

Applying the perturbation theory to 8 jD we find for Jf = ± 3 a linear 
variation with the field of the energy of ^ . For M = ±2 there is an inter- 
action between the corresponding states of and and for M = ±1,0 
there is an interaction between these states of all three levels of 8Z>. For the 
fields used the second-order perturbation is adequate. Using the matrix 
components (1) and the unperturbed level separations and writing rj for 
(ohlhc), we readily find for the quadratic perturbations: 

Coefficient of 7 )^ in quadratic perturbation of 

t '' 

»i>i “X>2 

JI/-.+2 — -0-043 H- 0-043 

+ 1 -0-1372 +0-0655 +0-0717 

0 - 0-1832 + 0-1023 + 0-0809 

The numerical value of rj is 4*674 x where ^ is in gauss. 

Paschen and Back publish data on the line for 39340 

gauss. Since ^Pq does not split this gives us directly the magnetic perturba- 
tion of For this field = 1*84, so the quadratic displacements of the o- 
components which involve the 31 = ± 1 states should be 0*22 cm~^ whereas 
they find 0*15 and 0*40 for the M = — I and + 1 components respectively. 
The TT component involves 31 = 0 for which the shift should be 0*35 and 
they report 0*32. This agrees within the accuracy of the data. 

Van Geel’s measurements on these lines are given in his Fig. 6 which we 
reproduce as Pig. 4^® with the addition of a small mark on the wave-length 
scale at 3281*927, which is the position of unperturbed given from 

the energy values of the levels. The broken lines show the splittings as given 
by the weak-field theory, the heavy lines are drawn through the experi- 
mental points. As drawn the departure for ^2 appears to be linear and 

too large. That is because the broken lines have been drawn to converge at 
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3281*95 instead of 3281*927. When the change is made it is seen that the 
uncertainty of the points is too great for a satisfactory comparison with 
theory. That is probably because this is a line which is forbidden in weak 
fields and is weak even at the fields used and so is dilB&cult to measure. 

The data on ®Po are probably more accurate since this is a stronger 

line. For this line he finds the quadratic effect at .3^ = 30,000 to be —0*185 
and — 0*334 cm~^ for the components involving ilZ = ± 1, whereas the 
theoretical value is — 0*268; and for the component involving Jlf = 0 he 
fihds a shift —0*297 as compared with a theoretical —0*360. 



The more interesting part of van Oeel’s work, however, concerns measure- 
ment of the intensities of the ‘ forbidden ’ lines as a function of field strength. 
The theory for this was given by Zwaan.* It is easy to see how the intensity 
changes occur. For example, the state which in zero field becomes is 
represented by a T* which is given by the perturbation theory to the first 
order in ^ as (cf. 9^5) 


T(JL)='F(3Di)-hT‘eZ)i) 


3*28 ^ 1 


where the matrix components, given by (1), are the same as we have already 
used. The state that grows out of therefore acquires some of the 


* Zwaan, Zeits. fiir Phys. 51, 62 (1928). 
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characteristics of J— I and «7==3 in addition to the J =2 which it has, strictly, 
when imperturbed. If therefore we calculate the matrix component of 
electric moment for transition to ® JP® , for instance, w© find 

the other two terms vanishing by the selection rule on J, The magnetic 
perturbation term is proportional to so the quantity |(®P^|P|^)p which 
measures the radiation intensity will vary as 

The intensity of all the ordinarily forbidden components as a function of 
field strength was worked out in this way by Zwaan. The components of the 
line ®Z )3 ®Pq for which A.J = 3 were found to vary as while the two lines 

for which AJ —2 varied as for weaker fields. 



Fif'. 5^®. Dopomloncti of ‘f<jrbi(ldoii-lino’ Htn'Ugfch oil Held in Paschen-Back effect 
for in Znl. (/ is the atrongth moasnrod with of the strength of the line 

as unit.) 

Tliis variation is simply the leading term of a development in powers of 
•, he found as well the coefficients of for the lines. 

The results for the relative strengths of the lines ®Z) 2 ->®Po and ®Z>i->®Po 
as found by Zwaan are (p = 3*0 x 10~^c^): 


Component : 

1-^0 

0->0 

-l->0 


\<sP^ - i 






5 . 


Van Geel measured the sum of the intensities of relative to 

>®P() as a function of the field Jf’ between 10,000 and 30,000 gauss. The 
agreement is shown in Pig. 5^® (van Geel’s Fig. 1) where the log of the 
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intensity ratio is plotted against log Jif". The broken line is that given by the 
theory. This is a very satisfactory agreement. He also studied the departure 
of the intensity of the 1 -> 0 and — 1 0 components from the law as 

given by the p® terms and found good agreement with theory. 

The paper by Paschen and Back contains a number of other examples of 
the appearance of forbidden lines in the magnetic field, but van GeeFs are 
the only quantitative intensity data in this field. 

We turn now to a brief discussion of some old data on the Zeeman effect 
in Hg I which provide an illustration of a Paschen-Back interaction between 
a singlet and a triplet term made possible because of the breakdown of 
Russell-Saunders coupling. The data are due to Gmelin.* He worked with 
low resolving power and reported all the Zeeman patterns as triplets. The 
splitting of A4916 (65 ®P^^i)1^6foiiJ^dtobe 4*72 x 10~^om~'^lg8b\iS3, 

which is within 1 per cent, of the modern value of the normal splitting. From 
it we may infer that g = 1-01 for this ^P. For A6769 (65 he found 

a specific sphtting of 5*36, and for A5790 ( 6 s Gd^^Pa-^^Pi) foimd 4-95. 

If we assume that the relative intensities of the pattern components are 
given by theory, it is easy to calculate that the centre of gravity of intensity t 
of an unresolved blend would come at an apparent specific splitting 
(IS'd “ is^jp) times the normal, where gjy and are the g factors for the and 
Pi levels respectively. In this way Gmelin’ s data leads to observed <7 values 
of 1*04 and 1*10 for and respectively. The sum is 2-14, whereas the 
sum of the Land 6 values is 1*00 + 1- 17 = 2- 17, a fair agreement for such data. 

From the departure of the g values from normal we can get, by the method 
of § 3^®, a rough estimate of the departure from Russell-Saunders coupling. 
Calling the quasi-singlet level A and the quasi-triplet B we have 

g(A) = g('-D^) + \(^D^\A)\^ 

fir(B) = fl-(>2>,) |(iX>a|£)P + 9'PD,) 

from which the observed values of g{A) and g{B) together with the Land 6 
values of g{}D^ and gi^D^ lead to 

|(iP 2 |^)|® = 0-68 |(®P,|.4)|® = 0-32, 

which is a rather large departure from LS coupling. This rough result is 
borne out by intensity measurements by Bouma,J who found A5769 and 
A5790 of equal intensity, which would indicate 

|(iD,|^)|2=|(=i),i^)P = 0-50. 

• Qmeun, Ann. der Phys. 28, 1079 (1909); Phys. Zeits. 9, 212 (1908); 11. 1193 (1910); 

Gbbbn and Lobxko, Phys. Rev. 4(6, 888 (1934), have since naade much better measure- 
ments on these lines and a more detailed comparison with the intermediate-coupling theory than 
that given here. 

t Shbnstonb and Biaib., Phil. Mag. 8, 765 (1929), have made good use of this method of treating 
unresolved Zeeman patterns. 

t BotiMA, Zeits. fiir Phys. 38, 658 (1925). 
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So much for the first-order efifect. Zeeman* foimd a quadratic displace- 
ment of A5790 which was later studied hy Gmelin. If we had pure LS coup- 
ling there could be no such effect because the magnetic perturbation has no 
matrix components connecting different singlet states. In view of the fact 
that the quasi-singlet A has a large component of ®£>2 in its eigenstate, it is 
able to show a Paschen-Back interaction with ®Z)i and ®Z> 3 . It happens that 
A is only 3*2 om~^ below \ hence its states will show a quadratic efifect 
downward equal to 

MY |(®i>2M)|2 
3*2 

Working out the details we find that the centres of gravity of the a and tt 
components should show respectively displacements of — 1*33 x 
and — 3*48x where a is written for |(®Z) 2 |-^)P- What Gmelin 

observed was no shift for the a components and a quadratic efifect of 
— 1*41 X for the tt components. This corresponds to a — 0*40, in 

good agreement with the value 0*32 derived from the departure of the gr’s 
from the normal Lande values. 

It thus appears that the existing data on A57 90 is in accord with the theory 
and exemplifies a Paschen-Back displacement of a quasi-singlet line arising 
from departure from Russell-Saunders coupling. More accurate measure- 
ments on this line are desirable for a more definite check. This interpretation 
of Gmelin ’s data disagrees with that given by Back,f who tries to relate the 
matter to hyperfine structure. 

7. Quadrupole lines. 

The theory of the Zeeman effect for quadrupole lines has been developed 
incidentally to other work in preceding sections, so brief comment relating 
it to the experimental work is all we need here. The splitting of the energy 
levels, being a property of the levels and not of the transitions, is given by 
the discussion of other sections of the chapter. The details of the picture 
concerning angular intensity and polarization, associated with different 
changes in M, have already been worked out in §6^. 

The first experimental work on this point is that of McLennan and 
ShrumJ on the green auroral line. As discussed in § 5^^, this is the >^jD 2 
transition in the normal configuration of neutral oxygen. The first 
Zeeman effect observations § were taken in the longitudinal direction. Prom 
the results of § 6“* we see that in this direction the AJf = ± 2 and AM = 0 
components have vanishing intensity, so the pattern is like that of a dipole 
* Zkeman, PhyH- Zcits. 10, 217 (1900). 

■I- Back, Handbuch der Expcrimontalphysik 22, 164 (1929). 
t McLennan and Shrxjm, I^roc, Roy. Soc. A 106 , 138 (1924); A 108 , 601 (1926). 

§ McLennan, Proo. Roy. Soc. A120, 327 (1928); 

Sommer, Zeits. fiir Phys. 51, 461 (1928). 
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line. The measured displacements gave g=l from which the singlet cha- 
racter of the line was inferred. The transverse effect for this line was studied 
by Frerichs and Campbell* who found the a components at twice the normal 
separation, corresponding to AJif = + 2, as well as the it components at 
normal separation for Aif = ± 1, all of equal intensity, in agreement with 
the theory. 

Segr6 and Bakkerf studied the Zeeman effect of the doublets in 

sodium and potassium. This work provides a detailed verification of the 
theory in several respects. For sodium the interval is so small that all 
fields giving a measurable splitting showed a complete Paschen-Back effect 
in this term. For potassium the doublet interval is great enough (2*32 cm“^) 
that the two lines can be studied separately. This was done in the oblique 
direction at 45 degrees, as well as transversely, and the theoretical expecta- 
tions as to relative intensity and polarization of the components verified. 

For higher fields the Paschen-Back effect begins to alter the intensities 
and permits new components to appear. The theory is exactly like that for 
dipole lines— we have to calculate the matrix components of the quadrupole 
moment with respect to the perturbed eigenfunctions. In analogy with the 
discussion of the preceding section the perturbed matrix components can 
be expressed in terms of the unperturbed matrices by means of the trans- 
formation matrix from the unperturbed to the perturbed eigenfunctions. 
Such calculations have been made explicitly by Milianczuk J and the results 
found to agree well with the experimental results of Segre and Bakker. 

* Freriohs and Campbell, Phys. Rev. 36, 151, 1460 (1930). 

t Sbor^i and Barker, Zeits. fiir Phys. 72, 724 (1931). 

J Milianczuk, Zeits. fiir Phys. 74, 825 (1932). 



CHAPTER XVII 


THE STARK EFFECT 

The influence of an external electric field on atomic spectra was discovered 
by Stark in 1913 and is known as the Stark effect. It was natural to expect 
such an effect as soon as the Zeeman effect had been discovered and inter- 
preted theoretically in terms of the electron theory. Voigt gave attention 
to the electric perturbation of atoms as early as 1899 and came to the 
conclusion that the effects would be very small. He also made attempts to 
discover an effect on the D-lines of sodium but without success.* 

Stark’s discovery was made on the Balmer series of hydrogen. It came in 
the same year as the Bohr theory of the hydrogen atom, so that it was an 
important additional success of that theory when, independently, Epstein 
and Schwarzschildf calculated the effect in terms of quantized orbits and 
predicted the observed line patterns exactly. Later KramersJ carried the 
theory further by using the correspondence principle to provide estimates 
of the relative intensities of the lines in a pattern. 

It soon turned out that hydrogen occupies a somewhat exceptional 
position. Generally the splitting of a spectral line is much smaller than in 
hydrogen although there are special cases in other spectra where the effect 
is comparable in magnitude with that of hydrogen. We shall see that this is 
connected with the accidental degeneracy in hydrogen whereby terms of the 
same n but different I have the same energy, except for the small relativity 
fine structure. We shall also see that the cases of large Stark effect in other 
spectra are those in which two terms which may combine according to the 
optical selection rules lie close together. 

The theory of the Stark effect in hydrogen was the first application of the 
perturbation theory in quantum mechanics. It turns out that the positions 
of the components in hydrogen as far as the first order effect (that pro- 
portional to field strength) is concerned is the same as on the quantized orbit 
theory. But the effects of second and third order differ in quantum mechanics 
from the results of the older theory. New experimental work which carries 
the study up to high fields has shown that the effect is in agreement with the 
new theory. At very high fields another aspect of the effect becomes im- 
portant, namely, the destruction of quantized levels by the field. This has 
the effect of shifting the limit of the Balmer series toward the red by allowing 

* VoiQT, Ann. dor Phys. 69, 297 (1899); 4, 197 (1901). 

■j- Epstein, Ann. dor Phys. 60, 489 (1916); 

SoHWARZSOiiiLD, Sitzber. Berliner Akad. 1916, p. 648. 

J Kbamsrs, Danske Vidensk. Selsk. Skrifter (8), iii, 3, 287, and Zeits. fiir Phys. 8, 169 (1920). 
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the continuous spectrum to encroach on the part of the frequency scale 
which is reserved to the line spectrum in the absence of a field. 


1 . Hydrogen. 

We consider first the application of the ordinary perturbation theory to 
atomic hydrogen to find the efiect of weak fields on the energy levels. 
Suppose the electric field of strength ^ in the negative ^-direction so the 
electron is acted on by o, force in the positive g-direction. Its potential energy 
in the field of the nucleus is then 

( 1 ) 

T 

Because of the fact that the potential energy tends to — oo for large positive 
values of z, all energy levels are allowed. But the spectrum has a quasi- 
discrete structure which can be investigated by treating —eSz as a per- 
turbation in the usual way. 

Owing to the degeneracy of the unperturbed states of hydrogen it is 
necessary to find the particular choice of unperturbed eigenfunctions with 
respect to which eSz is a diagonal matrix with regard to the sets of initially 
degenerate states. This is accomplished, as Schrodinger and Epstein* have 
shown, by solving the hydrogen-atom problem by separation of variables in 
parabolic coordinates. We write 

x = V^r}Qos<^, 2/ = V^7;smcp, z = m~'n)- (2) 

The coordinate surfaces so defined are paraboloids of revolution for | and 17 
and meridian planes for 9. The paraboloids of both families have their foci 
at the origin, those with $ = constant extend to g = — 00, those with rj = con- 
stant to g = -1-00. For these coordinates we have 


and the Schrodinger equation for the perturbed atom becomes 


0 

3^ 




4 \i rj) dcp^ 


dr]/ 




2^2 


[ IF 4 - T?) -I- 2 e 2 + = 0 . 


This permits a separation of variables 

j/r = F{$) G{ 7 j) 

leading to the equations for F and G: 


9 

di 








dr]} 


2^2 


-t- 


2^2 


rtFf+2eii|8i- 
rTri) + 2e%- 


m2^2 1 
■^1 

1 


V 77 


Je<^T}M ff = 0, 
y 3 i + j8a=l-J 


* SOHEODUTOBR, Ann, der Phys. 80, 457 (1926) ; 
BPSTEDir, Phys. Rer. 28, 696 (1926). 


( 3 ) 


( 4 ) 
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A discussion of tliose equations for the case <^ = 0 in the usual way shows that 
they can be solved in terms of Laguerre polynomials. The solutions of these 


equations are ^ ^lm|/ 2 g-w 2 


( 5 ) 


where u = i{nB., v==7)jna., 

and n = h-^ + k2+\m\ + l, 

Ic^ and being positive integers or zero. The energy levels are, of course, the 
same as are obtained by solving in spherical coordinates (§ 2®). The values of 
^2 terms of k^^ or k^ are given by 

/o + + i 

Pi~ ^ 


n 


( 6 ) 


The final result for the normalized wave function of a state characterized 
by the quantum numbers n km where k is written for k^ is 


/ 2k \ 

^{nkm) = 7 F{u) G(v) (7) 


For a first-order calculation of the perturbation of the atom due to an 
electric field we need the matrix of 2 with regard to the states of the same n. 
This may be calculated from known properties of Laguerre polynomials and 
found to be diagonal in h and m. The diagonal elements have the value 

{nkm\z\nkm) = ^{k-^ — k^ (8) 

so that states for which k^ > k.^ are those which give a greater probability 
for the electron to be at z > 0. From this result it follows at once that the 
first-order alteration of the energy of the state nkmis 


(9) 

that is, the states in which the electron is more likely to be in the z > 0 region 
are lowered in energy. This calculation neglects the relativity-spin fine 
structure and so is applicable only for fields producing i>erturbations large 
compared with this fine structure.* 

We shall not give the details of the calculation of the second- and third- 
order effects t but shall pass now to a comparison of the theory with experi- 


* The calculation including the fine structure was carried out independently by Rojanskv, 
Phys. Rev. 33, 1 (1929), and Sohlapp, Proo. Roy. Soc. A119, 313 (1928). It turns out that there 
is a linear effect for very weak fields owing to the degeneracy of the levels and ®(JS + l)i^-j 

in the hydrogen fine structure (§ 4®). As the Stark displacement becomes comparable with the fine 
structure a non-linear effect sets in, which for larger fields goes asymptotically into that given in 
the text. 

"I" The formulas (11) and (12) for the coefficients of <?* and (S’® in the Stark -effect displacements 
wore not obtained by using the elements of — eSz which are non-diagonal in n in the usual second- 
and third -order perturbation theory (this would involve a very inconvenient summation over 
all the levels of the discrete and continuous spectrum), but by writing F, O, W, and jSg in 
(4) each as a power series in S and then solving in succession the equations obtained by equating 
the coefficient of each power of ^ to zero. 
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ment. If we measure S in kilovolt/cm and write h-^ k^) for the first-order 

alteration in (9) becomes 

*'i(^ = 0-0642 92. — (10) 

where the numerical value of the coefS.cient is calculated from the theoretical 
expression. The original absolute measurements of Stark gave an experi- 
mental value of 0-068 but recent precision measurements by Sjogren and by 
Kassner* agree within 1 per cent, with the theoretical value. Nearly all of the 
experimental data refer to the Balmer lines. t For fields up to 100 kilovolt/cm 
the quadratic effect is negligible in comparison with the linear effect. 

From § 5* we know that the Am = 0 transitions will show parallel polariza- 
tion in transverse observation and will be absent in longitudinal observation. 
Also for transverse observation the transitions Am= ± 1 give radiation 
polarized perpendicular to the field. So far, this is just like the Zeeman effect. 
There is a difference in the longitudinal observation. In the Zeeman effect, 
the lines due to transitions where m changes show circular polarization. 
Here the line due to a transition (m) ->■ {m + 1 ) is at the same frequency as 
( — m)->( — m+1). Theoretically each of these gives circularly polarized 
light but in the source there is an incoherent superposition of the two con- 
tributions giving no polarization in longitudinal observation. This is also 
true for fields where second- or third -order effects are appreciable. These 
predictions concerning polarization have been checked experimentally J so 
transverse observation is used to get complete patterns. 

Consideration of the range of quantum numbers shows that the pattern 
will be symmetric around the position of the unperturbed line. The com- 
ponents in a pattern differ in intensity because (a) individual transition 
probabihties differ, (6) some components are the sum of several transitions, 
(c) excitation conditions may put unequal numbers of atoms into various 
states of the initial level. As always, this latter effect is most difficult to 
control and is probably the principal source of discrepancies between theory 
and observation on relative intensities. 

Theoretical calculations of relative intensities were made by Schrddinger 
and by Epstein {loc. cit.). These agree when a correction in Epstein’s work 
is made.§ In Fig. l^'^ the theoretical patterns for the first four lines of the 
Balmer series are shown, the unit of abscissa being the basic splitting 
0-0642<^ cm-i and the ordinates being proportional to the relative intensities 
in the pattern for any one line. The cross-marks indicate measured relative 

* Sjoobbit, Zeits.fiir Phys. 77, 290 (1932); 

Kasssthr, ihid. 81, 346 (1933). 

t Ebbbjohs, der Phys. 19, 1 (1934), has succeeded in obtaining the Stark effect of the 
Uyman senes. Here the patterns are entirely due to the splitting of the initial levels since the 
final Is level is unaffected by an electric field. 

t Stake and Wbndt, Ann. der Phys. 43, 991 (1914). 

§ Gordon and Mustkowski, Naturwiss. 17, 368 (1929). 
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intensities. The general agreement is good but attempts to make an accurate 
test of the theory encounter many difficulties. When the hydrogen atoms 
are moving rapidly as in canal-ray sources, the relative intensity of the 
different lines is disturbed by what appears to be due to differential destruc- 
tion of excited atoms by collision from the different states of the I’nitiia.l level. 
It has been shown* that when the atoms are moving in the direction of the 




Eig. 1^’. Stark-effoct patterns for tho first four Balmer linos. Tho theoretical relative 
•strengths of tho components of each lino are shown by the lengths of the bars, 
with very weak compononts indicated by lialf circles. The cro.SB-marks indicate 
the measured relative intensities (principally from Foster a.nd Chalk) of certain 
components of tlio same polarization. 

field the high frequency components of the Stark pattern are weaker than 
the others (and are stronger when the atoms move in the direction opposite 
to that of the field). Since the high frequency components arise from states 
of higher energy in the initial state, the experimental result indicates that 
these states (for which the larger values of ifsijj are on the forward, ‘ exposed,’ 
side of the atom) are more subject to quenching by collision than those of 
lower energy.f WierlJ has shown that the intensity dissymmetry is not 

* Stark and Kibschbaum, Ann. dor Thys. 48, 1006 (1914); 

WiijSAB, Gott. Nachr. 1914, p. 85; 

Luneland, Ann. dor Phys. 45, .517 (1914). 
t Boim, Phil. Mag. 30, 394 (191.5); 

STjACK, Ann. dor Phys. 82, 676 (1927); Phys. Rov, 35, 1170 (1930). 
t WlEBE, Ann. dor I’hys. 82, 663 (1927). 


26 



THE STARK EFFECT 


402 


117 


present when the field is perpendicular to the motion of the atoms, nor when 
the canal rays go into a high vacuum. 

The intensity measurements by Foster and Chalk, Mark and Wierl, and 
others* * * § do not agree in detail with the theory, but provisionally we shall 
regard this as due to the large number of variations in physical conditions 
in the experimental work. 

Axi interesting experiment has been performed by Wienf by sending a 
hydrogen canal ray beam through a magnetic field so that the atom’s 
velocity v is perpendicular to From the standpoint of a coordinate 
system moving with the atom this gives rise to an electric field of amount 
V X 3^lc, which can produce a Stark effect. Of course the magnetic field 
gives rise to a Zeeman effect, but this can be made smaller than the electro- 
dynamic Stark effect. The ratio of the basic energy change fe«fa to the 
ehJ^ j4:7Tmc of the Zeeman effect is (3/a)(t;/c) where a is the fine structure 
constant. For 10® cm/sec the ratio is 1*4, but as the strongest lines in the 
Hy pattern are displaced 15 to 20 times the basic unit we see that at such 
speeds the electric effect is about 20 times the Zeeman effect. Such speeds 
were used by Wien. The experiment is extremely difficult and the pictures 
obtained are quite unsharp. The observed effects agree with theory to within 
the rather low accuracy attained. 

We turn now to a discussion of the experimental results for the quadratic 
and cubic Stark effect in hydrogen. This has been studied up to fields of 10® 
volt/cm. The theoretical energy change in the quadratic effect has been 
found! to be 

— 19]. (11) 


This differs from the quadratic effect in the classical theory by the ap- 
pearance of the additive -h 19 in the brackets and by the fact that the m 
values are all one unit lower than in the older theory. Similarly the theory 
for the third-order effect has been worked out by Doi § who finds for it the 
energy change 

*) 

— (^1 — llw^— 71]. (12) 


* Foster and Chalk, Proc. Roy. Soc. A123, 108 (1929); 

Mark and Wierl, Zeits. fur Phys. 53, 626 (1929); 55, 156 (1920) ; 

Kiuti, Jap. Jour. Phys. 4, 13 (1926); 

ISHIDA and Hiyama, Soi. Pap, Inst. Phys. Chem. Roa. Tokyo 9, 1 (1928); 
Stark, Ann. der Phys. 1, 1009 (1920); 48, 193 (1915). 
t Wien, Ann. der Phys. 49, 842 (1916). 

} Epstein, Phys. Rev. 28, 695 (1926); 

Wbntzbl, Zeits. fiir Phys. 38, 527 (1926); 

Waller, ibid. 38, 640 (1926); 

Van Vleok, Proo. Nat. Acad. Sci. 12, 662 (1926). 

§ Result only published in Ishida and Hiyama (Zoc. ciL). 
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It is convenient to express the shift of a particular component of a Balmer 
line in the form A(om-i)= ±a^-hS^±c^, (13) 

measuring ^ in milhon volt/em in order that the coefficients be of com- 
parable order of magnitude. Ishida and Hiyama have given a table, which 
we reproduce as Table 1^'^ of the coefficients a, 6, c, for the strong components 
of H a, H and Hy. There are two columns for h and c corresponding to the 
quantum-mechanical theory and the old quantized-orbit theory predictions. 
The column headed ‘transition’ gives the quantum numbers of 

initial and final states for the transition in which the linear effect is positive, 
that headed ‘ label’ gives the linear effect in terms of the basic splitting, and 
the polarization of the component. 

Tablb 1^’. Ooefficienta of Stark displacements in (13). 

b c 

, A ^ ^ ^ 

Line Transition Label a New Old New Old 


' 110-^010 

2 TT 

128-78 

6-715 

5-707 

0-003 

0-002 

101 

001 

3 TT 

193-17 

6-207 

4-622 

0-088 

0-086 

*'200 

100 

4 TT 

267-66 

6-309 

5-395 

0-164 

0-146 

002 

001 

Oa 

0 

6-177 

2-819 

0 

0 

110 

001 

0 a 

0 

6-706 

5-707 

0 

0 

101 

100 

1 <7 

64-39 

6-156 

4-419 

0-085 

0-083 

210-J-010 

6 TT 

386-34 

38-36 

34-80 

1-045 

0-97 

201 

001 

8 TT 

515-12 

36-97 

30-12 

2-125 

2-11 

300 

100 

10 TT 

643-90 

35-10 

31-54 

3-065 

2-855 

111 

010 

2a 

128-78 

37-54 

31-64 

0-003 

0-002 

102 

001 

4ct 

257-56 

33-53 

25-23 

1-165 

1-20 

210 

001 

4a 

257-66 

38-41 

35-00 

1-042 

0-97 

201 

100 

6 a 

386-34 

35-92 

30-16 

2-125 

2-11 

220- 

->010 

2 TT 

128-78 

146-3 

137-3 

0-003 

0-002 

211 

001 

5 TT 

321-95 

142-2 

127-6 

7-65 

7-53 

310 

010 

12 TT 

772-68 

142-5 

133-0 

14-92 

14-29 

301 

001 

15 TT 

965-85 

134-2 

119-6 

22-64 

22-41 

400 

100 

18 TT 

1159-02 

130-5 

121-3 

29-30 

28-00 

112 

001 

0 a 

0 

134-1 

113-6 

0 

0 

220 

001 

0 a 

0 

146-3 

137-2 

0 

0 

211 

100 

S a 

193-17 

142-2 

127-0 

7-65 

7-58 

202 

001 

10 cr 

643-90 

130-5 

109-8 

16-00 

16-40 

310 

001 

10 cr 

643-90 

142-5 

127-1 

14-93 

14-30 

301 

100 

13 CT 

837-07 

1.34-3 

113-3 

22-64 

22-40 


The quadratic effect was discovered by Takamine and first studied care- 
fully by Kiuti and by Rausch von Traubenberg and Gebauer.* The cubic 
effect is studied on the components IStt and IStt of Hy in a later paper 
by Gebauer and Rausch von Traubenberg. f We shall content ourselves with 
a report of this work. By reversion of the series (13) we see that the field 
strength can be calculated from the observed shift A by the formula 

a\_ a a a] a^_\ 

* Kiuti, Zcits. fiir Phys. 57, 668 (1929); 

Rausoii von Traubenbbbo and Gkbaubb, ibid. 54, 307 (1929); 56, 254 (1929). 
t Gebaubu and Rausch von Tbaubenbebc, Zeits. fur Phys. 62, 289 (1930). 
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If tlie theory is correct this formula gives the same value of the field strength 
on a particular plate when applied to the various components of the patterns . 
This is the case to an accuracy of about 0*1 per cent, in the experimental 
work. The procedure was to calculate ^ from the observed effect on H and 
then to compare the observed effect on Hy +157r and h-IStt with the 
theoretical values as calculated with the values of ^ determined from H j8. 

We may regard the theory of the linear effect as already adequately tested 
in other experiments and subtract its theoretical amount from the observed 
shift to obtain the observed amounts of the shift due to the higher order 
effects. We have prepared Fig. '2P in this way from the data on the IStt 
violet component of H y. The points give the observed data and, for com- 
parison, are given theoretical curves for the amount of the quadratic effect 



Fig. 2^’. The second- and third -order Stark effect on the 18 tt violet component of H y . 

alone, the quadratic plus cubic effect, and the quadratic plus cubic effect 
as calculated on the old theory. It is clear that the data are best represented 
by the curve representing quadratic plus cubic effect on the quantum- 
mechanical theory. There appears to be a small systematic departure at 
the higher field strengths which is perhaps due to the fourth-order effect. 
The data are evidently not well represented by the old theory. 

2. Stark effect at the series limit. 

As already mentioned in the preceding section, the potential energy of the 
electron in the apphed field tends to — oo as 2 ? tends to large positive values. 
This has as a consequence that the spectrum of allowed values is really 
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continuous, there being admissible wave functions for all values of the 
energy. Nevertheless we have seen that the spectrum gives sharp line 
patterns in Stark-effect experiments. We wish now to examine the situation 
more carefully. 

The potential energy 17 of l^"^! has an extremum at the point a; = 0, «/ = 0, 
2 = =V els', where the electric force due to the nucleus is just balanced by 
that of the external field. At this point the potential energy has the value 

l7o=-2Ve^. (1) 

It is natural to expect that this energy value and the distance d play an 
important role in the Stark effect. This is in fact the case. Examining the 
formulas 1^'^9 and l^'^l 1 we see that the coefficients of the quantum numbers 
can be written — (a/d) and respectively, and similarly for the 

cubic term of 1^'^12. In a general way this might lead us to suspect that the 
developments have a validity only for small (a/d) and, as the region of space 
occupied effectively by an electron in the state has linear dimensions of 
the order w^a, we may expect the perturbation theory to fail for the state 
when d~?^^a. 

The first theoretical discussion of the special features of the problem in 
this region was given by Kobertson and Dewey* from the standpoint of the 
classical quantized orbits. In that theory only those orbits can be quantized 
which are conditionally periodic, so the upper limit of the discrete energy 
spectrum is the maximum value of the energy for which conditionally 
periodic orbits exist. They found that there exist no quantizable orbits whose 
total energy is greater than 


and quantizable orbits in the neighbourhood of this limit only exist provided 


that 



In the classical mechanics the orbits for which L^=0 are ruled out because 
they lead to collisions with the nucleus. Hence the least admissible value 
of is h. This value of leads to an upper limit of the discrete spectrum 
which in wave numbers is given by 

ai= -1110^^ 

whereas the value of the extremum of potential energy ?7o given by 

ao= -6271<^’^, 

where S' is measured in lO*** volt/cm in both formulas. These two expressions 


* Robertson and Dewbit, Phys. Rev. 31, 973 (1928). 
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are plotted as functions of ^ in Fig. 3^^. From this we see that the discrete 
spectrum may extend up to higher energy values than the extremum of the 
potential energy function. At jSrst sight this may seem a surprising result. 
If the particle has enough energy to get to the configuration where the field 
force balances the nuclear attraction we are apt to think that it will surely 
do so. But this is not the case. A simple mechanical example is that of a ball 
rolling under gravity inside of a spherical bowl, one side of which is partly 
broken away (as with the Mad Hatter’s tea-cup). The ball may perform 
oscillations in a vertical plane which does not pass through the broken wall, 
whose total energy exceeds the energy limit where the non-periodic motions 
begin, that is, at the energy corresponding to the lowest place in the rim 
of the bowl. 

o 

woo 

2000 

3000 

4000 

5000 

6000 

7000 

Fig. 3^’. Classical -dynamical energy limits for quantized orbits in the hydrogen atom 

in an electric field. 

So much for the classical-mechanical theory of the problem. The quantum - 
mechanical theory has been treated by Lanczos* and is based on a direct 
discussion of equations 1^'^4 for the case ^ # 0. The problem is somewhat 
complicated by the peculiar dynamical interaction of the motion in the ^ 
and 7) coordinates, but the essential point is the couphng of discrete and 
continuous energy eigenstates of the same energy value. This feature of 
quantum mechanics was first discussed by Oppenheimer,t who applied it to 
a calculation of the probability of ionization of hydrogen in the normal state 
by the application of a steady field and showed how this mechanism could 
account for the emission of electrons by cold metals in strong electric fields. 
It has become well known through its application by Gurney and Condon 

* Lanozos, Zeits. fiir Phys. 62, 618 (1930); 66, 431 (1930); 68, 204 (1931). 

t OrPBiinacBiMiiK, Phys. Rev. 81, 66 (1928). 






and by Gamow* to the problem of a-particle disintegration of radioactive 
elements. 

The effective potential energy functions in the two equations are 








U,(ri) 


1 

7 ) 2 / 4 , 7 ]^ 


+ 17, 


which are of the forms indicated in Fig. 4 ^'^. The wave equations cannot be 
solved exactly but have been treated by the Wentzel-Brillouin-Kxamers 
method. The second of them leads to discrete energy levels which depend 
parametrically on jSg, m and the quantum number which gives the 
number of nodes in G{ 7 )). We shall call this relation W = WaCjSg, h^,m). The 
first equation does not lead to discrete values of W for a fixed jS^; instead we 
are presented with the phenomenon of the leaky potential barrier. We are 



Fig. 4P. Effective potential energy functions in the ^ and ■>7 coordinates for hydrogen 

in an electric field. 


interested only in the quasi -discrete levels, associated with values of W 
below the maximum of These can be found with considerable accuracy 

by replacing for large f by some other curve, such as the dotted one in 

the figure, so that the new equation has discrete energy levels. These will 
depend parametrically on 781, k^, and 771, say W = Then the 

allowed energy levels of the problem are the values of W for which 

where the relation already been taken into account. 

Now let us consider the fact that the true Ui{i) slopes downward for large 
I, instead of having a horizontal asymptote as in the dotted curve. For a 
value of PF= m) the wave function will oscillate and have kx 

* Gurnby and Condon, Nature 122, 439 (1928); Phys. Rev. 83, 127 (1929); 

Gamow, Zeits. fiir Phys. 31, 204 (1928). 
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nodes in the region I. In the region II it will approach zero in a quasi- 
exponential way and in the region III it will again assume an oscillatory 
character but will have a greatly reduced amplitude relative to the amplitude 
in I. For a value of W differing slightly from Wi(j3i the behaviour in 
I will be quite similar, but owing to the slight difference in the wave-length 
of the de Broglie waves it will increase quasi-exponentially in region II so 
that the oscillatory portion in region III will have a much larger amplitude 
relatively than before. This change in character of the eigenfunction from 
‘large inside — small outside* to ‘small inside — ^large outside’ takes place as 
a continuous function of W but occurs in an extremely small range Of energy 
values near the value Wi(j3i , We shall want the wave functions 
normalized so that the integral of their square out to some large value of i 
is equal to unity. (This suffices to give the correct relative normalization, 
for the behaviour of the oscillatory part of each wave function from a large 
value of i out to ^ = oo is essentially the same, and thus we avoid dealing 
with divergent integrals and the special technique for normalizing con- 
tinuous spectrum wave functions.) 

In computing the transition probability from any energy W to a, lower 
state which shows a much smaller perturbation it is only the part of the wave 
function in region I which plays an essential role, for in calculating the 
electric -moment matrix component the wave function of the less-perturbed 
state will be essentially zero outside of this region. By applying the Wentzel- 
Brillouin-Kjamers approximation, Lanczos was able to show that the 
intensity of radiation from initial states in the energy range da> at 
j w) -f CO is proportional to 

1 dco/X 
7rl-H(a)2/X2)’ 

where X = — e~^ 

27r * 

The ‘half-width’ of the spectral line (i.e. the interval between the two 
energies at which the radiation intensity has sunk to half value) is evidently 
equal to 2X. The value of X depends both on v, which is the classical 
frequency of vibration in the ^ coordinate for the state in question, and I, 
which measures the penetrabiHty of the barrier between regions I and III. 

If at i = 0 we are sure that the atom has an energy about equal to that of 
the energy level in question and that the electron is in the region I, we 
represent the state by a wave packet built to give constructive interference 
of the waves in region I and destructive interference in III. Such a packet 
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can be built by superposition of states in the energy range of the order of X. 
As time goes on the constituent waves in the packet will get out of phase, so 
the amplitude of the packet will decay in such a way that the probability 
of the electron being in I contains a factor where S = 2ve~'^/7T. This 
diminution in region I is compensated by an increase in region III, so the 
process corresponds to an ionization of the atoms by the steady field, or a 
radiationless transition of electrons from the bound state of region I to the 
free state of region III. Suppose a is the probability per unit time of leaving 
region I by radiation. Then the total probability of leaving region I in unit 
time is (a -h S), so the fraction of excited atoms which leave by radiation is 
a/(a + S). The total intensity of the radiation from this level is therefore 
this fraction of the value it would have been in the absence of the field 
ionization. 

Thus the effect of the field is to give an unsharp line whose width is 
hve~^^l 7 r and whose total intensity is diminished by the field-ionization 
process. The actual calculation of the quantities v and I for high fields is 
somewhat laborious although the values can be expressed in terms of 
elliptic integrals. Lanczos has made some calculations for the IStt violet 
and red components of H y which are in general agreement with the experi- 
mental work. The rather surprising result is that the violet component 
remains sharp and strong to much higher field strengths than the red com- 
ponent which fades out at about 0*72 million volt/cm. As the violet com- 
ponent arises from an initial state of higher energy than the red component 
we might expect the opposite, for the high state has a more penetrable 
barrier to go through. The explanation is that the initial state of high energy 
corresponds to the electron being mostly on the opposite side of the nucleus 
from the low place in the potential where the leaking takes place. In the 
violet component’s initial state the electron is cautious and conservative, 
avoiding the leaky barrier; in the red state the electron is reckless and 
wastrel, hurling itself against a less leaky barrier often enough to rob itself 
of the chance to shine ! 

3. General theory for non-hydrogenic atoms. 

In this section wo shall sketch the general results obtained by calculating 
the electric perturbation of any atom by the perturbation theory. If the 
field ^ is in the negative z direction and is the 2 -component of electric 
moment of the atom, then the Hamiltonian of the atom in the field is 

// = //o + <rP., (1) 

where //(> is written for the Hamiltonian of the atom in zero field. The 
j 3 erturbation is therefore determined entirely by the matrix components 
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of tlie z-component of the electric moment, a quantity with which we 
are already quite familiar because it measures the strengths of spectral 
lines. 

If for a particular atom we already have a rather complete knowledge of 
the energy levels and corresponding eigenfunctions, we may calculate the 
matrix of and proceed to apply the perturbation theory. The details of 
the results so obtained naturally will depend a great deal on the mode of 
coupling of the angular-momentum vectors and the amount of configuration 
interaction. But we can, nevertheless, make some remarks which hold quite 
generally for all atoms before treating the separate special cases that arise. 

In the first place P^ has matrix components only between states of 
opposite parity. Second, for a state of given J value it has matrix com- 
ponents with other states whose J values are J —1, J and J -{-1. Third, the 
order of magnitude of the non-vanishing matrix components involving 
electrons in states of total quantum number n will be the same as computed 
with hydrogenic wave functions. This we shall see is of the order 6-4 cm~^ 
for a field of 100 kilovolt/cm. Because of this the second-order perturbation 
between two states whose energy difference is more than 10 . (6-4)2 9 ^, 4 ^ 400 
cm~^ is almost sure to be less than 0-1 cm-^ even at 10® volt/cm. As most of 
the experimental work has 0*1 cm~^as the limit of accuracy and is carried out 
at smaller fields, we see that the interaction of two terms several thousand 
wave numbers apart is negligible. The combined effect of an entire series of 
terms on a given term may be appreciable however. From our previous 
study (§ 102) of the general features of perturbations we know that the effects 
will be given quite accurately by the second-order formula provided the 
initial separation of two interacting states is large compared with the energy 
of interaction between them. So for terms separated by more than about 
6 - 47 i 2 ]30 sufficient to use the second-order formula. This qualitative 

restriction coupled with the parity and J selection rules suffices to make 
most cases tractable in this way. In such cases the displacement of the terms 
is small compared to the effect in hydrogen and is strictly proportional to the 
square of the field strength. 

For a group of states lying close to each other a more accurate calculation 
is needed. This can be made by forming a secular equation from the matrix 
of the perturbed Hamiltonian by including just those rows and columns 
which refer to the small community of close, interacting states. Solution of 
this finite-matrix transformation problem will determine the mutual per- 
turbation of these states and the transformation to a new set of states with 
regard to which this part of the Hamiltonian is diagonal. This transforma- 
tion also enables us to calculate the values of the perturbation matrix 
components connecting these perturbed states with the distant states and 
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thus to know how the second-order action due to them is distributed over 
the community. This procedure is exemplified in the next section. 

There is another qualitative remark of importance. Generally the electric 
displacement of excited states is much greater than that of low-lying energy 
levels so that in most cases the displacements of the final state of a line are 
neghgible, the observed line pattern being a direct picture of the perturba- 
tion of the initial state. 

Let us next consider quite generally the kind of pattern to be observed in 
the quadratic Stark effect of a state described by the quantum numbers 
a J M. Using 9® 11 in the second-order formula of 9^4 to express the depend- 
ence on M of the matrix components, we may write for the displacement 


A(a J ) = ^ [ + ( J + 1 )2 + a_ - a^) . 


( 2 ) 


Here 


represents the perturbation by the levels for which J' = J —1; aQ and are 
similar expressions for the perturbation by levels of J' = J and t7 -t- 1 


respectively. 

The relative strength of the different components of the line pattern for 
transverse observation resulting when these states combine with an un- 
perturbed level yJ' is likewise given by 9® 11 just as in the Zeeman effect 
(cf. §4^®). Writing (2) in the form 

(3) 

let us consider the transitions from the states of the level a to a level y J 
of the same J value. The tt component whose displacement from the position 
of the unperturbed line is ^ is produced by the transitions M -»■ M 

and — M so its whole strength is proportional to assuming 

equal population of the various initial states. The a component line at the 
same place is produced by ± 1 and — Jlf + 1 , so its whole strength 

is proportional to [«/ ( -1- 1) — ikf for -M # 0 while for M = 0 the strength is 
proportional to | J (J-t- 1). In the same way the relative strengths of the 
lines in the patterns for a */->«/— 1 and a */->■«/ 4- 1 transition may be worked 
out. The results are summarized in the table: 


Relative strength of line component at .4 - BM^ 


Transition 

Polarization j 

TT 

cr 

a J 

a J —>y f/ “ 1 
a J->y J 

2M‘^ 

2(€./2-Jf2) 

2[€ 

e{J + 1){J + 2)+M^ 

€ = 1 for Jlf 5 ^ 0 and J for M =0 
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These relative strengths are the analogues of the weak-field strengths of 
§ 4^® in the Zeeman effect since they are calculated with the unperturbed 
eigenfimctions . 

We can also obtain some general results with regard to the appearance of 
‘forbidden’ lines in the Stark effect. The theory, of course, is analogous to 
the corresponding case in the Zeeman effect as treated by Zwaan (§6^®). 
The states ^(j8 J' M) which perturb the state ^(a J M) (where J' = J or 
J" + 1) are of opposite parity and therefore will not give dipole radiation in 
combination with the states which combine with ^Jf(o^JM). But in the 
electric field the eigenfunctions become perturbed so that in the perturbed 
eigenfunction arising from (jS J' M) there appears some of the eigenfunction 
of the states (a J M). By the results of § 9^ we have, to the first power in S', 


..n T/ r, ^ ^ J'\Ploi J' -1) V i / r. , 

i/fiP J = M) — j=j| l/lQ(oCe/ — 1 


E^r-E 


aJ'-l 




E^j' — E 




Efij' — E 


OiJ'+l 


where the subscript 0 refers to the unperturbed eigenfunctions. Hence, if 
{yJ"M'') is a final state, whose perturbation by the field we may neglect, 
of the same parity as j8 (with which it therefore does not combine in the 
absence of a perturbation), the matrix component of electric moment con- 
necting the two states is given by 


^(y^(yJ"M"\P\cx.J'-lM){^ J'l P\(x. J'-l) 

= \2u — —pi — 

I a ^PJ'~ aJ'-l 

a E^jr — E^j. 

4. 2 : {yj" M''\P\oiP+\M) {^r\P\cx.J'-¥\)V {7f +1)^- M^' 

a. E ^ J> — E 

( 5 ) 


This expression can be somewhat reduced by using 9® 11 to express the 
dependence on M" and M of the first factor of the numerator in each sum- 
mand. The squared magnitude of (5) measures the strength of the component 
produced by the transition y J” M" ->^J' M. It is evidently proportional to 
the square of the applied field. 

It will often happen that only one term in one of the three sums is appre- 
ciable. The strength of the forbidden pattern is then given by the square of 
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that term alone. This is the case when the perturbation is principally due 
to the interaction of two neighbouring terms. From (5) we see that the 
relative intensity distribution in the pattern of the forbidden line is not the 
same as in the case of a non-forbidden line. 

To make this more explicit suppose that the important term in (5) in a 
given case is one of those on the first line for a particular value of a. Then the 
intensities are proportional to 


( 6 ) 


The pattern to be expected is therefore that which applies for a combination 
with the perturbing (not the perturbed) level modified by the factor 


which is the ratio of the perturbation of the state in question to the rm- 
perturbed interval between the interacting levels. 

This is about all one can say without consideration of special cases. It is 
evident that all of the knowledge concerning the matrix components of P 
which we have acquired in connection with the intensity problem is available 
for application here. Thus in the Russell-Saunders case we can use the results 
of § 10® to write down formulas for the electric-field interaction of adjacent 
Russell-Saunders terms. Likewise knowledge of the eigenfunctions in con- 
figurations showing intermediate coupling permits us to make corresponding 
predictions concerning the Stark effect. The method is so straightforward 
that there is no point in writing down explicitly formulas for the various 
special cases. We shall turn therefore to the application of the theory to 
typical cases in the experimental data. 


4. Helirim. 

The first application of quantum mechanics to a non-hydrogenic Stark 
effect was due to Foster,* who carried out the calculations and applied them 
to his own experimental data on helium. He uses matrix components given 
by use of hydrogenio wave functions, for which 

(cf. 6®2, 3). In this spectrum the triplet intervals are so small that they may 
be neglected. The lines for which the Stark effect is studied are the com- 
binations of the states with = 4 and 6 with the 2 S and 2 P terms. 

First let us estimate the Stark displacement of the final terms to see that it 
is negligible. 2 '^8 lies 6857 om“^ below 2 ^P, so by 3^'^2 the mutual perturba- 
tion of the M = 0 states amounts to 0’0286<^® cm~^, where S is measured in 


Poster, Proo. Roy. Soc. A117, 137 (1927). 
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105 volt/cm. The Jf = 1 state of 2 ip is not perturbed by 2 ^S. Similarly 2 
lies 9231 cm-^ below 2 ^P, so the mutual interaction here is even smaller in 
the ratio f . These ejBEects are qrdte negligible alongside of the interactions 
in the = 4 and n = 5 groups. 

Using the observed intervals between 4 ^S, 4 ^P, 4 ^D, 4 and the hydro- 
genic matrix components (1) together with their dependence on M and J as 
given by 9^11 and 11®8, Foster set up the secular equations for the cases 
^ — 0, 1, 2 and calculated the roots for fields up to 10® volt/cm. The results 
are shown in Fig. 6^^^ where the ordinates are wave numbers measured from 



Fig. 6^’. Stark-effect interaction of the 4 ^S, 4 4 and 4 levels in helium. 

the unperturbed D level and the abscissas are ^ in 10® volt /cm. They form an 
excellent illustration of the perturbation theory. The 8 term is so far away 
that it is very slightly perturbed, but even so its perturbation is large com- 
pared with that in the 2 8 ot 2 P states. The tendency of the terms to repel 
each other is nicely brought out, especially in regard to the F terms. There 
the components with M = 0 and 1 start out with larger displacements than 
the M — 2 state but are prevented from reaching as large displacement as the 
M=^2 state because of repulsion by the Jf = 0, 1 components of the P level 
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above. The M = 0,1 components of the F level are really not identical but 
coincide within the accuracy of the drawing. The accuracy with which the 
data is represented by the theory is shown by the experimental points for 
10® volt/cm as given by Poster, the o’s representing data from the 2 — 4 ^P, 
^D, ^F group and the x ’s from the 2^/S — 4^P, ^F group. 

Foster also calculates the variation of the relative strengths of lines in the 
patterns with the field-strength. This is done by finding the transformation 
to states in the groups which makes the perturbed Hamiltonian diagonal and 
calculating their matrix components of electric moment with 2 and 2 ^P 
as final terms. The observations do not include intensity measurements, so 
it can only be said that the observed intensities agree qualitatively with the 
theory. An interesting feature of the intensity theory is that certain com- 
ponents may fade out at a certain field-strength and reappear again at a 
larger value. This was checked experimentally. 

Ishida and Kamijima* have obtained plates of the effect in helium up to 
5x10® volt/cm and find their data in good agreement with the theory. 

A study of the relative intensities of the lines in the patterns has also been 
made by Dewey. Her calculations were based on an application of the 
Kramers-Heisenberg dispersion formula to the Stark effect as suggested by 
Pauli. $ This formulation of the problem, reached through the correspondence 
principle, agrees with the quantum-mechanical theory. 

Foster § has studied the perturbation of certain helium lines in the presence 
of both electric and magnetic fields. 

5. Alkali metals. 

We shall consider next the effect on the one-electron spectra of the alkahs. 
Passing over the older theoretical work, |] the first quantum-mechanical cal- 
culations are those of Unsold, T[ who simply considered the interaction in a 
weak field of the terms of the same n but different I, using the hydrogenic 
matrix components and the empirical values of the separations as in 
Foster’s helium calculations. A discussion of this formula in comparison 
with experimental data has been given by Ladenburg.** It gives fairly good 
values in all cases where it is applicable. This type of calculation has been 
extended to stronger fields by Rojansky.ft 

Consideration of the effect in the alkalis falls naturally into two parts: the 
very small quadratic effect on lines whose initial and final states are very 

* Ishida and Kamijima, Soi. Papers, Inst. Phys. Chem. Res. Tokyo 9, 117 (1928). 

f Dewey, Phys. Rev. 28, 1108 (1926). 

t Paudi, Kgl. Danske Vid. Selskab, Math.-fys. 7, No. 3 (1925). 

§ Poster, Proc. Roy. Soc. A122, 599 (1928); Nature 123,414 (1929). 

j| Beokeb, Zoits. fiir Phys. 9, 332 (1922). 

Unsold, Ann. der Phys. 82, 355 (1927). 

** Ladenbubo, Phys. Zeits. 30, 369 (1929). 

-j-f Rojansky, Phys. Rev. 35, 782 (1930). 
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slightly perturbed, and the transition from quadratic to linear effect, as in 
helium, when the interacting terms lie very close together. As an example of 
the first kind we consider the data of Grotrian and Ramsauer* on the 
principal series of potassium. The data were obtained in absorption for the 
second, third and fourth lines. 

According to § 3i’ the terms will be perturbed by the ^8 and terms. 
As remarked at the end of that section we may use formulas of § 10* in the 
Russell-Saunders case to find the relative values of the perturbations on 
the components of a term. If this be done it will readily be found that the 
perturbation of a term in a one-electron spectrum can be written 

A(i=P|)= ZA^ (1) 

A(2P|)= A,+^Ai, 

in which Ag and are coefficients measuring the perturbation by the 8 and 

D series respectively, 

(g°*v |(n*P:Pin^ ^8)\^ y*^ |(u2P!P:n^2P)|* 

he n' ^np ^n's ^ ^ n’ ^np ^n'd 

These formulas are based on the supposition that the *2) interval is negligible 
and the *P interval large compared with the amount of the effect. For 5 *P 
in potassium the experimental values of the A’s are — 0*21<#’*, 

and — 0* 37(^2 respectively (unit of <^ = 10® volt/cm) which are represented by 
taking = 0T3 and 0*07 probably within the accuracy of the data. 

The kind of pattern to be expected and the relative intensities are readily 
worked out from the results of § 3^’. The prediction is that the line from 

^P^ is displaced by the amount A(*P|), the single component appearing of 
relative strength 2 and 2 in tt and cr polarization, while from *P| we have a 
component displaced by A(*P|) which has strength 4in tt and 1 in cr polariza- 
tion and a component displaced by A(*p|) of strength 3 purely in a polariza- 
tion. This accords with the data except that Grotrian and Ramsauer could 
not detect the theoretically weak A(*P|) component in o- polarization. 

It is hard to say anything definite about the absolute value of the coeffi- 
cients. They are small both because the nearest perturbing terms are about 
3000 cm“^ away and also because the nearest 8 and D terms below 5 *P are 
almost as close as the nearest 8 and D terms above, so there is a tendency 
toward cancellation of effects. The quadratic effect on the sodium D lines 
has been studied by Ladenburg.f 

* Grotbian and Ramsacteb, Phys. Zeits. 28, 846 (1927). 
t Ladbbbttbg, Zeits. fur Phys. 28, 61 (1925). 
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As an illustration of a more hydrogen-like alkali spectrum we shall 
mention the effect in lithium. This has been discussed by Condon* in a 
manner analogous to Foster’s work on helium. The 4Z) and 4:F terms are 
close enough that a linear effect sets in at fields of the order 30 000 volt/cm, 
while the 5 D, 5 F and 6 G are so close together that their interaction gives 
a linear effect from the outset. Ishida and Fukushimaf have published 
observations on the 2 P — 4 PDF and 2 P — 6 PDFO patterns which show 
in all respects agreement with the qualitative predictions of the theory, and 
in which the displacements are quite accurately given by calculating the 
secular equation with hydrCgenic matrix components. 


* Condon, Phys. Rev. 43, 648 (1933). 

t Ishida and PtTKtrSHiMA, Sci. Pap. Inst. Phys. Chem. Res. Tokyo 9, 141 (1928). 



CHAPTER XVIII 


THE NUCLEUS IN ATOMIC SPECTRA 

Except for brief consideration of the finite mass of the proton in Chapter v, 
in connection with the theory for atomic hydrogen, we have treated the 
nucleus so far not as a dynamical particle but as a fixed centre of Coulomb 
force characterized solely by the atomic number Z. In this chapter we shall 
consider the way in which the nucleus affects the structure of atomic spectra. 
The very fact that this topic can be put off so long indicates that the effects 
are small. Nevertheless they are of great importance and afford a tool for 
studying atomic nuclei. The most obvious feature to be considered is the 
finite mass of the nucleus, as a consequence of which the nucleus has some 
kinetic energy. The effect of this on the atomic energy levels we consider 
in § 1. But more interesting is the fact that some spectra show a fine struc- 
ture of the fines, finer than the ordinary multiplet structure (on a scale of 0* 1 
to 1*0 cm“^). This is known usually as ‘hyperfine’ structure and, following 
Pauli, is to be associated with quantum numbers specifying a degree of 
freedom for angular momentum of the nucleus. The theory of the energy 
levels resulting from this picture has received a great deal of attention in the 
last few years and is now fairly well understood, although much remains to 
be done. 

1 . Effect of finite mass. 

The theory for a nucleus of finite mass in an A-electron problem has been 
considered by Hughes and Eckart* and also by Bartlett and Gibbons.f The 
kinetic energy of a system of iV" electrons, each of mass ft, and a nucleus of 
mass M is given in terms of the velocities by 

where and r are the position vectors of the electrons and nucleus relative 
to a fixed origin. We introduce the position vector J? of the centre of mass, 

{M + Nix)R= Mr + ftSr^ , 

and the position vectors which give the location of each electron relative 
to the nucleus, « _ ^ _ v 

Then the kinetic energy becomes, when expressed as a function of the , 
conjugate to and P, conjugate to R, 

^ “ V 2(M+Nij.) ■*”’ 

* Hughes and Eokaet, Phys. Rev. 36, 694 (1930). 

f Bartlett and Gibbons, Phys. Rev. 44, 638 (1933). 
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where /x' is the reduced mass /txifcr/(ft, + Jf). Since the translational energy of 
the centre of mass cannot change appreciably in a radiation process and 
since jP is a constant of the motion, we may as well confine ourselves to 
states for which JP= 0. Then we see that the finite nuclear Tna-aa has altered 
the kinetic energy part of the Samiltonian in two ways, by the substitution 
of fjf for fx in the first term and by the appearance of the second term which 
we shall call Si 




This is evidently a quantity of tjrpe O, as considered in § 7®. 

Suppose we know the energy levels for the case of infinite nuclear mass. 
Then for finite mass the effect of the change in the first term (neglecting 
spin-orbit interaction) is to multiply these levels by ix fix = [1 + This 

is what we found in Chapter v for hydrogen and hydrogen-like ions. Tor any 
element the result readily follows from the fact that the potential-energy 
function is homogeneous of degree — 1 in all the positional coordinates. 
This part has been called the normal effect. 

The specific effect is that due to the matrix components of 8, which we 
treat as a perturbation. In the zero-order scheme, we have from 7®7 the 
diagonal element 

{A\8\A) = ^i:, {{a^\p\a^y{a*\p\a*)-{a^\p\a*y{a^\p\a^)}, 


the reduction to individual one-electron matrix components being possible 
because factorizes. Now is a vector which anticommutes with the 
parity operator ^ (§1 1®), hence all of the diagonal matrix components in the 
first term vanish. Moreover the second term will vanish unless a* and 
refer to individual sets of opposite parity. Similar remarks can be made 
about the non-diagonal matrix components given by § 7®. With the main 
features of the 8 matrix known the detailed calculation of the energies due 
to this term may be made in any special case by the same methods as for 
other types of perturbation. 

Bartlett and Gibbons have carried out the calculations for the 2p® 3p 3a 

lines in neon using the Hartree field found by Brown.* They calculate the 
matrix components in the zero -order scheme and from these the perturba- 
tions of the Russell-Saunders energy levels are obtained with the diagonal- 
sum rule (exactly as in the calculation of electrostatic energies in Chapter 
VII ). In the case of the configuration all the electrons outside closed 
shells have the same parity, so the diagonal matrix components of 8 contain 
only the contributions due to interaction of the a closed shells with the p 
electrons; these are the same for all the states of the configuration. In the 


* Brown, Phys. Rev. 44, 214 (1933). 
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s configuration this is not the case, and it turns out there that the ®P term 
is displaced by Sk, while the term’s displacement is k, where A; is a matrix 
component connecting the and Sa states. Calculating the specific shifts 
for the Ne^® and Ne^® isotopes and taking the difference (heavier minus 
lighter), they calculate net shifts of 0*0136 cm~^ for the levels, of 
0*0098 cm"^ for the p^s'^P level, and 0*0293 cm”^ for the p’^s^P levels. 
Hence in the^®p ~^p^s array, the singlet lines will be displaced 0*0196 cm“^ 
more than the triplet lines. This is in accord with the observations of 
Nagaoka and Mishima,* although the theoretical value of the absolute shift 
is much too small. 

2. Local nuclear fields. 

Unquestionably the nucleus is not truly a point centre of force, so that the 
Coulomb potential, — Ze^jr, cannot be correct in the limit as 0. Experi- 
ments on scattering of oc-particles by nuclei have shown that there are 
departures from the Coulomb law in the neighbourhood of 10~^^ cm, and 
various theories of nuclear structure agree in assigning to the size of the 
nucleus a linear dimension of this order of magnitude. Calculations of the 
effect on atomic spectra of such departures from the Coulomb law have been 
made by Racah, Breit, and Rosenthal.f 

Nothing very definite is known about the nature of the departure from 
the Coulomb law. Racah makes the simple assumption that the nucleus is 
spherical in shape and that the potential inside the nucleus is constant and 
continuous with the value at the boundary of the nucleus. Rosenthal and 
Breit work with a model having a discontinuity at the nuclear boundary 
corresponding to the potential barrier model used in cmrent theories of 
a-particle disintegration. The calculations of Rosenthal and Breit are 
carried through using the Dirac equations of the relativistic theory (§5®). 
In the first work it turned out, on assuming that the radius of isotopic 
nuclei varies as the cube-root of the atomic weight (constant nuclear den- 
sity), that the theoretical values of the isotope shifts of spectra of thallium, 
lead, and mercury were considerably larger than the experimental values. 
One of the most uncertain elements entering into the calculations is the 
value of the atomic eigenfunctions at the nucleus. In the later paper, Breit 
shows that much of the discrepancy can be removed if a semi-empirical 
formula for *^®(0) due to Goudsmit is used, instead of the values used in the 
first paper. 

Data on differences in spectra associated with different isotopes of heavy 

* Nagaoka and Mishima, Sci. Pap. Inst. Phys. Chem. Res. Tokyo 13, 293 (1930). 
t Racah, Nature 129, 723 (1932); 

Rosenthal and Beeit, Phys. Rev. 41, 469 (1932) ; 

Breit, Phys. Rev. 42, 348 (1932). 
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elements is being accumulated rapidly at present and may in the future prove 
an important source of knowledge about the nucleus, but at present not 
much more can be said than that reasonable assumed departures from the 
Coulomb law in the neighbourhood of the nucleus can account in order of 
magnitude for the observed effects. 

3. Nuclear spin in one-electron spectra. 

The effects considered in the two preceding sections do not produce a 
splitting of the levels of a single atomic species and so can only give rise to 
a hyperfine structure when several isotopes are present. But such structure 
is observed in atoms having no isotopes, notably bismuth, so some addi- 
tional hypothesis is needed for description of this structure. This was sup- 
plied in 1924 by Pauli,* who postulated that the nucleus itself may have a 
spin angular momentum and an associated magnetic moment. It is supposed 
that a nucleus of given Z and M always has the same spin, denoted by /, but 
that different kinds of nuclei have different spins. This hypothesis of nuclear 
spin has also proven of great importance in the theory of molecular spectra, 
so that it is now an indispensable part of atomic theory. 

With nuclear spin postulated, we need in addition to know the term in the 
Hamiltonian corresponding to the interaction of the nuclear spin with the 
electronic structure. This was first obtained from the classical picture of a 
nuclear magnetic moment whose energy in the magnetic field produced by 
the electronic structure depends on the orientation of the nucleus relative 
to that field. This brings up the question of the magnitude of the nuclear 
magnetic moment. It is difficult in the present state of knowledge of 
nuclear structure to say anything about this that is very definite. For an 
electron the magnetic moment is ejiic times the angular momentum, so it 
was natural to suppose that for a proton the magneto-mechanical ratio 
would be ejMc or = 1/1838 times as great. But this appears not to be 
the case according to the recent experiments of Stern, Frisch, and Ester- 
mann,t in which the magnetic moment of the proton was measured by a 
molecular beam method on molecular hydrogen. The result was a magnetic 
moment 2-6 times larger than (elMc)(^h), That the spin of the proton is 
is known from the band spectra of . This unexpected result for the proton 
is made certain by a more direct method, developed by Rabi, Kellogg, 
and Zacharias,^ which uses atomic instead of molecular hydrogen. 

Somewhat surprising is the fact that those nuclei which are supposed to 
contain an odd number of electrons also have magnetic moments of this 

* Pauli, Naturwiss. 12, 741 (1924). 

t Fbisoh and Stebn, Zeits. fiir Phys. 85, 4 (1933); 

Estebmann and Stern, ibid. 85, 17 (1933). 

J Babi, Kellogg, and Zaohabias, Phys. Rev. 46, 167 (1934). 
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small size; this makes it appear that a nuclear electron is quite different from 
a free electron or one in the extra-nuclear structure. This is just one of the 
properties of nuclei which lends support to the newer view that nuclei are 
composed wholly of protons and neutrons and do not contain any electrons. 

The first quantitative theory of the interaction of the nuclear magnetic 
moment and the outer electrons is due to Fermi and Hargreaves.* The 
magnetic moment M of the nucleus gives rise to a field described by the 
vector potential , 

( 1 ) 

Since the magnitude of the nuclear spin is constant in all states of the system, 
it does not need to be explicitly mentioned but we do need to introduce 
j, the z-component of nuclear spin, as a coordinate and quantum number. 
Then, since M is proportional to the nuclear angular momentum J, that is 


where is analogous to the Land6 gr-factor in the theory of the Zeeman 
effect, it follows that the components of M are represented by three non- 
commuting matrices whose rows and columns are labelled by the values of 
Mj. Fermi handles the one-electron problem with Dirac’s equations (§ 5^), 
including the interaction with the nucleus through the vector potential 
given by (1). 

We shall not reproduce the calculations in detail. It is easy to see that we 
have here another case of vector coupling. We start with a scheme in which 
the J" of the outer electron and the I of the nucleus is known. The resultant 
angular momentum i^is the vector sum of these two and we have to trans- 
form from a scheme of states in which and are diagonal to one in which 

is diagonal. All this is exactly what we have been through in studying the 
coupling of 5 and L to form J, 

Fermi finds that the ^8^ terms of the one-electron ns configurations are 
split into two levels, the displacements from the unperturbed positions 
being 




( 3 ) 


Here jUo — e^/2juc is the magnetic moment of the Bohr magneton, M the actual 
magnetic moment of the nucleus and ^®(0) is the value of the normalized 
5-eigenfunction at the nucleus. The factor 1 belongs with an F value of 
I + \ and the other with F=I — ^. For positive M, the level with F = I—^ 


* Tekbii, Zeits. fur Phys. 60, 320 (1930); 

HABaEBAVKS, Ptoo. Roy. Soo. A124, 568 (1929); A127, 141, 407 (1930). 
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is lower in energy than the other. Positive M corresponds to the magnetic 
moment parallel to the angular momentum as if the magnetic moment were 
produced by rotation of the positive charge distribution of the nucleus. 
Likewise Fermi jBnds that the level is split into two levels in the same way, 
the amount of the perturbation being given by (3) with r~® in place of tt ^®(0) . 

The level is split in general into four levels whose F values are / — f , 
J — 7 + and 7 + f , the displacements in energy being 

respectively. (For 7=1 there are but three levels, as 7 — f is impossible, and 
for 7 = ^ there are only two.) The four levels have the same kind of interval 
rule as wdth Russell-Saunders terms: the interval between adjacent levels 
is proportional to the larger F value of the pair. 

Let us now consider the application of these results to the alkali metals. 
Schuler, and Dobrezov and Terenin* find in Nal that each of the D-lines 
consists of two components with a separation of 0*022A. For potassium the 
corresponding structure is either absent or very much narrower.f In Rb I 
the second line of the principal series shows doubling as in sodium with a 
component distance of 0*020A.$ Jackson § studied the first three lines of the 
principal series of Csl and found that each component in all three lines 
showed a separation of 0*300 cm“^ and that the two hyperfine components 
were of about equal intensity. 

These observations are in accord wath the view that the level has been 
doubled by interaction with the nucleus and that a splitting of the ^P levels 
is negligible. From the splitting one cannot find the value of 7, since in any 
case the ^8^ level would be split into two levels. 

That the nuclear spin of Na I is equal to f is shown by the measurements 
of Rabi and Cohen by a modification of the Stem-Gerlach experiment, by 
Joffe and Urey from alternating intensities in the Nag bands, and by the 
recent accurate measurements of the hyperfine structure intensities by 
Granath and Van Atta. [| We thus have three different methods leading to 
the same value in the case of this nucleus. The calculation of the nuclear 
magnetic moment from the observed splittings is of course a much more 
difficult and uncertain matter. The value of 7 is inferred from hyperfine 

* SoH'&LBR, Nattirwiss. 16, 512 (1928); 

Dobbbzov and Tbbbrin, ibid. 16, 658 (1928). 

t SOHTTLBB and BatioK, Zeits. fiir Phys. 68, 735 (1929). 

J Feuppov and Gross, Natnrwiss. 17, 121 (1929). 

§ Jackson", Proa. Roy. Soo. A121, 432 (1928). 

II Rabi and Cohent, Phys. Rev. 43, 582 (1933); 46, 707 (1934); 

JOPPB and Urey, ibid. 43, 761 (1933); 

Granath and Van Atta, ibid. 44, 935 (1933). 
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structure intensities by an application of the sum rules, for evidently the 
theory of Russell-Saimders multiplet intensities (§ 2®) is applicable here if 
we write F for J”, J for S, and I for L. Thus in the splitting of a line ending 
on the level, the two components have an intensity ratio of /: (7 + 1), this 
being the ratio of the two values of 2 jP + 1 for F = I—^ and F = I + \. 

We shall not undertake a detailed review of the theory by which the 
nuclear magnetic moment is calculated from the data. For one-electron 
spectra in particular this has been most carefully discussed in a paper by 
Fermi and Segr6.* This paper includes a compilation of known values of 
nuclear moments, as does an independent paper by Goudsmit.t 

Table 1^® is based on these two compilations and gives the values of the 
magnetic moment in units ehl2Mc from each paper, so that the reader may 
judge for himself the degree of consistency obtainable by different workers 
in the present stage of development of the theory. 


TabIiB 1“. Nuclear spirhs and magrketic momenta. 


Element 

Z 

Atomic 

weight 

I 

Magnetic moment 

Gondsmit 

Eexxni and Segrd 

Li 

3 

7 


3-29 

3*2 

Na 

11 

23 

f 

21 

2-7t 

A1 

13 

27 


21 


Cu 

29 

63, 66 

f 

2'5 

2-36 

Ga 

31 

69 

I 

201 

2* 14 

Ga 

31 

71 


2*56 

2-76 

As 

33 

76 

i 

0-9 


Rb 

37 

86 


1-3 

1-36 

Rb 

37 

87 

f 

2-7 

2-8 

Cd 

48 

111, 113 


-0-67 

-0-53 

In 

49 

116 


6-4 

6-3 

Sb 

51 

121 


2*7 


Sb 

61 

123 

i 

21 


Cs 

65 

133 


— 

2-6 

Ba 

66 

137 

1 

— 

106 

Au 

79 

197 


— 

1-8? 

Hg 

80 

199 


0-65 

0-46 

Hg 

80 

201 

# 

-0-62 

-0-51 

T1 

81 

203, 205 


1*8 

1-4 

Pb 

82 

207 


0-60 

0-53 

Bi 

83 

209 


40 

3-64 


4. The hyperfine structure of two-electron spectra. 

The most thoroughly worked out case of hyperfine structure where there 
is more than one electron outside closed shells is that of the Is 2s ^8 and 


♦ Febmi and SBOitii, Zeits. fiir Phys. 82, 729 (1933). 
•f Govdsmit, Phys. Rev. 43, 636 (1933). 

% EVom Gbanath and Van Atta (he. cit.). 
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Is 2p 3P terms of Li 11.* The hyperfine structure of the multiplet due to the 
combination of these terms is of particular interest because it is comparable 
in magnitude with the ordinary level structure of Li II due to spin-orbit 
interaction. The theory is in good accord with experimentf when the value 
of I for Li^, the most abundant isotope, is taken to be f . This value is in 
accord with that from the spectrum of the molecule 1^2 4 
We shall not give the details of the calculations. These are based on the 
use of a law of interaction of the electrons with the nucleus as used by Permi 
for the one-electron problem, together with use of appropriate two-electron 
wave functions. For the level, Breit and Doermann find that the 
perturbation due to interaction with the nucleus is 

1 ) ( 1 ) 


^Po 


F 

% 


for the three components F= and f respectively. This counts only the 
interaction of the Is electron with the nucleus, tfs{0) being here the value at 
the origin of the Is wave function. 

The ®P levels are split according to the laws of vector addition of angular 
momenta: is not split, ^P^ becomes a group 

of three levels with P = I, f and | and a group 
of four levels with P = |, f , f and f . An energy 
level diagram (after Giittinger and Pauh) is given 
in Fig. 1^8 ^iiich shows how the magnitude of the 
hyperfine structure in ®Pis related to the ordinary 
level intervals. The fact that they are comparable 
implies that the non-diagonal matrix components 
of the nuclear interaction which connect different 
levels of 8p are important. These were considered 
in the calculations of Giittinger and Pauli. 

The experimental data are in good general agree- 
ment with the theoretical calculations, although 
there are discrepancies in the relative intensities. 

The detailed interpretation of the observed 
hyperfine structure for the case of more than one Fig. 1^®. Hyperfine structure 
electron outside closed shells is complicated by the ^ 

necessity of considering the state in intermediate coupling (Chapter xi) and 
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* Guttingee, Zeits. fiir Phys. 64, 749 (1930); 

Guttinger and Pauli, ibid . 67, 743 (1931); 

Bbeix and Doeemanit, Phys. Eev. 36, 1262, 1732 (1930). 
t SoHULBE, Zeits. fur Phys. 42, 487 (1927); 

Geanath, Phys. Rev. 86, 1018 (1930). 
t WuEM, Zeits. fiir Phys. 58, 562 (1929); 

Harvey and Jenkins, Phys. Rev. 34, 1286 (1929); 36, 789 (1930). 
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£tlso the influence of configuration interaction (Chapter xv). The effect of the 
intermediate coupling has been considered in detail by Breit and Wills,* 
while the importance of considering the interaction of configurations in this 
connection has been stressed by Fermi and Segr^.f At present not enough 
is known about configuration interaction to make possible quantitative 
allowance for its effects, but Fermi and Segr6 show that qualitatively its 
effects account for a number of observed features of the hyperfime structure 
which are otherwise without explanation. 

The work of Breit and Wills is in extension of that of Goudsmit, J who first 
gave a general discussion of the interaction with the nucleus in the case of 
complex spectra by vector-coupling methods. Their developments agree 
fairly well with experiment but there are many outstanding discrepancies, 
indicating the need for further refinements of the theory. 

In B[g and AlII cases occur in which the hyperfine structure is com- 
parable with the ordinary spin-orbit and electrostatic separations. This 
makes necessary more accurate calculations of the nuclear perturbation of 
the levels. Empirically these effects and their nature were recognized by 
Paschen.§ They have been discussed in detail by Goudsmit and Bacher|| 
with satisfactory results. 

5. Zeeman effect of h 3 q)erfine structure. 

We shall not give a detailed account of the results which have been ob- 
tained for the perturbation by a magnetic field of the structure due to nuclear 
interaction. The work is extremely important as indicating the essential 
correctness of the nuclear-magnetic-moment picture, but presents no new 
theoretical problems. In the ordinary theory of the Zeeman effect (§1^®) the 
departures from the simple Lorentz theory arise because of the diffei'ent 
values of the magneto-mechanical ratio associated with the vectors L. and .S. 
We have a similar situation here. For fields such that the ordinary Paschon- 
Back effect is negligible we have a magneto-mechanical ratio of the electronic 
structure represented by gr( J) where this is the Land6 g factor of the level in 
question. Associated with the nucleus is a magneto-mechanical ratio about 
10-3 as great so that the direct interaction of the nucleus with the external 
magnetic field is negligible. 

A direct application of the formulas of Chapter in then shows the split- 
ting of a given hyperfine level to be governed by g{J) of the ordinary level 
to which the level belongs multiplied by the factor (1032a) which gives the 

* Emit and Wills, Phys. Rev, 44, 470 (1933). 
t ^BMi and Sbor 6, Zeits. fiir Phys, 82, 729 (1933). 

I Goudsmit, Phys. Rev. 37, 663 (1931). 

§ Paschen, Sitzber. Prenss. Akad. 1932, p. 602. 
li Goudsmit and Baoheb, Phys, Rev. 43, 894 (1933). 
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matrix component of J* in a state labelled by precise values of F and 
That is, the g value for a state of resultant angular momentum F composed 
of electronic J and nuclear I is 




2F{F^\) 


This result was first obtained by Goudsmit and Bacher* from vector-model 
considerations. 

Just as in the discussion of § 5^®, the difference in the magneto-mechanical 
ratio of the vectors J and I means that strong magnetic fields can produce a 
breakdown of the coupling of J and I. This is the Paschen-Back effect of the 
hyperfine structure. Experimentally and theoretically this phenomenon 
has been carefully studied by Back and Goudsmitf for Bi. They find good 
agreement for / = | at field strengths corresponding to various stages of the 
transformation of coupling schemes. The magnetic transformation of the 
hyperfine structure in thallium has been investigated thoroughly by Back 
and Wui.t 


♦ Goudsmit and Baohek, Zeits. fur Phys. 66, 13 (1930). 
f Baok and Goudsmit, Zeits. fur Phys. 47, 174 (1928)! 

ZiHUAif, Baok, and Goudsmit, W. 66, 1 (19W). 
t Back and Wuw, Zeits. fur Phys. 66, 31 (1930). 
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UNIVERSAL CONSTANTS AND 
NATURAL ATOMIC UNITS 

Measurements in physics are statements of relation of the quantity mea- 
sured to quantities of like kind which are called units. It is customary to 
build up the system in such a way that the unit of any kind of physical 
quantity is defined in terms of three conventional units of mass, length and 
time. The choice of the basic units for these quantities is wholly arbitrary, 
the general order of magnitude in the centimetre-gram-second system being 
such that the numerical measure of quantities occurring in ordinary labora- 
tory experiments is of the general order of unity. Thus the velocity of light 
in the cgs system is 3 x 10^® cm sec-^. The centimetre and second being so 
chosen that 1 cm sec“^ is of the order of velocities of common experience, the 
bigness of the number measuring velocity of light on this system is simply a 
statement that velocities of common experience are very small compared 
with that of light. 

There is, therefore, nothing especially fundamental about the cgs basis. 
Its basic units are of convenient magnitude for common laboratory ap- 
paratus, so ultimately the foundation is anthropomorphic since laboratory 
apparatus is built and designed on a scale convenient for manipulation and 
observation by a human observer. To recognize this fact is not to deplore it. 
Certainly the cgs system is convenient for description of the macroscopic 
apparatus which provides the refined sense-data of physics. But the fact 
shows us clearly that a metric resting on such a basis will probably not 
provide units of convenient size for dealing with another branch of physics 
like the theory of atomic structure. 

This is in fact the case. The basic universal constants of atomic theory 
have values which are very large or very small compared with unity. For 
example*: 

Electron charge : - e = - 4-770 x gi cm?' soo-’^ ; 

Quantum constant : h= I -043 x 10“®’ g cm® sec-^ ; 

Electron mass: jt 4 = 9-035 xl0“®®g,- 

Light velocity: c= 2-99796 x 10“ cm sec“®. 

These great powers of ten are rather inconvenient in theoretical calculations. 
There are two ways of avoiding them which might be adopted. One is the way 
which the metric system has already adopted for extending itself to larger 

* We use the values of the universal constants as given by Bibge after a critical survey of all the 
relevant data: Rev. Mod. Phys. 1, 1 (1929); Phys. Rev. 40, 228 (1932). For later modifications see 
Brean, Phys. Rev. 43, 211 (1933); Miohelson, Pease, and Pearson, Science 81, 100 (1936). 
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or smaller units, namely to choose another system of fundamental units 
related to the metric system by conversion factors which are powers of 10 . 
By taking as our units of mass, length and time 

10-28 g, 10-8 cm, and 10 ~^^sec, 

the new electrostatic unit of charge becomes 10 -®g^cm^sec-^, so in this 
system the electronic charge has the value — 0-4770. Similarly the new unit 
of velocity is 10 ®cmsec~^, and of angular momentum 10 “®’ g cm® sec”^, so 
the velocity of light and the quantum constant have the numerical values 
29*9796 and 1*043 respectively. 

For theoretical purposes, however, it is still more convenient to introduce 
a system of units in which certain of these universal constants are set equal 
to unity. From this standpoint the numerical values of the imiversal con- 
stants become the numerical conversion factors which connect this system 
with the ordinary c g s units. Quite a variety of such systems have an equal 
claim to use so far as general convenience is concerned. Thus it is a matter 
of arbitrary choice whether we set hovH equal to unity. This kind of arbitrary 
choice merely alters the place where the pure number 2 Tr appears in the 
calculations and is analogous to the difference between the Heaviside- 
Lorentz units and the older set of electromagnetic units. Another arbitrary 
element lies in the fact that there are only three fundamental umts at our 
disposal, so that it is not possible to assign the numerical values of more than 
three of the universal constants — different systems arise according to which 
choice is made in this respect. There is not much point in debating which of 
the choices is most convenient. As it happens one particular choice, recom- 
mended by Hartree,* has already been quite generally employed in theo- 
retical work, so we adopt that one. Hartree’s atomic units are such that c, p. 
and have each the numerical value unity. Denoting by a and t the Hartree 
units of length and time respectively this means that 

e = a = 

Ji = T = . 

From this standpoint the numerical values of the universal constants e, h 
and [X, given in the c g s system are the conversion factors by means of which 
quantities expressed in Hartree’ s system are to be expressed in the cgs 
system. Thus an angular momentum expressed as xh in the Hartree system, 
where a: is a pure number, is expressed as (1*043 x 10 -®’)a;gcm®sec“^ in the 
cgs system. Therefore the length expressed as la in the Hartree system 
is expressed as (1*043 x 10-®’)® (9*035 x 10 -® 8 )-i (4*770 x lO-i®)-® cm, which 

works out to be la ^ 0*628 x 10 - 8 cm. 

* Habtsubss, Proc. Camb. Phil. Soo. 24, 89 (1926). 
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Similarly the value of t in the c g s system is 

1t= 2*419 X 10“^’ sec. 

From these basic conversion factors the value of the Hartree unit of any 
derived quantity in the c g s system is readily found. Thus unit velocity is 

laT”^ = 2*18x 10®cmsec“^; 
hence the velocity of light has the value 

c= 137*29 ar-i. 

The reciprocal of the pure number which gives the value of the velocity of 
light in these units is known in the theory as the fine structure constant. 
This is usually defined by the equation 

a = e^/c%. 

It appears, for example, as a parameter of the relativity-spin structure of 
the hydrogen spectrum in Chapter v. Another important parameter of 
atomic theory is the mass of the proton, which is 

iJf= 1838*3 /A. 

The fact that the numerical magnitudes of and of M in this system of units 
are both large compared with unity is of fundamental importance for the 
theory. The largeness of is what makes the relativistic corrections small 
and the largeness of M makes it a good approximation to treat the nucleus 
as a fixed centre of force. 

Aside from the fact that e, and p. have simple numerical magnitudes in 
this system of units, the other units have simple physical interpretations in 
the theory. Thus unit length is the radius of the first orbit in Bohr’s theory of 
hydrogen for an infinitely massive nucleus, and unit velocity is the velocity 
of the electron in this first Bohr orbit. Unit energy is the potential energy of 
the electron in the first Bohr orbit and hence the ionization energy is half a 
Hartree unit. Numerous other examples are to be found in the table in this 
appendix. 

We shall not discuss the precision with which these quantities are known 
in terms of the c g s system other than to say that it is quite generally that 
associated with a probable error somewhat less than 0-1 per cent. The 
quantity whose relation to the cgs system is known most precisely is the 
combination aa“^. The combination aa-i/47r is known as the Rydberg 
constant, R, Its value is 

R = ^a-^= 109737*42 + 0*06 cm-i. 

47T ~ 

Its relation to the cgs system is thus known to an accuracy of about 6 parts 
in 10 million, although the accuracy with which the values of a and of a 
separately are known is much less. The theoretical energy levels of atoms 
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are given in terms of the Hartree energy unit and the parameters like a, fijM, 
the atomic number Z, and the quantum numbers labellmg the particular 
level in question. Of these Z and the quantum numbers are integers exactly, 
so there is no uncertainty in their numerical values. The effects of a and fijM 
on the energy are usually in the form of small corrections, so we are not 
greatly hampered by the uncertainty in their values in making com- 
parisons between theory and experiment. In using the energy levels to 
predict the wave-numbers of spectral lines, the wave-number equivalent of 
the energy given by Bohr’s relation, E-Mq, is what enters. As the wave 
number equivalent to one Hartree unit of energy is 2 R, it follows that the 
principal factor needed for passing from Hartree units to ogs units is the 
one known with the greatest precision. The precision of knowledge in R is 
much greater than the accuracy attained in the perturbation theory calcula- 
tions at present, so that the comparisons with experiment are not at all 
hampered by the inaccuracy in the Rydberg constant. For that reason we 
may express the results of the theory at once in terms of cm“^ without 
paying attention to the uncertainties in R. 

The only other universal constant of interest for spectroscopic theory is 
the Boltzmann constant, h, which measures the relation between thermal 
energy and the thermod 3 mamio temperature scale measured in conventional 
Centigrade degrees. As we nearly always express energy in terms of equi- 
valent wave-numbers in cm”^, the important conversion factor is not h 
itself but kjhc, which when multiplied by T in Centigrade degrees gives 
directly the wave-number equivalent of the energy kT, This factor has the 

value h 

Y- = 0*698 cm“^deg"^. 

he 

This is the reciprocal of the quantity often denoted by in classical radiation 
theory. 
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Valibea of some Important Physical Quantities 

Kind of quantity Value in atomic units Value in c g s units 


orbit, a=«V/ie* 

nut m X-ray wave-length by Compton scat- 
tormg through w/2, 2vtxa 

( X'his is also the wave-length of y-radiation 
associated with annihilation of an electron) 
^ViCtromagnetic radius of electron, e®/juc®=a*a 
^Wave-length of limit of Lyman series, 4i7Tor^eis. 

w. ‘iturhber : 

Atomic unit, 

Kytlborg constant, R=aa-V 47 r 
Waye-number of first Balmer line, ARh 
H ytlrogen doublet constant, a^Ra/lB 
Wave-number associated with one electron volt 
fasA.* 

Mass of electron, /z 
Mass of proton, M 
imti : 

lime for electron to go (2ir)”^ revolutions in 
first Bohr orbit, t 

Mean life for 2jp— ►la transition in hydrogen 

HptHscl of electron in first Bohr orbit, 
bilKHid of light, a~^aT“^ 

'[onu'.niurti : 

Of electron in first Bohr orbit, 

Basic quantity juc of relativistic theory 
n^fular 'momentum: 

Ibuiio quantum unit, h = /uaV”* 
l.*lanck constant, 2 i 7 i£=A 
tu rgy : 

At<jmio unit, yA^~^=y.e*l2h^=Rhc, twice the 
ionistation energy of hydrogen with infinite 
nuclear mass 

Energy equivalent of electron mass, 
ftc® sa= a“®ga®T~* 

urce : 

Fonse of attraction toward nucleus on electron 
in first Bohr orbit, e®/a® 

U'ctric charge: 

Atomic unit, e, negative of charge on electron 
otential : 

I’otential of electron’s field at atomic unit 
clistance, e/a 

h'Hrir. field: 

Ficlfl strength at atomic unit distance from 
electron, e/a’* 

tertric 'moment: 

Moment of dipole formed by hydrogen atom in 
first Bohr orbit, ea 

f agiietic field : 

At omic unit, /^aa~aT“^ 

F'icild at nucleus due to motion of electron in 
first Bohr orbit, aju'aa~2T~^ 

tttgnelic moment: ^ 

Atomic unit, ^ 

Bohr magneton, eS/2ftc=|ajLi2avT~^ 


la 

0-0458 a 

(0-6282 ± 0-0004) xlO-* cm 
24-2 X 10-“ cm 

5-31 X 10“® a 

1722 a 

2-80x10-“ cm 

910x10“® cm 

la-1 

6-81xl0-*a-i 

0- 807 xlO-«a-i 

1- 93xlOH>a-i 

4-281 xl0-»a-i 

1-893 X 10® cm-i 
109737-42±0-06cm-i 

16233 cm-i 

0-3636 ± 0-0006 cm-i 
8106±3cm-i 

Ig 

(1838*3±l-0)g 

(9-036±0010) X 10-*® g 

1-661 X 10-®*g 

It 

2-419x10-” sec 

6-62 X 10^ T 

1-6x10“* sec 

lar-i 

(137-29±0-ll) ar-i 

2-18 X 10® cm seo“i 
(2-99796± 0-00004) x 10“ cm se 

1 /xar-i 

137-29 jaar-i 

1- 966 X 10“i® g cm sec-® 

2- 70 X 10“” g cm sec-i 

1 )LtaV-i 

277 jLia V” 1 

1-043 X 10“®* g cm® sec— 1 

6-647 X 10“ ®ig cm® sec—® 

1 gaV”® 

18869 fta®T-® 

( 4-304 X 10““ erg 

JCS219 474-84 cm-i 
(s:27-07 electron volt 

8-10 X 10^^ erg 

1 /uar”® 

8-19 X 10“® dyne 

1 g^a^T-i 

4-770 xlO-“esu 

r— 1 

J 9-03 X 10“® e 8 u om“i 
[27-2 volts 

1 /i^a-ir-i 

(17-1 X 10® gi cm“^ 860“® 

(61-3 X 10® volt om“® 

1 gia§T-i 

2-62 X 10“®* e s u om 

l/i^a-ir-i , , 

7-283 X 10-V%“2t-i 

17-1 X 10® gauss 

1-245 X 10® gauss 

lfiia#T-i 

3-642 X 10-® juSafr-i 

2-52 X 10“®® erg gauss—® 

0-9174 X 10“ ®*erg gauss—® 
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-^bsorption line shape, 109 
-^ddition theorem for spherical harmonics, 53 
-^^Jkali spectra, 141, 183 
oscillator strengths, 108 
perturbed intensities, 376 
Stark effect, 416 
-^dlowed levels, 167 
-^^Jlowed levels in jj coupling 
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for wZy* 263 

method of obtainiug, 268, 263 
-=^Jlowed levels in IS coupling 
for 232 
for »Z®, 208 

method of obtainiug, 190, 216 
■Allowed values, 14 

of a function of an observable, 16 
of angular momentum, 46 
Almost closed shells. Chapter xii. Chapter 
xin 

Angular momentum. Chapter in 
allowed values, 46 
commutators, 46 
matrices, 48 

matrices of and /a » where + Ja = /» 64 
matrix of {Jx+Jz)\ 58 
number of electrons with various values, by 
I’ermi-Thomas method, 337 
orbital, 50, 113 
selection rules, 61, 67, 96 
spin, 54 

transformation amplitudes for vector 
addition, 73 

transport in radiation, 92, 96 
use of operators to get Russell-Saunders 
eigenfunctions, 226 
vector addition, 56, 73 
-Anticommuting observables, 20, 186 
Anti-Hermitian matrix, 14 
A.ntisymmetrizer, 165 
Antisymmetry of 164 
Atomic units, 428, 432 
Auto-ionization, 369 
Average, see Mean 

IBalmer series, 3, 6, 137 
33ose statistics, 166 
Brackett series, 137 

Oentral fields, Chapter xiv 
Central -force problem, 112 
Characteristic values, 14 
Closed shells, 168, 177, 183 
Combination principle, 3 
Commutation rules 

angular momentum, 46, 69, 60 
coordinates and momenta, 25, 26, 43 


Commutation rules {coni.) 

parity operator, 186 
Commutator, 14, 25, 43 
Commuting observables, 16, 19 
Complete set of observables, 18 
Complete set of quantum numbers, 161, 168 
Component (of a line), 97 
Configuration, 113, 168 
interaction. Chapter xv 
normal, of elements, 333 
selection rules, 238 
Continuous eigenvalues, 20 
Conventions concerning quantum numbers, 
168 

Correspondence principle, 7, 9, 87 
Critical potentials, 5 

Degeneracy, 15, 16, 160 
8 function, 20 

Diagonalization method of obtaining eigen- 
functions, 220 

Diagonalization of a matrix, 29, 222 
Diagonal matrix, 19 
Diagonal-sum rule, 19 
Dipole moment 
electric, 86, 90 
see Magnetic mom&nt 
Dipole radiation, 90 
Direct integral, 173 
Dispersion theory, 103 
Doppler effect, 139 
Doublet intervals 
alkalis, 144 
X-ray levels, 321 
D 3 mamical equation, 26 

Eigendifferential, 22 

Eigen-^’s, eigenfunctions, eigenstates, 14, 21 
almost closed shells, 284 
jj coupling, 262 

Russell-Saunders terms. Chapter Vill 
simultaneous, 17 
Eigenvalues, 14 
continuous, 20 
Electromagnetic theory, 83 
Electron spin, 8, 64 

Electrostatic interaction, 114, 141, 159, 174, 
179, 269, 295 

Equivalence degeneracy, 160 
Equivalence, d 3 mamical, of the electrons, 
162 

Equivalent electrons, see Allowed levels, and 
Two-electron configurations 
Even states, 185 
Exchange integral, 173 
Exclusion principle, 9, 166 
see Equivalent electrons 
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Fermi statistics, 166 
Fermi-Thomas central field, 334 
Forbidden lines of astrophysical interest, 282 
F-tj^e operator, 169 
/value, 108 

in alkali spectra, 147 

g factor, 161, 381, 384, 426 
g'-permanenoe rule, 390 
Group theory, 10, 11 
^-sum rule, 385 
G-type operator, 171 

Hamiltonian operator, 25, 158, 211 
Helium and helium-like ions 
excited levels, 348 
normal states, 6, 345 
Stark effect, 413 
triplet terms, 210 
Hermitian conjugate matrices, 19 
Hermitian matrix, 14, 19 
Hermitian operator, 14 
Hicks series formula, 143 
Hilbert space, 23 
Hydrogen and hydxogen-like ions 
experimental results, 137 
radial functions, 114 
relativistic theory, 125 
relativity correction, 119 
spin-orbit interaction, 123 
Stark effect, 398 
Hyperfine structxne, 418 

Individual set of quantum numbers, 168 
Induced emission and absorption, 100 
Inequivalent configurations, 214 
Intensities, 97, 98, 99 
see Strength 

Interaction between configurations. Chapter 

XV 

Intermediate coupling. Chapter xi, 301 
Intervals, doublet, 1^, 321 
Intervals in RusseU-Saunders terms, 193 
absolute, 196 
Land4 rule, 193 
nV^ configurations, 208 
terms of coupled groups, 219 
Inverted multiplets, 146, 197, 300 
Isotope effect, 418, 420 

J file, 248 

sum rule, 247, 278 
J group, 278 
sum rule, 278 
J-groupfile, 281 
sum rule, 281 

jj coupling. Chapter x, 287, 291 

Laguerre polynomials, 114 
Land4 interval rule, 193 

see Intervals in RusseU-Saunders terms 
Laporte rule, 236 


Laws of quantum mechanics, 25 
Legendre polynomials, 62, 174, 176 
Level, 97, 122 
see Allowed levds 
Line, 97 

shape in absorption, 109 
strength, see Strength 
width, 82, 109 

L/S'-coupling scheme, 188, 216, 286, 291 
Lyman series, 4, 6, 137 

Magnetic-dipole radiation, 86, 93, 283 
Magnetic moment, 86, 90 
atomic unit, 432 
of electron, 54 
of proton, 421 
of the nucleus, 422, 424 
Magneton, 422, 432 
Many-electron jumps, 376 
Matrix, 19, 27 
Matrix mechanics, 8, 27 
Maxwell’s equations, 83 
Mean life, 80 

in hydrogen, 136, 137 
Mean value of an observable, 16 
of in hydrogen, 117 
Monad, 217 
Multiplet, 8, 237, 264 
quadrupole, 262 
supermultiplet, 246 
see Inverted, Normal, Strength 
Multiplicity, 189 
selection rule, 237 

Natural excitation, 97 
Non-commuting vectors, 43 
Normal multiplets, 144, 300 
Nucleus 

effects due to, Chapter xviii 
magnetic moment, 422, 424 
spin, 421, 424 

Numerical integration of the radial equation, 
344 

Observable, 13 

allowed values, 14, 16 
complete set, 18 
conjugate, 14 
reality condition, 14 
Odd states, 185 

One-electron spectra. Chapter v, 183 
Orbital angular momentum, 60, 113 
Oscillator strength, 108 
in alkali spectra, 147 

Parabolic coordinates, 398 
Parents of a term, 216, 276, 303 
Parity operator, 186 
selection rule, 236, 237 
Paschen-Back effect, 162, 388, 390 
in hyperfine structure, 426 
Paschen series, 4, 6, 137 



INDEX OF SUBJECTS 


exclusion principle, 9, 166 
see Equivalent electrons 
S^entad, 217 
^Periodic system, 327 
Periodic table, 332, 333 
Permutation operator, 162 
Pertmbation, 30 

caused by a single state, 37 
theory, 30, 34, 35 
Perturbed series, 367 

Phases, choice ol, 48, 52, 66, 67, 123, 270, 292 
Phases in the matrix of S», 277 
Planck’s constant, 6 , 432 
Poisson bracket, 25 
Polarization, 89 

of dipole radiation, 91 
of quadrupole radiation, 95 
Stark efiect, 400 
Zeeman effect, 154, 386 
Polyad, 217, 245 
Positron, 125 
Potential 

atomic unit, 432 
retarded, 84 
scalar, 83 
vector, 83, 149 

Principle of spectroscopic stability, 20 
Probability interpretation of (F'l ), 24 
Proper values, 14 
Proton 

magnetic moment, 421 
mass, 432 

Quadrupole moment, 85, 90 
Quadrupole radiation, 93, 99, 282 

line strengths in quadrupole multiplets, 252 
Zeeman effect, 395 

Quantum mechanics, method and laws. 
Chapter n 

Quantum number, 18 
effective, 142 
radial, 131 
total, 113 

X^dial functions, 112, Chapter xiv 
for hydrogen, 114 
X^adiation theory. Chapter rv 

classical electromagnetic theory, 83 
correspondence principle for emission, 87 
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